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Preface

Although energy conversion is a technology that is vital for modern life, few
textbooks have been written on the fundamentals of the various energy conversion
systems. Thermophotovoltaics (TPV) is a simple energy conversion concept well
suited for description in a fundamental text. TPV is a static conversion system with no
moving parts and only three major parts: an emitter heated by a thermal energy source,
and optical cavity for spectral control, and a photovoltaic (PV) array for converting the
emitted radiation to electricity.

The book has been written as a text rather than as a review of current TPV
research. However, there is some mention of that research.

Most of the material is introduced at the level where physics becomes engineering.
For example, radiation transfer theory, which can be considered an engineering
discipline, is used throughout the book. The theory is based upon the radiation transfer
equation, which originates from basic physics. All the theoretical developments are as
self-contained as possible.

The text begins with a chapter that introduces several topics from electromagnetic
wave propagation and radiation transfer theory. This is the background material
necessary to describe the emitter and optical cavity of a TPV system. Chapter 2 uses a
simplified model of a TPV system to illustrate several important properties of the TPV
energy conversion concept. In the next three chapters, the theory necessary to describe
the performance of emitters, optical filters used for spectral control, and photovoltaic
arrays is presented. The final three chapters deal with the performance of the whole
TPV system.

Five appendices are included. They provide background material for the main text.
Also, Mathematica computer programs for calculating the optical properties of
interference filters and for calculating the performance of a planar TPV system are
included on a CD-ROM disk. Problem sets are included at the end of each chapter.
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Chapter 1
Introduction

The opening chapter defines the thermophotovoltaic (TPV) energy conversion
process, presents a short history of TPV research with possible TPV applications and
introduces several concepts from electromagnetic wave propagation and radiation

transfer theory. These concepts will be used throughout the text.

1.1 Symbols

A
a
B
c

Co
D
E
e

Cr
Foor
H

h

I

—

H w» "t mae o0 R R ORT

surface area, m*

absorption coefficient, cm™

magnetic induction, Weber/m”

speed of light in material other than a vacuum, m/sec
speed of light in a vacuum (2.9979 x 10* m/sec)
electric displacement, Coul/m”

photon energy, J or electric field, V/m

spectral emissive power, W/m?*/um

total emissive power, W/m®

fraction of total blackbody intensity or emissive power lying in region 0 — AT

magnetic field, Amp/m

Plank’s constant (6.6262 x 10 J.sec)

time average of the Poynting vector for plane waves, W/m?
radiation intensity, W/m?/um/steradian

J-1

extinction coefficient, cm™

Boltzmann constant (1.3806 x 102 J/K)

wave vector, m’

index of refraction

radiant energy per unit time per unit wavelength, W/um
radiant energy per unit time, W

radiant energy per unit time per unit wavelength per unit area, W/um/m*
radiant energy per unit time per unit area, W/m”
reflectivity at an interface

Fresnel reflection coefficient

source function, W/m?%/ pum, steradian

transmissivity at an interface or temperature, K
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o absorptance

Q scattering albedo

€ emittance or electric permittivity, Farad/m (e, = vacuum permittivity
=8.855 x 102 Amp’sec’/kg m®)

€ complex dielectric constant

p reflectance or charge density, coul/m’
conductivity, Q 'm’

s scattering coefficient, cm’!
transmittance or Fresnel transmission coefficient

u magnetic permeability, Henry/m (u, = vacuum permeability
=1.2556 x 10°® mkg/sec’Amp?)

A Wavelength, nm

g Stefan Boltzmann constant (5.67 x 10° W/mz/K4)

Subscripts

b blackbody

g corresponding to PV cell bandgap energy
R real number

I imaginary number

i incident radiation
0 outgoing radiation
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Optical Filter
Sun )
4} Front Surface
} Spectral Control
Combustion
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*> Reflector (BSR)
Emitter PV Array

Figure 1.1 Thermophotovoltaic (TPV) energy conversion concept.

1.2 Thermphotovoltaic (TPV) Energy Conversion Concept

Similar to all energy conversion concepts, TPV energy conversion is a method for
converting thermal energy to electrical energy. The concept is illustrated in Figure 1.1.
Thermal energy from any of the thermal sources shown in Figure 1.1 is supplied to an
emitter. Radiation from the emitter is directed to photovoltaic (PV) cells where the
radiation is converted to electrical energy. In order to make the process efficient, the
energy of the photons reaching the PV array must be greater than the bandgap energy of
the PV cells. Shaping of the radiation or spectral control is accomplished in the
following ways. One method is to use a selective emitter that has large emittance for
photon energies above the bandgap energy of the PV cells and small emittance for
photon energies less than the bandgap energy. Similar results can be accomplished by
using a gray body emitter (constant emittance) and a band pass filter. The bandpass
filter should have large transmittance for photon energies above the PV cells bandgap
energy and large reflectance for photon energies below the PV cells bandgap energy. A
back surface reflector on the PV array can also be used to reflect the low energy
photons back to the emitter. It is also possible to combine all three of these methods.

1.3 A Short History of TPV Energy Conversion
Robert E. Nelson, who has done significant early research on rare earth selective
emitters for TPV and is familiar with early TPV work, related the following story about
the invention of TPV energy conversion. In the mid-1950’s, Henry H. Kolm at
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Massachusetts Institute of Technology’s (MIT) Lincoln Laboratory, received a phone
call from someone in the defense department who informed Kolm that Russians had
developed a method for generating electricity from a lantern flame. He then asked
Kolm if he could do the same thing. Kolm’s solution was to place a silicon solar cell,
which was in the earliest stage of development at Bell Laboratories, next to the mantel
of a Coleman Lantern. He measured the electrical power output and published the
result in a Lincoln Laboratory progress report [1] in May 1956. The irony is that the
Russian method was thermoelectric, not TPV.

During a technical meeting in Europe in 1960, Kolm informed Pierre Aigrain of
France of his experiment. Aigrain, who was a science advisor to Charles de Gaulle,
immediately began to work on the concept. Aigrain is generally considered to be the
first to have presented the concept in a series of lectures he gave at MIT in 1960. Early
papers by D.C. White, B.D. Wedlock and J. Blair [2] and B.D. Wedlock [3] and [4]
present the earliest theoretical and experimental TPV research results. The first term
used to describe the concept was thermal-photo-voltaic, which then became thermo-
photo-voltaic, and finally, thermophotovoltaic. General Motors (GM) also had an early
interest in TPV.

At GM, TPV work was also begun in 1960 [5] through [7]. In 1963 Werth [6]
demonstrated TPV conversion using a propane-heated emitter and a germanium (Ge)
PV cell. The emitter temperature was approximately 1700 K. Shockley and Queisser
[8] had shown that for a blackbody radiation source, the efficiency of a PV cell was
strongly dependent upon the ratio of the cell bandgap energy, E,, to the radiation source
temperature, Tg. In fact, E,/kTg = 2.0 to obtain maximum efficiency for a blackbody
source. In order to obtain maximum efficiency using silicon (Si), which was the most
efficient PV cell available, the emitter temperature would have to be approximately
6000 K.

No workable materials exist at these temperatures. Therefore, for efficient TPV
energy conversion at reasonable temperatures, a blackbody source cannot be used. As a
result, TPV research has been directed at tailoring the emitter radiation to the PV cell
bandgap energy. In other words, by producing radiation within a narrow energy band
that lies just above the bandgap energy of the PV cell (where PV cell is most efficient),
it is possible to have an efficient system. In addition, just as for the blackbody emitter,
there will be an optimum value for E,/kTg. For reasonable emitter temperatures
(Te < 2000 K) achieving this optimum condition requires that E, < 1.0 eV. Therefore,
low bandgap energy PV cells are required for high efficiency in addition to radiation
matched to the PV cell bandgap energy.

The early TPV research of the 1960°s and 1970’s was confined to using either
silicon (E; = 1.12 eV) or germanium (E, = 0.66 eV) PV cells. However, silicon
requires a large emitter temperature (Tg = 2000 K) for an efficient TPV system, and Ge
cells were of low efficiency, although having reasonable bandgap energy for TPV
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conversion. Thus, lack of suitable PV cells plus unsuccessful attempts at obtaining
radiation matched to the PV cell bandgap energy resulted in a loss of interest in TPV
energy conversion. However, in the 1980’s new efficient PV cell materials such as
gallium antimonide (GaSb, E, = 0.72 e¢V) and indium gallium arsenide (In,Ga,As,
where 0.36 < E, < 1.42 eV depending on value of x), became available. In addition,
new selective emitters and filters that can produce the bandgap matched radiation were
being developed. As a result, beginning in the late 1980’s, a resurgence of interest in
TPV energy conversion occurred.

An extensive bibliography of all TPV research papers has been complied by Lars
Browman [9]. Other excellent references for TPV research results are the proceedings
of the National Renewable Energy Laboratory (NREL) Conferences on
Thermophotovoltaic Generation of Electricity.

1.4 TPV Applications

Besides the development of new PV cell and emitter technology, the many
applications for TPV energy conversion are also a driving force in the resurgence of
TPV interest. The simplicity and potential high efficiency of TPV conversion are the
two attractive features that lead to many potential applications. Since TPV is a direct
energy conversion process, the only moving parts in the system are fans or pumps that
may be used for cooling the PV cells. The components of the system are the thermal
source, the emitter (and possibly a filter), the PV cells, and the waste heat rejection
system. Each of these components is in the solid state with only the PV cells and
possibly the filter being a somewhat complex solid state device. In addition to
simplicity and potential high conversion efficiency, TPV can be easily coupled to any
thermal source.

Applications for TPV exist where the thermal source may be solar, nuclear, or
combustion. At first it would appear that a solar TPV (STPV) system would have no
advantage over a conventional solar PV system. What can be gained by adding an
emitter and possibly a filter to the conventional solar PV system? By adding a selective
emitter or thermal emitter plus filter, the solar spectrum, which corresponds
approximately to a 6000 K gray body emitter, can be shifted to match the bandgap
energy of the PV cells. As a result, the STPV system will yield higher efficiency than
the conventional solar PV systems. Besides efficiency, an even more important reason
for interest in STPV energy conversion is the ability to use thermal energy storage and
combustion energy input so that the system can operate when the sun is not available.
With the capability of 24-hour-a-day operation, STPV is viable for electric utility use.

A TPV system powered by radioisotope decay (RTPV) is a potential power system
for deep space missions where the solar radiation energy density is too low for a
conventional PV power system to be used. The first radioisotope decay power systems
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used thermoelectric energy converters (RTG). However, TPV has the potential for
higher efficiency than thermoelectrics; therefore it is being considered as a replacement.

Combustion driven TPV has many potential commercial applications. For natural
gas-fired appliances such as furnaces and hot water tanks, TPV can be added for the
cogeneration of electricity. In such applications, attaining high TPV efficiency is not
essential since the waste heat for the TPV conversion process is completely utilized.
Portable power supplies for both commercial and military use is another important
combustion TPV application. An important TPV advantage over existing internal
combustion-driven applications is quiet operation. This is especially true in military
missions that require the mission to be undetected. Another combustion-driven TPV
application with commercial potential is the power supply for hybrid electric vehicles.
In such an application the TPV system is sized to provide enough power for operation
at cruise speed and battery charging. For acceleration power the batteries are utilized.

One important advantage of all TPV applications is that they are environmentally
benign. The TPV system is nearly silent and emits no pollutants. This is obvious in the
case of a solar driven system. For a nuclear powered system there are no combustion
products; however, care must be taken to insure that no radioactive material is released.
Atmospheric pressure burning occurs in the combustion-driven TPV systems.
Therefore, the combustion temperature can be well controlled so that the production of
toxic nitrous oxides (NOX) is small.

Although there appears to be unlimited potential TPV applications, whether or not
they are feasible, will depend upon their cost. At this stage of development, it is
impossible to say which applications will be cost effective.

1.5 Propagation of Electromagnetic Waves

Energy transfer between the components of a TPV system is mainly by radiation
that consists of propagating electromagnetic waves. The derivation of the equation
describing radiation transfer does not require electromagnetic wave propagation theory.
However, electromagnetic wave theory is required to obtain equations for the optical
properties reflectivity and transmissivity at an interface. Values for these properties are
required in analyzing a TPV system. Also, wave propagation must be considered in
analyzing the various optical filters that can be used in a TPV system.

1.5.1 Plane Wave Solution to Maxwell’s Equations
Much of the material to be covered in this section can be found in the classic optics
text by Born and Wolf [10]. As is well known, Maxwell’s equations describe the
propagation of all electromagnetic waves. For TPV applications the electromagnetic
waves of interest are mostly in the infrared region (A > 800 nm) of the spectrum. In the
International System of Units (SI), Maxwell’s Equations for the electric field, E, and
magnetic field, H, are the following [11],
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- - dD
VxH=J+— Ampere's Law (1.1)
ot
. 0B
VxE=—-— Faraday's Law (1.2)
ot
VeD = p Coulomb's Law (1.3)
VeB=0 Absence of free magnetic poles (1.4)

where J is the conduction current, D is the electric displacement, B the magnetic
induction and p is the electric charge density. In addition to Maxwell’s Equations so-
called constitutive relations for the media are required.

D=g¢ E+P=(c, +X)E=¢E (1.5)
B=p, (H+M)=p (1+%,)H=pH (1.6)
J=oE (1.7)

Appearing in equation (1.5) is the electric dipole moment per unit volume, P, which
for most media depends linearly upon E. Therefore, the second two forms for D
result, where gy is the vacuum permittivity, X is the electric susceptibility and
g =g +X is the electric permittivity. Similar to D, the magnetic field, B, has two

parts: H and the magnetic dipole moment per unit volume, M . For most media M is
a linear function of H, which results in the second two forms for B in equation (1.6).

Here p, is the vacuum permeability, X is the magnetic susceptibility, and

p=p,(1+%,) is the magnetic permeability. The properties of the medium (g, p, and
o) appearing in equations (1.5) to (1.7) are scalar quantities and therefore independent
of direction. Thus the media is called isotropic. Also, ]3, E, and J are linear

functions of E and H so the media is called a linear isotropic media. In general, the
properties may depend upon direction (anisotropic) so that they are tensor quantities.

And E and H can appear as higher order terms in the constitutive relations so that the
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media may be nonlinear. Finally, for plane electromagnetic waves the properties must
be independent of time (stationary media) and space (homogeneous media).

The quantum mechanical theory necessary to determine the medium properties (g,
K, o) is beyond the scope of this text. However, the discussion of optical filters in
Chapter 4 uses a macroscopic model called the Drude model to calculate €.

The wave equation for E is obtained by first taking the curl (Vx) of equation (1.2)
and making use of the vector identity V x (V x ,X,) =V(V-A) - V2A, where V2 = VeV,
Then using equations (1.1), (1.3), and the constitutive relations, equations (1.5) to (1.7),
the following result is obtained.

V2R _%(“%J _%(HGE) =V (V-E) +§(Vu>< FI) linear isotropic media (1.8)

So far, the only approximation that has been made is that the media is linear and
isotropic. Now assume the media is stationary so that properties are independent of
time, t, and that p = constant. Therefore, equation (1.8) becomes the following.

- -
V2E - pe 2'[]25 - ].J,G%—Ij = V(V-E) linear, stationary, isotropic media p=constant (1.9)

Solution of equation (1.9) depends upon the properties (u,e,6) and the boundary
conditions. There is no indication that wave solutions follow naturally from this

equation. No wave vector, k, or frequency, ®, appears in equation (1.9).
Experimentally it has been shown that light has wave-like behavior. Therefore, a wave
solution should satisfy equation (1.9) if Maxwell’s equations apply to electromagnetic
waves of all frequencies including light. The simplest wave solution is the so-called
harmonic plane wave,

E':E;cos(mt—lz-i) (1.10a)
or using complex notation,

E=E exp[j(mt—ﬁ-iﬂ (1.10b)

E':Re[ﬁ} (1.10¢)
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where EO is a constant and can be complex and equation (1.10a) is the real part of

equation (1.10b). Note that j(E-i —mt) in the exponential of equation (1.10b) yields

the same result for equation (1.10a) as j(cot -k- f() . The spatial and time variations all

enter in the exponential term. And k, the wave vector that points in the direction of
wave propagation, can be complex but must be independent of X and t. The frequency,
®, is a real number and also must be independent of X and t. In using complex
notation, equation (1.10b), care must be exercised when considering products, since
Re[A]Re[B] # Re[AB].

If k is real, then E will remain a constant in a plane where the phase of the wave,

wt—k-X, remains a constant. Thus, equation (1.10) is called a plane wave. The
velocity of this plane is in the direction of the wave propagation (1; direction) and has
the magnitude, vy, which can be derived as follows.

For constant I:Z,

keX —t = constant (1.11a)
PR (1.11b)
dt

and since the phase velocity is in the direction of k,

dX| o
vV, =|—| = — 1.12
ldt] k (1.12)
the index of refraction, n, is defined as follows,
nelo Gop ty (1.13)

where ¢, is the speed of light in vacuum (3 x 10°® m/sec) and A = 2mc /o is the
wavelength in vacuum. As will be shown shortly,

c, = (1.14)
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where g, is the vacuum permittivity and L, is the vacuum permeability. Obviously, if k
is complex, n will also be complex. It should be noted that if k and n are complex, then
the phase velocity, which is always real, is no longer related to n and k by equation
(1.13).

Now consider how k and ® are related to the media properties for plane waves.
This relation, called the dispersion relation, is obtained by substituting equation (1.10b)
in equation (1.9). Using the operators V = —jE and 0/0t = jo that apply for plane waves
(problem 1.1) the following result is obtained.

[kz—usw2+jucw]E0:(E~Eo)E (1.15)

For the vector equation (1.15) to be satisfied annd k must be either in the same
direction or perpendicular to each other. If they are in the same direction, then the
physically impossible result € = j o/® is obtained. Therefore, k and E must be
perpendicular. This same result for plane waves can be obtained using equations (1.1),
(1.5) and (1.7) (problem 1.2). In that case equation (1.15) becomes the following.

k> —peo’ + jucw =0 linear, homogeneaous, stationary, isotropic medium (1.16)

Several important conclusions can be drawn from equation (1.16). First, since k and ®
are constants for plane waves, the medium properties must also be constants for the
plane wave solution to apply. Therefore, for a linear isotropic medium, plane waves
only apply when the medium is also homogeneous and stationary as stated earlier.
However, if the medium is linear, stationary, homogeneous but anisotropic it is still
possible to have plane wave solutions [12]. The second conclusion drawn from

equation (1.16) is that k must be complex for a conductive (¢ # 0) medium. However,
if o=0 (dielectric), it is still possible for a component of k(: kxf+kyj+k212) to be

purely imaginary and equation (1.16) to still be satisfied since k* = k> + k; +k2. In
fact, that is the situation for total internal reflection at a boundary between two
dielectrics. Finally, for the plane wave solution, equation (1.10) to apply V-E = 0and
the charge density, p, must vanish (problem 1.3). If k has an imaginary part, then
kX

equation (1.10b) shows that ‘E‘ ~e 1. Obviously, EI -X must be negative to insure

that ‘E‘ decays rather than grows exponentially.
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IfV-E=0, equation (1.9) becomes the following

0’E OE

—uo— =0 linear, homogeneous, stationary, isotropic, (1.17)

V’E-pe—
ot ot medium with no space change

This equation applies when the medium is linear, homogeneous and isotropic, and when
no space charge exists. Under the same conditions a similar equation can be obtained
for H (problem 1.4). Therefore, plane wave solutions apply for both E and H under
the medium conditions just described. However, the condition p = 0 is not required to

obtain the H wave equation.
If a complex wave vector and index of refraction is defined as follows,

(kR—jk1)§=03(nR—jnl)§ (1.18)

o

where § is a real unit vector pointing in the direction of wave propagation, then the
dispersion relation, equation (1.16), can be solved for the real, kg, and imaginary, ki,
parts of k. A negative sign appears before the imaginary parts of k and n to ensure

‘E‘and ‘ﬁ‘ decay with distance. Substituting equation (1.18) in equation (1.16) and

equating real and imaginary parts yields the following.

ki —k; = pew’ (1.19)
2k k, = pow (1.20)
Therefore,
1/2
® 1/2 P 2
Kk, =—n, =m(ﬂj & +[—J +e (1.21)
c, 2 ®

® 1/2 p 2
kI:—nI:w(%) 82{_) —e (1.22)
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Obviously, for a dielectric (¢ = 0), k; = 0 and

k=k, =oue == Jie =—n, forc=0 (1.23)
CO CO
and,
v=2-L (1.24)
Ky pe
n =Soo ! (1.25)
V¢ H’rgr

where g, = €/, is the dielectric constant and p, = W/, is the relative permeability. For

a vacuum, v, =c, =1/,/u g, . The fact that k has no imaginary part if o = 0 seems to

contradict the discussion proceeding equation (1.17). It was stated that k could have a
component that is purely imaginary for a dielectric (¢ = 0). In that case however, the
definition for k given by equation (1.18) does not apply. Equation (1.18) defines the
magnitude of k as being complex and the unit vector, §, as being real. However for the
case of a dielectric (o = 0), the magnitude of k is real but the unit vector, S, can be
complex. As already stated, this is the case for total internal reflection at a boundary
between two dielectrics. This will be discussed in detail in Section 1.5.4.

The wave number, k, and therefore the index of refraction, n, are given in terms of
the real properties, p, €, and o by equations (1.21) and (1.22). However, referring to
the dispersion relation, equation (1.16), it yields,

K=y 2 e=2n (1.26a)
CO CO
k=2n=2Juz (1.26b)
CO CO

if a complex dielectric constant is defined as follows,

=%, —jE, (1.27)
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where the real part of €,

g =— (1.28a)

. . . OcE . .
is proportional to the displacement current Y and the imaginary part,

g :E (128b)

0

is proportional to the conduction current (GE). Thus for a plane wave in a

nonmagnetic material (u, = 1), the electrical properties of the media can be combined in
a single parameter; the complex dielectric constant, €. This is convenient since the
theoretical models for the electrical properties in time-varying fields, such as the Drude
model ([13], pg. 225-226), lead to a complex dielectric constant that conforms to
equation (1.27).

By defining a complex dielectric constant the governing equation for E or H,
equation (1.17), reduces to the standard wave equation.

=0 (1.29)

Using equation (1.28a) and equation (1.28b) in equations (1.21) and (1.22) results
in the following relations between k, n, and ¢ .

1/2 1/2

1/2 1/2

For a nonmagnetic (. = 1), dielectric (&, = 0) material, equations (1.30) become

nR:ikkz\/i, n =k, =0, for g =0, p =1 (1.31)
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Notice that if € <0, which is the case for many metals at high frequency,
ky (8 >0) >k, (& <0) and k, (g, >0) >k (& <0).

When k has an imaginary part then the plane wave will be attenuated in the
direction of k;. This can be seen by considering the exponential term in equation
(1.10Db) (problem 1.5).

So far only the dispersion relation for plane waves and resulting relationships
between the wave vector, k, index of refraction, n, and dielectric constant €, have been

discussed. There are several other plane wave properties that will be used in later
chapters.

1.5.2 Energy Flux for Plane Electromagnetic Waves
As already shown in obtaining the disperison relation, k and E are perpendicular.

Also, since H satisfies the same wave equation as E, equation (1.17), it is also given by
a plane wave solution.

fi=1, exp[j(cot—f(-x)] (1.32)
Therefore, from equations (1.4) and (1.6) for plane waves in a homogeneous media,
keH=0 (1.33)

so that k and H are perpendicular. Also, from equation (1.2)

kxE = ouH (1.34)
andsinceE_LE,
H
YEEZUZLZL (1.35)
E [E| on cu

The quantity, Y, is called the optical admittance of the medium. The three vectors, k,

E, and H form an orthogonal system, where E x H is in the direction of k (problem
1.6) as shown in Figure 1.2. The magnitude of the electric and magnetic fields varies in

the k direction. However, their directions are perpendicular to k. Such a wave is

called transverse. If the directions are parallel to k, the wave is called longitudinal.
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H
E
\_EX ;’l’
*
Figure 1.2.—Mutually orthogonal system for plane
electromagnetic wave.

The energy flux associated with plane waves is given by the Poynting vector, S.

S=ExH (1.36)

As already mentioned, k is in the direction of Ex H so that it will also point in the
direction of energy flow. Since Sisa product, the complex representation of E and H
cannot be used but Re[ E ] and Re[H] must be used in equation (1.36) to calculate

Re[g]. It is the time average of ‘g‘, which is defined as the intensity, that is used in

calculating the optical properties. It should be pointed out that the intensity, I, defined
below is not the same as the radiation intensity, i, that will be used later in radiation
transfer theory. The magnitude of i(:I) is the energy flux (W/m?) of the
electromagnetic (or radiation) field at a particular frequency, ® (or wavelength, A). In
radiation transfer theory the intensity, i, is the energy flux (W/m?) per solid angle, Q,
per frequency, ®, (or wavelength, 1)

T:z—“; mRe[E]xRe[ﬁ]dt W/ m? (1.37)
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For a plane wave E and H are perpendicular and their magnitudes are related by

equations (1.34) and (1.35). Therefore, if § is the unit vector in the k direction
equation (1.37) becomes the following.

==

S [n/wRe[E]Re[YE]dt (1.38)
2n

It can be shown (problem 1.7) that equation (1.37) becomes the following,

1

T:ERe[Exﬁ*]:ERe[EYE §=—® g% (1.39)

where * denotes the complex conjugate and ny is the real part of n. The last two
expressions in equation (1.39) for I apply for a single plane wave. However, the first
expression applies in general, where E and H are the total electric and magnetic fields.
Thus, if more than a single plane wave exists at some position then I must be
calculated using the sum of E and H for the plane waves at that position. Now

consider the magnitude of I for the case of a plane wave where k has real and
imaginary parts and is given by equations (1.18), (1.21), and (1.22).

= In . .
|1| =1 =ECO;LEOEO exp[ -2k 3-%] (1.40)

The quantity §-X is just the distance along the direction of propagation. Therefore,
(2k))" is the distance along the propagation direction for the intensity to be reduced 1/e
of its initial value. The quantity 2k; is called the absorption coefficient, a. Using
equation (1.13), a, can be expressed in terms of the imaginary part of the index of
refraction, nj.

a=2k,=—n, =—n, cm (1.41)

In optics the imaginary part of the index of refraction, which is dimensionless, is called
the extinction coefficient. However, in radiation transfer theory, the extinction
coefficient is the sum of the absorption and scattering coefficients ([13], pg. 454). In
this text the radiation transfer definition for the extinction coefficient, which has the
dimension cm™ is used.
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E1; i O
€5, Uz, O3 . ’—» *32
@) By or Dy

(b

Figure 1.3.—Boundary conditions for Maxwell's
equations. (a) Boundary conditions for the normal
components of B and D. (b) B_&undafz conditions
for tangential components of E and H.

1.5.3 Boundary Conditions at an Interface
In the solution of Maxwell’s equations proper boundary conditions must be
applied. Consider an interface, P between the two media, 1 and 2, shown in Figure

1.3(a). At this interface the two Maxwell’s equations, V - B=0and V-D= p, must be
satisfied. Apply Gauss’ theorem to V- D= p for the cylindrical volume dh dA. Since

dA is small ]31 and D ,are constant over the area dA. Also, at the interface dh — 0.

Therefore, Gauss’ theorem yields the following result.

Iv -DdV = ID -AdS=(D, -4, +D, -f,)dA =, " jpdV (1.42a)

\Y% S \Y%



18 Chapter 1

Define a surface charge density, ps (charge/area), as follows.

lim

I pdV =p,dA (1.42b)

v

dh—0

Since dA can be made very small and also fi; =—n, equations (1.42) become the

following.

(D, =D, ), =p, (1.43)

Therefore, at an interface with a surface charge density, oa, the normal component of
the electric displacement D-f, changes abruptly by the amount pa. In the same

manner the following result is obtained for the magnetic induction, B.
(B,-B, ), =0 (1.44)

Thus at an interface the normal component, B-fi, of the magnetic induction is
continuous.

The two divergence equations, VeB=0 and VD =p, yield boundary conditions

o . . 0B
for the normal components of B and D. The two curl equations, VxE = —%—t and

- - oD . : . .
VxH=] +aa_t will now be shown to yield boundary conditions on the tangential
components of E and H. Consider the interface P between media 1 and 2 as shown in

: )
Figure 1.3(b). Apply Stokes theorem to VxH =1J + r for a rectangular area, A, that

has sides parallel and perpendicular to the interface and the unit vector b perpendicular
to dA.

I(v x ﬁ).BdA = (jf Hed/ = ﬂi + %ﬂ-ﬁdA (1.45)
A l A

Apply equation (1.45) to an infinitesimal dA such that Hl and ﬁz are constants over

the length d/ and width dh. Note that {; = -1, =fi; x b.
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H,+t,d¢—H,+n,dh/2+H,en,dh/2+H,t,d/ — H,ef,dh /2 + H,+f,dh /2 = be ﬂ] +%)}dA

A
(L1, o, xB)ar = ﬂj+§}A
A

befh, x (H, —H, )d/ = be ﬂh‘z—ﬂdA (1.46)

A

Now define a surface current density, J, , similar to the surface charge density, pa.

lim

Ij dA =17, d/ (1.47)

A

dh—0

Also assuming that %) remains finite as dh — 0, equation (1.46) yields the following

results.
iy x(H, -H, ) =T, (1.48)

Thus at an interface where a surface current density, J,, exists, the tangential

magnetic field, AxH , changes abruptly by the amount 3A. Similarly, from

VxE :—i—]? the following boundary condition on the tangential electric field is

obtained.

i, x(E, —E,)=0 (1.49)

Therefore, at an interface the tangential electric field, ix E , is continuous.
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equal phase
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Figure 1.4.—Reflection and refraction of a plane wave at the
interface between two media of different optical constants,
£4s Uo» O and £1, Uy, 1. The symbol & denotes a vector
pointing out of theﬂpage which is the + y direction designated

by the unit vector, j.

1.5.4 The Law of Reflection and Snell’s Law of Refraction
Using the boundary conditions just discussed, consider what happens when a plane
wave falls on the interface between two media of different optical constants, €, p, and

o. When a plane wave in media o with wave vector, k; , is incident on an interface, it
is split into two waves: a transmitted wave in media 1 with wave vector, kf, and

reflected wave in media o with wave vector, 12;. This is illustrated in Figure 1.4. The
interface is located in the xy plane at z = 0. For a plane wave the spatial and time
variation depends only upon the phase factor, ot —7 o k. Therefore, to satisfy any of the

boundary conditions on E or H at z=0, the phase factors for the incident, reflected and
transmitted waves must be equal.
ot —Tek] =ot—Tek, = ot—Tek; (1.50)

Therefore, at the boundary T = (x,y,0) the following is obtained.

xky, +ykg, =xk, +yk, =xk; +ykj, (1.51)
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The only way this can be satisfied for all x and y is the following.

k;x = k;x = er’ k:y = k:)y = k;’y (152)
Now choose the normal to the interface to be in the -z direction so that the normal unit

vector is —k . Therefore, because equation (1.52) applies,

kxk! =kxk, =kxk’ (1.53)

o

Therefore, all three wave vectors and the normal to the interface lie in the same plane,
which is called the plane of incidence. As shown in Figure 1.4, the xz plane is the
plane of incidence. Therefore, using the first expression in equation (1.52), the
following is obtained.

ki, =k sin®; =k sin6, =k} sin 6] (1.54)

Since k, and k are both in medium o, their magnitudes are the same, k{ =k =k,
so that equation (1.54) yields the following result,

0 =0 (1.55)

o o

which is the law of reflection, where 6, is the angle of reflection. Also, since

k= an , equation (1.13), the following is also obtained from equation (1.54).

n, sin0®) =n,sin6; (1.56)

This is Snell’s Law for refraction, where 6, is the refraction angle. If n, < ny,
(medium o is optically less dense than medium 1), then Snell’s Law is satisfied for all
possible incident angles (0 < 07 < /2). However, if medium o is optically more dense
than medium 1 (n, > n,), then the largest real value of 0 occurs when 6] = r/2. This

angle of incidence is called the critical angle,

sin®, =n,/n, n, >n, (1.57)

ocr
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For 0} >0 total reflection occurs at the interface and there is no refracted wave.

The angle of refraction, 67, becomes an imaginary number in this case.

For two pure dielectric media (o = 0), the magnitude of the wave vector, k, must be
real in both media. However, as stated earlier in Section 1.5.1, the wave vector can

have an imaginary unit vector, S, where k =kS. Consider the wave vector, kfr, in

medium 1. From Figure 1.4 the following applies.

K/ =k, =k, [ sin0}i+cos0;k] (1.58)

Using Snell’s law, equation (1.56), equation (1.13), and the identity
cosO; :J_r,ll—sin2 07 when 07 >07,, (%<lj, in equation (1.58) yields the

following result.

ocr

2
kr=2n [sin0i+] sine;_(ﬁj k|=2ng ford >0 (1.59)
C n C

o o

The unit vector, §;, has a purely imaginary z component. As a result, the phase factor

in medium 1 is the following.

2
j[ot—ki]= jm[t— ‘cl X sine;}?noz sin>0? —[z—lj (1.60)

Thus, equation (1.60) says that in the refracted medium 1 for 83 > 0., the electric

and magnetic fields are described by a plane wave that propagates along the interface at
z = 0 and either decays or grows in the z direction. Obviously, since there are no

sources (current or charge) at z = 0 for E and H, the negative sign must apply for the z

dependence and E and H decay in the z direction. For 69 > 09 (n, > n,) the incident
wave is totally reflected. There is no energy transfer into the refracted medium for this
case.

Now consider the case where media 1 in Figure 1.4 has finite conductivity (o, # 0)
so that absorption occurs and the index of refraction, n, has an imaginary part.
Therefore, in order to satisfy Snell’s law, equation (1.56), sin® must be complex and

the refraction angle can no longer be obtained from Snell’s law. Referring to Figure
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1.4, the wave propagating from media o into media | is refracted with angle 6, to the

7' direction and decays in the z direction. After refraction, the planes of equal phase
are still normal to the direction of propagation and they propagate with a phase

.. C . . . L
velocity, E". This phase velocity will be related to the real and imaginary parts of the
index of refraction, nj=n g-jn;;. The attenuation of the wave is in the z direction so that
the planes of equal amplitude are perpendicular to the z axis. By analogy with equation

(1.10b), where k = an has an imaginary part, the electric field of a p-polarized wave

0

in media 1 is the following,

E.=E_ exp{j(mt—cgaz'j:lexp[—cgﬁz) (1.61)

where B is analogous to 2n; in the absorption coefficient given by equation (1.41) and
will be related to n,. The electric field, E_,, must satisfy the wave equation (1.17).

O’E, O°E, O’E, oE,
ox' + o7 — & o -G, ot =0 (1.62)

Referring to Figure 1.4, z=2z"cos8, so that equation (1.61) becomes the following.

© © ©

E = on, exp(j(x)t)exp |:_Zr(_]§)_a+ CDB((J:OS 91.]:| exp[xr (DBEOS 91

j (1.63)
Substituting equation (1.63) into (1.62) yields the following.

= —,8,0" +14,0,jO (1.64)

C C C

© © ©

[coﬁcosel+ T +[jo)oc . ®fcosO; jz

From equations (1.19) to (1.22), the following is obtained.

2
(O]
ulgl(’oz = k12R _klzl = C_z(nlzR _n121> (1.65)

0
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2
0}
ulolmz =2k .k, = C—znlR -n, (1.66)

0

Therefore, equating real and imaginary parts in equation (1.64) and using equations
(1.65) and (1.66) yield the following results.

o’ —B*=n), —n;, (1.67)
afcos6 =n,n, (1.68)

There are now two equations for the three unknown quantities o, 3, and 6. A third
equation is obtained from the phase velocity. For the time interval, At, the wave front

CO

in media o travels a distance At while the wave front in media 1 travels a distance

0

%"At . Therefore, referring to Figure 1.4 the following is obtained.

C, Cio
IAt o At

sin®;  sin6;

So that

Sinf; =->sin 6] (1.69)

Equations (1.67) to (1.69) can now be solved for o, B, 6, in terms of njg, ny;, and 0 .

+
ler

Notice that if o > n,, there is a critical refraction angle, 6; _, which occurs when

n s
o0t _ o +
smelcr _OL_ ea —E; &y > n,

cr

(1.70)

Combining equations (1.67) to (1.69) leads to the following solution for o and .
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1 . . .
o’ = 5[n§ sin’ 0] +n;, —n;, +\/(n12R +n;, )2 +n.sin’ 0] [ni sin® 0 — 2(n12R —n;, )ﬂ (1.71)

1 . . .
B> = E[Hi sin’ 07 —n;, +n; + \/(nfR +n;, )2 +n.sin’ 0] [ni sin® 0 — 2(n12R -n;, )ﬂ (1.72)

. . C
Thus for normal incidence 6] =0, o =nz and B = n;; and the wave phase velocity, E"

are the same as that of a pure dielectric. However, for 6, =0 the phase velocity
depends upon 0 , as well as njg and ny;.
At wavelengths beyond the visible, nj, > n: for metals. In that case, the radical

term in equations (1.71) and (1.72) can be expanded to obtain the results: o = ng and

. . C .
B =~ n;;. Therefore, the wave propagates with the phase velocity —— and is attenuated
1R
. .. . . . 20 47
in the z direction with an absorption coefficient —n,, :x—n“. Also, for n;; >n,
CO o

equation (1.69) yields sin6; ~ 0 so that the angle of refraction, 8, =~ 0. Therefore, the

angle of incidence for emitted radiation from a metal is limited to nearly normal
incidence.

1.5.5 Reflectivity and Transmissivity at an Interface
Now consider the relations between the electric and magnetic fields of the incident,
reflected and transmitted waves at an interface. Referring to Figure 1.4, split the

electric fields, E, into a component parallel to the plane of incidence, E,, and
component perpendicular to the plane of incidence, E,. If E has only a E, component,
then E is said to have p-polarization or parallel polarization, E, . If E has only a E,

component, then E is said to have s-polarization or perpendicular polarization, E’,
The subscripts denote the medium and the polarization while the superscript denotes
whether the wave is propagating in the +z direction or the —z direction. Once E is

known, H is obtained using equation (1.34). Referring to Figure 1.4, the components
of the electric and magnetic fields for the incident wave are the following,

+ _ ot + —jt + @t it R/t oo + —jt
E, =E,cosOe ™, E  =Ee’™, E  =-E sin6fe (1.73)

o H;, =k B cos6le ™, op H =k Ele’™, ouH], =kE sin0e’™ (1.74)

o o8
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where the phase factor for the incident wave is the following.
T =ot—k! T =ot—k, (xsineg +Zcosez)
For the reflected wave the following is obtained, remembering that 6 = 0.

E, =E_ cosOe’™, E, =E e, E, =E_ sinfje”™
op H, =k E cos0 e, ouH, =-k.E e, ouH, =kE, sin0 e’
The phase factor for the reflected wave is the following.
T =ot—k,f =ot—k, (xsineg —zcosGZ)
Finally, for the refracted wave the following is obtained.
E; =E; cos®fe ™, E; =Eje’, E,=-E sin0e’
owH;, =k E/ cosf e, o H), = klEfpe‘j"‘ , o H;, =k E/ sin@/e

T =(ot—k]-f=wt—kl(xsin9]*+zcosel*)

Chapter 1

(1.75)

(1.76)

1.77)

(1.78)

(1.79)

(1.80)

(1.81)

Now apply the boundary conditions for E and H at z = 0. These will yield

relations between the incident, reflected and refracted E and H. If no surface current

exists, jA =0, the boundary conditions, equations (1.48) and (1.49), demand that the

tangential components of E and H be continuous. Since the law of reflectance and

Snell’s law require that T (x,y, O) = r; (x,y,O) = rf (x,y,O), and 93 =0, the

following results are obtained.
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(E;p +E,, )cos 0, =E|, cos0]

+ - _t
E05+Eos _Els

(1.82)
&(E; -E_, )cosez = ﬂEfs cos 6,

o 1

&(Egp _E;p ) = &Erp

“0 Hl

In equations (1.82), k = an has been used to replace k.

0

Notice that equations (1.82) fall into two groups: one that contains only the p or
parallel components and the other containing only the s or perpendicular components.
Thus, the two kinds of waves, one that we say is p-polarized and the other being
s-polarized, are independent of each other. Solving equations (1.82) for the reflected
and refracted fields in terms of the incident field, result in the following relations.

. 2(11"] cos0;
t — Elp — Ho
P E* n n
® | —cos6; +| — |cos6]
“’0 “’l (1,83)
_ [n") cos6; —(n]jcos 0.
_ Eop Mo Ml
L= E* =
o [110]005 0 + [nl) cos6;
M, 1,
. 2[11"] cos 6!
t, = % = Ho
o (H‘)Jcos 0. +[nl cos6;
p’o “‘1 (1 .84)
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Equations (1.83) and (1.84) are called Fresnel formulae, having first been derived
by Fresnel [14] in 1823. The reflection coefficient r, given in equation (1.83) differs in
sign from that given in some texts (for example [10] and [15]). In the case of [10] the

sign difference results because in [10] the angle of reflection, 6, is measured from the
+z axis rather than the —z axis as in Figure 1.4. In reference 15 the direction chosen for

Ep is opposite to that in Figure 1.4, thus resulting in the sign difference. Since the

definition of 6, and the direction of E, is arbitrary, this result is not surprising.
However, when reflectivity and transmissivity are calculated with either definition of
0, and E, the results will agree, as they must if all definitions are allowable.

Using Snell’s law, the reflection coefficients r, and r, and the transmission
coefficients t, and t, can be rewritten in terms of 07 and 0] (problem 1.9). In that case
it is easy to see that for dielectric materials (¢ = 0, n; = 0, y, = 1;) where n, < n,; that
r, < 0. In other words, E5, and EJ point in opposite directions and their phases differ
by 7.

For normal incidence (9: = 91+ = 0) the transmission coefficients, t; and t, are

equal as are the reflection coefficients, r, and r,,.

0 =0/ =0 (1.85)

|

For nonmagnetic materials (1, = p;) the p factors in equations (1.83) to (1.85)
disappear.

The Fresnel formulae relate the refracted and reflected fields to the incident field.
However, reflectivity and transmissivity refer to reflected and transmitted energy. To
calculate reflectivity and transmissivity at an interface the energy flux (time average of

the Poynting vector), 1, as given by equation (1.39) must be used.

T=—Re[ExH’] (1.86)
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The electric field in equation (1.86) is the total electric field. In other words, on the
incident side of the interface, it is the sum of the incident wave and reflected wave
electric fields. On the transmitted side of the interface, it is the transmitted wave
electric field only. If there is no surface current or surface charge, then the incident
intensity, I,, must equal the transmitted intensity, I;. The incident intensity is the z

component of 1, which consists of the x and y components of Eand H s
1 . .
Io =ERe[ExinHyin _Eyionin:| at z= 0 (187)

where the x and y components of Ein and I:Iin are the sum of the x and y components

of the incident and reflected electric and magnetic fields given by equations (1.73),
(1.74), (1.76), and (1.77). Therefore, equation (1.87) becomes the following.

I n . .2 .2
I, =9 BB 1-rr + = m | [+ BLEL | 1-1r + < Im([r,] | |cos6; (1.88)
2 c uo noR noR

If equation (1.86) is applied to the incident and reflected waves at z = 0 separately
the following results are obtained.

+ 1 + +* + +* I n + p+* + e+t +
I' = ERe[EOXHoy ~EH, |= Ten ®[E; B +ELE] |cos6] (1.89)

I’:%Re[E’ H’*—E’H’*J:ln [ B! B +rr E_E; Jcoseg (1.90)

o ox~ oy oy~ Tox 2 p p op~~op 0s "~ 0s
c 1
o

Intuitively, it would seem that I, =I5 —I7. That is, the intensity at z = 0 should be the

difference between the intensity associated with the incident wave and the reflected
wave. However, from equations (1.88) to (1.90) the following is obtained.

[ -1 =1, — el 2cos 6, | E,Ey, Im|x, |+ ELE Im][r]] (1.91)

op —op 0s 0
Col,

Thus, only when the incident and reflected waves are in a non-absorptive, dielectric
medium (n,; = 0) does I, =13 —1;. For the general case it is incorrect to split the

intensity into incident and reflected parts. A coupling between the incident and
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reflected waves occurs when the incident medium is absorptive (n, # 0) that produces
the term proportional to ny; in equations (1.88) and (1.91).

Since only a single transmitted wave exists, the transmitted intensity is given by
the following equation.

I, = —Re[E* Hy B H ] at z=0 (1.92)
Using equations (1.79), (1.80), (1.83), and (1.84) this becomes the following:

Ll [E;Et,t +ELESLL ] cosé; (1.93)

2CM op~—~op p p 08708 s
And since I, = I;, equation (1.91) yields the following.

-1 +C " [E* E* Im[rp]+E*E+*Im[ ]J cosB! =1, (1.94)

op —op 0s "~ 0s
oo

The reflectivity, R, and transmissivity, T, are defined as follows.

I E'E'rr +E Efrr

=0 op —~op p 1; 05 ~0s's"s (195)
I B, Eg +ELE

I, wp,n,cosd’ E'E”t t +E E.tt

TE—Jlr: o op 0+p p+p fb fb s°s (1.96)
I, wn,cosO EOpEOp +E_E_

Where equations (1.89), (1.90), and (1.93) have been used for I;r, I, and I,. If only p

polarized waves exist, then

*

N
_ RNy cosO .

R =rr, T 1.97
I P 0, COSG:; PP ( )
Similarly, if only s polarized waves exist, the following results.
. K0, cos6; .
R . =11, T="——- (1.98)

+ °s’s
p’lnok cos eo
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Using equations (1.96) and (1.97) in (1.94) yields the following.

R+T=1+—[E,E Im[r, ]+ ELE. Im[5]] cos6] (1.99)

c IJ,O op~—op os ~os
This result is an expression for the conservation of energy I, = I;, at an interface.
Intuitively, it is expected that R + T = 1 to express energy conservation at an interface.
However, only if n;; =0 does R + T =1 apply.

Now let a, be the angle that the electric field, ]::g ,of the incident wave makes with

the plane of incidence. Therefore,
E,, =E cosa,, E, =E sina, (1.100)

Substituting equation (1.100) in (1.95) and (1.96) yields the following results for
reflectivity and transmissivity.

_ * 2 L) _ 2 -2
R =rr cos”a,+rr sin" o, =R cosa, +R sin" o, (1.101)

cos 0

n
Tziu"[tt cos’ o, +1t.t.sin oc]

=T cos’a,+ T sina, (1.102)
n; K, cos6;

p

Thus R and T are functions of the optical properties, as well as the incident angle and
the angle a,. In the case of a TPV system, the radiation originates from hot surfaces.

For this so-called natural light [10], the direction of E is random. Therefore, the
reflectivity and transmissivity that describe this situation are obtained by averaging R

. . 1 . 1 1
and T over all possible o, (0 < o, < m). Since — rs1n2 o, do, =— Jmcosz o, do, = 5
T oo T Jdo

the following result is obtained for reflectivity, R, and transmissivity, T.

I_{:%(rpr;+rsrs*):%(Rp+Rs) (1.103)
— 1 o
ng%zi—l[tp +tt]_ ~(T,+T.) (1.104)

The reflectivity and transmissivity are just the average values of the p and s polarized
reflectivities and transmissivities.



32 Chapter 1
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Figure 1.5 - Reflectivities at the interface between Vacuum(n0=1 )
and a dielectric with index of refraction, n =1.9. R . is reflectivity

for p polarization, RS is refectivity for s polarization and R is
average reflectivity.

In Figure 1.5 the reflectivities, R, Ry, and R are shown as a function of the angle
of incidence, 9;’, for the interface between a vacuum (n, = n,g = 1) and a pure
dielectric (n;; = 0) with n; = njg = 1.9. Some of the selective emitter materials
discussed in Chapter 3 can be characterized by an index of refraction of approximately
1.9. As Figure 1.5 shows, the reflectivity, R, is nearly constant for 87 < 60°. Only for
large angles of incidence does R change rapidly. Therefore, it is a reasonable

approximation to assume R is independent of 0) and has the value for normal

incidence (07 = 0). This approximation is used in later chapters. Notice also in Figure
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. . . . . +
1.5 that p-polarization reflectivity, R,,, vanishes at 0

33

62°. This angle of incidence is

called the Brewster angle and is given by the following expression (problem 1.9).

oK,

no “’l

tan 0, =

(1.105)

At normal incidence the reflectivity and transmissivity are the following.

T,=T =Tl

D 01, My
R = Rs — K — l"l'o l"ll !”I'o l"ll
’ Do R, My
Mo Ml “0 “’1
n, n,
Ko Ko

(1.106)

0, =0 =0

Mo noR ni"_{_&

Mo Ml

(1.107)

Nonmagnetic materials (1, = p;) are used in TPV systems so that the p terms disappear.
In that case equations (1.85), (1.106), and (1.107) become the following.

_ (noR _n]R)+i(noI —1’1”)

- (noR +n1R)—i-i(n0I +nu)

2(n, +ing)

n,—n
=1 =——

n, +n,

2n,
t,=t, =

n, +n,
Rp:RS:R:

(ng +nye )+i(ny +ny)

2 2
4nyp (noR T, )

noR |:(n0R + an )2 + (nol + nll )z:l

(1.108)
(1.109)

0 =6; =

l"l'o :ul
(1.110)
(1.111)

Equations (1.108) to (1.111) apply only at the interface (z = 0 in Figure 1.4).
However, if both media are non-absorptive (n,; = n;; = 0) then the reflectivity is the
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fraction of incident intensity, Ig, that is reflected back into media o and is the same at
all points in media o. Similarly, the transmissivity is the fraction of the incident
intensity that appears at all points in media 1. As discussed earlier, if media o is
absorptive (ny # 0), then the intensity cannot be split into incident and reflected parts.
Therefore, the definition used for R does not yield the reflected intensity in terms of the
incident intensity and R + T # 1. But as long as media o is non-absorptive (n, = 0),
then equation (1.110) yields the fraction of incident intensity that is reflected even if
media 1 is absorptive.

1.5.6 Connections between Electromagnetic Theory
and Radiation Transfer Theory

Up to now radiation has been treated as propagating electromagnetic waves. The
electromagnetic theory relates the optical properties such as reflectivity and
transmissivity at an interface between two media to the indices of refraction, n, of the
media. An imaginary part to the index of refraction accounts for absorption of
radiation. However, in a medium that is emitting, scattering, and absorbing radiation,
the electromagnetic theory of plane wave propagation does not apply. In this case,
sources for emission, scattering, and absorption must be included. Radiation transfer
theory accounts for these sources in a macroscopic manner through the introduction of
absorption and scattering coefficients. These properties depend upon the atomic
structure of the medium. To determine these properties a quantum mechanical model
must be employed. However, in the analysis to follow, the absorption coefficient, a,
and the scattering coefficient, o, are treated as given properties. As discussed in
Section 1.5.2 the absorption coefficient in the electromagnetic theory is related to the
imaginary part of the index of refraction, equation (1.41).

In the electromagnetic theory calculation of reflectivity and transmissivity it is
assumed that the interface is perfectly flat. Therefore, for uneven surfaces, which are
most probable, these results do not necessarily apply. However, an uneven surface can
be approximated as a series of flat surfaces. And since reflectivity is nearly constant for
most angles of incidence, as already discussed in Section 1.5.5, it is a reasonable
approximation to use the zero angle of incidence reflectivity calculated by
electromagnetic theory even for rough surfaces. In Chapter 3 the spectral emittance of
an emitting medium will be calculated using radiation transfer theory. In that
calculation the electromagnetic theory reflectivity, which is defined in terms of the
energy flux, I, is used to determine the reflected intensity, i, at an interface. Thus the
emittance calculation combines both electromagnetic and radiation transfer theory.
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1.6 Introduction to Radiation Transfer
Radiation transfer is a major part of TPV energy conversion. Emission of radiation
from the emitter and transport of radiation to the PV cells are two important parts of the
energy conversion process. These topics are covered in detail in later chapters. At this
point it is appropriate to introduce some radiation transfer concepts that are used
throughout the book. An excellent textbook on radiation transfer was written by Siegel
and Howell [16].

1.6.1 Radiation Intensity
Spectral radiation intensity, i, is defined as the radiation energy passing through an
area per unit time, per unit of projected area, per unit solid angle, and per unit
wavelength interval. This definition applies to radiation leaving a surface or to
radiation in some medium.

de = sin 6d8d¢ —
)

A

dAcost —,

e e e ay

I
L_l

Figure 1.6.—Radiation intensity definition.

One important point is that i is based on the projected area; that is the area
perpendicular to the direction of i. Referring to Figure 1.6 and based upon the
definition of i, the radiation energy per unit time passing through or leaving an area dA
is the following.
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dqdAd) =i(6,¢,1)cos 0 do dA di (1.112)
dqdAda =i(6,¢,%)cos 0 sin0 dO d dA di (1.113)

Where 0 is the angle between i and the normal to dA and do is the solid angle and dq is
the infinitesimal radiation energy per unit time per unit area per unit wavelength.

If dA is the source of i then equations (1.112) and (1.113) give the radiation energy
per unit of time leaving dA within the solid angle dw. If1i is isotropic (independent of 8
and ¢) then the 6 and ¢ integrations can be performed.

2n /2
qdAdA =i(A) dA dA jdd) Icosﬁsinede
(1.114)
=0  0=0
q =mi(A) for isotropic i
When considering an emitting surface, it is more useful to define a quantity, e, that

gives the energy emitted in terms of the surface area rather than the projected area as in
equation (1.112). In that case

dqdAd2 = ¢(0,¢,1) do dA di (1.115)

the quantity e (8,9, A) is called the directional spectral emissive power for the surface.
Comparing equations (1.112) and (1.115), the following applies.

e(0,4,2) =1(6,4,1)cos (1.116)
If i is isotropic then
e(6,1) =1i(A)cos 6 (1.117)

Equation (1.117) is known as Lambert’s Cosine Law. Surfaces where i is isotropic and
the emissive power is given by equation (1.117) are called diffuse surfaces. For a
diffuse surface it can be shown (problem 1.10) that,

e(\) =q=mi(k) (1.118)
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where e()) is the spectral emissive power of the surface and has the units energy per
sec, per unit area, and per unit wavelength.

Sz K,_dA

5

T— dAy

Power measured by detector of area dA at 8| = di;dAdA = icosByd Agdey da
Power measured by detector of area dA at 8, = dgydAdA = icosByd Agdeyda

dgidAdA _ dg.dAdA
do;  day

Figure 1.7.—Radiant energy in a medium without absorption or emission.

In a medium that is neither absorbing nor emitting and does not scatter radiation,
the spectral intensity, i, will be spatially constant. Consider a surface that is emitting
into a vacuum as shown in Figure 1.7. If1 is measured at any point along a straight line
emanating from the surface, i is the same everywhere along that line. Often i is
confused with the radiant power that would be measured by a radiation detector of area
dA placed anywhere along the line. This quantity is not a constant along that line. The
radiant power that is constant along the line is dqdAdA/dw which is the power per solid
angle. This is illustrated in Figure 1.7.

Only in a medium that does not emit, absorb, or scatter radiation will the intensity,
i, be a constant. For all other media, the intensity will be a function of position. The
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spatial dependence of intensity is governed by a differential equation known as the
equation of transfer or radiation transfer equation. In Section 1.6.5 the radiation
transfer equation is introduced.

1.6.2 Blackbody

An important part of radiation transfer theory is the concept of a blackbody. A
blackbody is defined as a body that absorbs all incident radiation. This is true for all
wavelengths and for all angles of incidence. Thus, a blackbody neither reflects nor
transmits radiation. In addition to being a perfect absorber, a blackbody is a perfect
emitter. This can be seen by considering a blackbody at uniform temperature placed in
a vacuum within a perfectly insulated enclosure of arbitrary shape whose walls are also
composed of blackbodies at a different uniform temperature. Eventually, the blackbody
and the surrounding blackbody must come to the same equilibrium temperature. At this
equilibrium the blackbody must radiate exactly as much energy as it absorbs. If it does
not, then a net amount of heat transfer occurs between the blackbodies both at the same
temperature. This is a violation of the second law of thermodynamics. Therefore, it
follows that since the blackbody is by definition absorbing the maximum possible
radiation from the enclosure at all wavelengths and from all incident angles, then it
must also be emitting the maximum possible radiation at all wavelengths and all
directions. Thus, a blackbody is a perfect emitter (emits the maximum possible
radiation), as well as a perfect absorber.

No materials behave exactly like a blackbody. However, certain materials such as
carbon black, platinum black, gold black, and silicon carbide (SiC) approach a
blackbody. The name blackbody derives from the observation that good absorbers of
incident visible light appear black to the eye. However, the human eye responds to
only a narrow (400 < A < 800 nm) wavelength range so that a surface that appears black
in the visible may be a poor absorber in other regions of the spectrum. Thus, the human
eye is not a good instrument for determining the absorptance of a surface for the entire
spectrum.

In measuring optical properties, it is necessary to have a calibration standard for
intensity measurements. This standard is usually a blackbody. The method for
obtaining a blackbody is to construct a cavity with a small opening. Therefore, any
radiation that enters through the small hole will be reflected and absorbed by a wall of
the cavity. The part that is reflected will strike another wall of the cavity and again will
be absorbed and reflected. Thus, if the opening is small, very little of the entering
radiation will escape back out the hole, and the cavity behaves like a blackbody. By
heating the cavity, a source of blackbody radiation is obtained. To maintain the internal
radiation in thermal equilibrium, care must be taken to achieve a uniform temperature
throughout the cavity. It is not necessary for the internal walls of the cavity to be
perfect emitters. When the blackbody radiation within the cavity strikes a wall, part
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will be absorbed and the remainder will be reflected. If the walls are well insulated to
prevent heat conduction and convection, then the absorbed energy must be re-emitted
on the inside. Thus, the sum of the emitted and reflected radiation from the wall must
equal the incident blackbody radiation.

1.6.3 Blackbody Spectral Emissive Power
All the blackbody properties discussed to this point can be demonstrated by
thermodynamic arguments. However, to determine the dependence of the emitted
intensity on wavelength and temperature, the quantum theory developed by Max Planck
must be used [17]. As already stated, blackbody intensity, i,, is isotropic so that
equation (1.118) applies. Therefore, the blackbody spectral emissive power, ey, is
given as follows.

e, (L, T) = mi, (L, T) (1.119)

From the Planck theory the blackbody spectral emissive power in a vacuum as a
function of absolute temperature, T, and wavelength, A, is the following [17].

21 he? di w

&0 T) = i, 0, T) dh. = (o 1] m’

(1.120)

Appearing in this equation are Planck's constant, h = 6.6262 x 10°* J sec, the
Boltzmann constant, k = 1.38><10’23K, and the vacuum speed of light, ¢, = 2.9979 x 10®
m/sec. The blackbody emissive power can also be written in terms of the photon
energy, E, or frequency, v.

E =hv J (1.121)
v=— sec (1.122)
Therefore,

e (1.123)

Using equations (1.121) to (1.123) in equation (1.120) yields the following results.
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. 2nE’ dE W
e, (E,T) dE:mb(E,T)dE:m S CRED
3
e, (v, T) dv = i, (v, T) dv = 2 Bv_dv W (1.125)

2 hv/kT
c, (e —1)

The blackbody emissive power given by equations (1.120), (1.124), and (1.125) applies
for emission in a vacuum. If the emission is in a medium where the speed of light, c, is
different from c, then c, must be replaced by ¢, and A must be replaced by the
wavelength in the medium, A, = ¢/v. Both v and E remain the same in both the
medium and a vacuum. Therefore, in terms of the medium’s index of refraction,

n="2 (1.126)

equations (1.120), (1.124), and (1.125) become the following.

. 27 he dA

e, (A, T) di = %, (A, T) dA = n? m (1.127)
. 2nE* dE

e, (E,T) dE = n’i, (E, T) dE =n’ m (1.128)
. 2nhv? dv

e,(v,T)dv = nn’i, (v, T) dv =n’ m (1.129)

Notice that equation (1.127) is written in terms of the vacuum wavelength, A rather than

the medium wavelength, A.,.

ho=SoC 2 (1.130)
A%

If n varies spatially or with time, equation (1.127) should be written in terms of A,
However, if n has no spatial or time variation, then equation (1.127) is a more
convenient form that will be used later in the text. Previously, the definition allowed
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the index of refraction to be complex. In this case n is defined to always be a real
number.

Referring to equation (1.120) or (1.127) the blackbody spectral emissive power is a
function of both wavelength and absolute temperature. However, the quantity e,/T" is a
function of the single variable AT.

2
& (7”;T) . 2mhe, (1.131)
T (KT) (ehco/kLT _1)

1410 T T T T
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Figure 1.8 - Spectral distribution of blackbody emissive power.
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Thus, the functional behavior of e, can be displayed as a function of the single variable,
AT. In Figure 1.8, eb/T5 is shown as a function of AT. Note that the maximum value for
ey/T> occurs at AT = 2898K um. Thus, for a given temperature the wavelength for
maximum blackbody emissive power is given by the following expression (problem
1.11).

A, T =2898 Keum (1.132)

Since PV cells are most efficient for photons with energy ~ E,, it is desirable to match
the wavelength for maximum emissive power, Am., to the bandgap energy, E,, of the
PV cells. For E; = hcy/Amax equation (1.132) yields the following,

h
E =X°° —428x10°T eV (1.133)

g

max

where T is in degrees Kelvin and E, is in electron-volts. Thus, if the blackbody emitter,
is operating at T = 1700 K, then E, = 0.73 €V in order for the maximum emissive power
to occur at the photon energy E,. The most widely used PV cells are silicon (E; = 1.12
eV) and gallium arsenide (GaAs, E, = 1.42 eV) which obviously do not meet the
requirement, E, = 0.73 eV. As pointed out earlier, the development of new low
bandgap energy PV cells, such as gallium antimonide (GaSb, E, = 0.72 e¢V), has made
efficient TPV energy conversion possible.

1.6.4 Blackbody Total Emissive Power
Equation (1.133) gives the condition for matching E, to the wavelength for
maximum blackbody emissive power. However, at that condition only 25% of the total
blackbody emissive power will have photon energies greater than E, and thus be
convertible to electrical energy by the PV cells. This can be shown as follows.
First define the total blackbody emissive power, ey, into a vacuum as follows.

e (T)= reb A, T)dr = r e, (E,T)dE = r e, (v, T)dv (1.134)

0 0

Using equation (1.120) in equation (1.134) yields the following result (problem 1.12).

ey (T) = Gst4 KZ (1.135)

8
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Where oy, is the Stefan-Boltzmann constant.

5 1.4
5, =21i5hl§—2=5.6696x10-8W/m2/K4 (1.136)
CO

The T* dependence of the total blackbody emissive power, eyr, is an important property
of radiation transfer. Thus the performance of a TPV energy converter will be strongly
dependent upon the temperature of the emitter, which is the source of the radiation.

The fraction of ey,r that lies in the wavelength range between 0 and A is given by
the following expression.

A, T)dr Te, (A, T)d(AT 3
F, ;= '[M:LJ: MZEJ:; u 1du (1.137)

4 5 4 u
Gst cSsb T T € -

A

From equation (1.131) we know that e,/T’ is a function of AT only. The last integral in
equation (1.137) is obtained by using equation (1.124) for e, (problem 1.13). For most
TPV applications hc,/kAT = E/KT > 1. In that case Fy,r is given by an approximate
algebraic expression (problem 1.14). The quantity, Fy ;1, is shown in Figure 1.9 as a
function of AT. Notice that at the condition for maximum blackbody spectral emissive
power, equation (1.132), Fo'xmaxT = 0.25. Thus, as stated earlier, even if E, for the PV

cells is matched to the maximum spectral emissive power of a blackbody emitter, only
25% of the total radiation will be convertible to electricity by the PV cells. To achieve
high efficiency in a TPV energy conversion system that uses a blackbody emitter
requires that the 75% of the total radiation not convertible to electricity be returned to
the emitter where it can be absorbed. As mentioned in Section 1.2, one method for
doing this is to use a bandpass filter.
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Figure 1.9 - Fractional blackbody emissive power in range 0 to AT

1.6.5 Equations for Radiation Energy Transfer
The radiation transfer equation applies to a medium where the excited state
densities are in Boltzmann equilibrum. In that case, the relation between the density of
state i, n;, and density of state, j, n;, depends upon the temperature and is given by the
following expression.

- E -E.
BBy o, E, >E, (1.138)
n, g kT

Appearing in equation (1.138) are the energies E; and E; and degeneracies g; and g;
of the states i and j. Thus, the radiative transfer equation goes not apply to a
nonequilibrium situation such as a laser where excited state densities do not obey
Boltzmann equilibrium. However, for TPV emitters at constant temperature,
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Boltzmann equilibrium does exist. As a result, the radiative transfer equation governs
the behavior of the intensity, i.

Derivations of the equation of transfer are given in several texts [16], [18]. The
result is the following equation.

A o = on . i o, (A i
§-Vi(f,8,1) =—aM)i(7,81)+a(M)n’, (A, T)— o, (M)i(F,8,1)+ ) i(7,8,1)do
loss by gain by loss by w=dn
absorption emission scattering gain by
scattering into
§ direction
(1.139)

Equation (1.139) gives the change in the intensity at position, 1, and wavelength, A in
the direction of the unit vector § as a result of absorption, emission and scattering. The
absorption coefficient, a (cm™), and the scattering coefficient, c(cm™), are functions of
the wavelength. Notice the emission term contains the blackbody intensity, i,. This
result occurs because thermodynamic equilibrium is assumed. It is also assumed that
the scattering is the same in all directions (isotropic scattering). As equation (1.139)
indicates the intensity depends on a, o, and index of refraction, n. Combining the terms
that represent losses by absorption and scattering, equation (1.139) becomes the
following,

§~Vi:—K[i—n2(l—Q)ib —QJ‘ idm} (1.140)
41 Jocin
where,
K(1)=a(h)+o (L) (1.141)
is the extinction coefficient and

Q0y=— ) ___o.0)
“a()+o, () K

(1.142)

is the scattering albedo.
In the case where emission and scattering can be neglected, the equation of transfer
becomes the following,

§-Vi=—=—Ki (1.143)
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- o o di . oy A
where s- Vi has been replaced by the directional derivative, e in the direction of s.
$

Equation (1.143) can be integrated to yield the following result,

i(s) =i(0)e™® (1.144)

where k(s) is called the optical depth.

K(s) = J:K(s*)ds * (1.145)

Equation (1.144) is known as Bouguer’s Law. It is also sometimes called Lambert’s
Law, the Bouguer-Lambert Law, or Beer’s Law ([16], pg. 425).

If the left hand side of equation (1.140) is replaced by the directional derivative,
di/ds, and the change of variable from s to the optical depth, k, is made, then the
following is obtained,

g+ () = S(x) (1.146)
dx
where S(x) is called the source function for isotropic scattering.

S(K):n2(1—Q)ib(K)+4£ I i(1c, @)de (1.147)

w=4n

Multiply equation (1.146) by the integrating factor e*. Therefore, equation (1.146) can
be integrated from k = 0 to k (s) to yield the following.

i(x) =i(0)e ™ + [ (S)S(K*)exp[—(lc —k*) | dic* (1.148)

Thus a solution for i in terms of the boundary condition i(0) and the source function, S,
is obtained. If equation (1.148) is substituted for i in equation (1.147) an integral
equation for S is obtained.
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S(x) =n’(1-Q)i, (k) +43{ J- i(0,m)e “dw+ _[ do J:S(K*) exp[—k -k *|dx *
T o=47 D=41

(1.149)

Once the source function equation is solved, the result can be used in equation (1.148)
to calculate i(x).

Equations (1.148) and (1.149) give i and S in terms of the optical depth, Kk, and the
boundary condition i(0) for isotropic scattering. The optical depth, equation (1.145),
depends upon the path length s, which, in turn, is a function of the geometry or
coordinate system being used. Thus, before equations (1.148) and (1.149) can be
solved for i and S they must be adapted to a particular coordinate system. In Chapter 3
they are written for one dimensional, planar, and cylindrical coordinate systems.

1.6.6 Energy Conservation Including Radiation
The intensity and source function depend upon the temperature of the medium
through the blackbody intensity term in equations (1.148) and (1.149). Therefore only
if the medium temperature is a constant, can the intensity and source function be
calculated from equations (1.148) and (1.149). In general, the radiation must be
included in the equation for the conservation of energy. Therefore, a coupled system of
equations for radiation energy flux and temperature will result.

q=J.icusBdm
w=4xn

Figure 1.10.—Radiation energy flux.

Now consider how the radiation energy flux is related to the intensity. Referring to
Figure 1.10, the intensity is the energy per second per unit solid angle crossing dA per
unit area normal to i. Thus, the energy per second crossing dA as a result of radiation
intensity i is idAcos® dw. The radiation energy flux, q, crossing dA as a result of
intensities incident from all directions is,
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q= I icos 6dw (1.150)
o=4m1

m nm

where 0 is the angle from the normal of dA, 1 , to the direction of i. Since 0 is in the
integral, q depends upon the direction of n and is thus a vector quantity. Thus, if 1

is the unit vector in the x-direction, the radiation energy flux in the direction, g, is the
following,

q, = J‘ icos 0 do (1.151a)
w=41

where 6 is the angle from the x-axis to i. Similarly, for the y and z directions,

q, = J; icos 6 do (1.151b)
=41

q, = '[ icos 6,dw (1.151¢)
o=4m1

and the radiation energy flux vector is the following.
d=q,i+q,j+qk (1.152)

Remember, q is the radiation energy flux per unit wavelength. For the equation of

conservation of energy it is the total radiation flux a that must be considered,
q=q,i+q,j+qk (1.153)

where

q, = anxd% q, = J‘qud%, q, = Jﬁqzdk (1.154)
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Figure 1.11.—Thermal conduction and radiation energy fluxes through volume,
dV, in y direction.

Now consider the conservation of energy for a non-deforming media at rest.
Referring to Figure 1.11, apply the conservation of energy to the volume element, dV.
Since the media is non-deforming and at rest, there will be no convective energy flow
through the volume or work done on the surroundings by the volume. Thus, all energy
entering and leaving the volume will be by thermal conduction and radiation.
Therefore, the conservation of energy for the volume, dV, is the following,

rate of energy accumulation _  rate of addition of energy to dV by thermal
within dV conduction and radiation + heat source within dv ~ (1.155)
L 0
rate of energy accumulation in dV =a ( pCVT) dx dy dz (1.156)

where p is the density and c, is the specific heat. Referring to Figure 1.11, the rate of
energy addition to the volume entering in the y direction is the following,

rate of energy addition to dV by thermal 0 {qy K, % } dx dy dz (1.157)

conduction and radiation in the y direction oy

where —kq, 0T/0y is the thermal conduction in the y-direction and qy is the radiation

flux in the y-direction.
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For the x and z directions expressions are similar to equation (1.157) so that the
conservation of energy equation becomes the following,

0 T
_(pcv )=i|:k1ha_—[‘_ax:l_Fi ktha_T_qy +i|:k1ha_T_az:|+q' (1158)
ot ox ox oy oy 0z 0z

where q' is the local heat source per unit volume (W/m®). Equation (1.158) can be
written in vector form as follows.

o(pe.T) .

= [k, VT-7 |+q’ (1.159)

For steady state conditions and no heat sources, the energy equation is the following

v-[kaT—a ] =0 (1.160)

The energy equation, the intensity equation (1.148), and the source function equation
(1.149) make up the set of equations that apply for a non-deforming media at rest. A
solution to these coupled equations will yield the source function, the intensity (and
thus a) and the temperature. In Chapter 3 they are applied to calculate the spectral

emittance of planar and cylindrical emitters.

1.7 Optical Properties

In Section 1.5.5, reflectivity and transmissivity at an interface between two media
are calculated as functions of the indices of refraction of the media. Other optical
properties required for the understanding of TPV energy conversion are emittance,
reflectance, transmittance, and absorptance (the inverse of emittance). Notice that a
distinction is made between reflectivity and reflectance and transmissivity and
transmittance. The suffix -ity is used to define a so-called intensive property. An
intensive property is independent of the dimensions of the material. A so-called
extensive property, denoted by the suffix -ance, depends upon the dimensions of the
material. Thus, the term emissivity should be used to define an emission process that is
independent of the material dimensions. However, radiation from any material comes
from depths below the surface, as well as from the surface. These depths are generally
very small (< 1 um), especially for metals. In the case of selective emitters used in
TPV applications, the depths from which emitted radiation originates is in the order of
100 pm and the emitted intensity or emissive power is strongly dependent upon the
thickness of the emitter. In that case, the emission process is an extensive property;
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therefore it uses the suffix -ance. Since the emission process really does depend upon
dimensions, only the term emittance is used in this text.

Reflectivity and transmissivity are used to describe the reflection and transmission
process that occurs at an interface and is thus independent of dimensions. When the
terms reflectance, transmittance, and absorptance are used; the process depends upon
dimensions.

1.7.1 Emittance and Absorptance

As already stated, for a given temperature in a medium with index of refraction, n,,
the blackbody spectral intensity, n(z)ib(k,T), and spectral emissive power, ngeb(k,T), are
the maximum possible spectral intensity and emissive power that can be achieved. At
the same temperature, all other surfaces emitting into the medium will produce a lower
intensity and emissive power. Therefore, it is useful to define the emitted spectral
intensity, ig, and spectral emissive power, ¢, in terms of the blackbody intensity and
emissive power. In the case of ig define the directional spectral emittance, &', as
follows.

qu (99¢sk’TEsd) <1

'(6,0,A, T, ,d <
2'(6.4.2. ;. d) n’i, (A, T, ) cos Bdm

(1.161)

Usually the n? term in the denominator of equation (1.161) is omitted since emission is
generally assumed to be into a vacuum (n, = 1). However, if emission were into a
medium where n, > 1, then omission of the n’ term could result in &' > 1 since in that
case it is possible for dqg > i,cos0d®. The emitted power, dqg, per unit area and
wavelength within the solid angle do is given by equation (1.112). Notice that the

length parameter, d, appears in the argument of €' and dqg. It is included to show that
emittance can be a function of the emitter dimensions.

dq =i (0,4,2,T;,d)cos Bdw (1.162)
Therefore,

'(9 oA, T, d) iE (e’q)’}\"TE’d) niE (ea(l)’}":TE’d) <
€ s s /by > = = <
’ nZi, (T, nle, (1T, )

—_

(1.163)

Similar to &’ we define a directional spectral absorptance, o', as follows,



52 Chapter 1

a'(6,¢,k,TA,d)z%£l (1.164)

where dq, is the power absorbed per unit area and wavelength at temperature T, within
the solid angle dw and dq; is the incident power per unit area and wavelength within the
solid angle dw.

dg; =1,(6,9,1)cos6do (1.165)

Using equation (1.161), the power emitted by dA within the solid angle deo and
wavelength range dA is the following.

dq dAdr =nle'(6,0,A, Ty, d)i, (A, T, ) cos BdwdAdn (1.166)

If the element dA at temperature Tg is placed in a blackbody enclosure at temperature,
Tg, where the intensity is n(z)ib(k,TE ), which is isotropic (independent of 6 and ¢),
then equations (1.164) and (1.165) yield the following for the power absorbed by dA
within the solid angle do and wavelength range dA.

dq,dAdh = n’a'(0,0,1,T,,d)i, (A, T, ) cos Odwd Ada (1.167)

To maintain isotropy of radiation in the blackbody enclosure, the emitted power and
absorbed power must be equal. As a result, dqy = dqg so that by equating equations
(1.166) and (1.167) the following equivalence is obtained.

&'(6,0,A, T, d)=a'(6,0,1,T;,d) (1.168)

This relation is called Kirchhoff’s Law. It was derived for a blackbody radiation
field for which the s and p components, see Section 1.5.5, of the field are the same. As
a result, to be strictly accurate it applies only for a radiation field with equal s and p
components. Also, Kirchhoff’s Law was derived assuming thermodynamic equilibrium
so that a constant temperature must exist and there can be no net heat transfer to or
from the surface. However, experimentally it has been found that o’ and €' are not
greatly affected by the surrounding radiation field. Thus it appears that most materials
are able to maintain themselves in thermodynamic equilibrium. Thus, the excited states
that account for emission and absorption are at Boltzmann equilibrium [equation
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(1.138)]. And Kirchhoff’s Law can be applied when there is net heat transfer to or from
the surface.

Now consider the emittance defined in terms of the power emitted in all directions
from the surface dA at temperature Tg. This emittance is called the hemispherical
spectral emittance, &(A,Tg,d), and is the emittance that is used in determining the
optical performance of a TPV system emitter,

9dg
AT, d)=—de < 1.169
8( E ) n(z)eb (X,TE) ( )

where ngeb(k,TE) is the blackbody spectral emissive power in a medium of index of

refraction, n,, and qg is the power emitted per unit area per unit wavelength by dA at
temperature Tg

o
qg = jiE (9,¢,X,Tﬁ,d)cos9dw: J;Z do J:ziE cos0sin6d6 (1.170)
=0 =0

(=)

where I do denotes integration over the hemispherical solid angle. Using equation

(1.163) for ig in equation (1.170) yields the following result for the hemispherical
spectral emittance.

e(A,T,,d) = ja’(e,(l),?u,TE,d)cosedw (1.171)

1
T

Thus, if the emitting surface is diffuse (iz and €' independent of 6 and ¢), then the
hemispherical and directional emittances are equal.

8(%,TE,d) = 8'(K,TE,d) for diffuse surface (1.172)

The corresponding hemispherical spectral absorptance is defined as follows,

Mn1®5%41 (1.173)

where q4 is the radiation power absorbed per unit area per unit wavelength by dA at
temperature T4 over the hemisphere.
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q, = J.oc‘(e,(l),k,TA,d) i (6,¢,k)cosedm (1.174)

And q; is the radiation power per unit area and wavelength incident on dA from all
directions within the hemisphere.

q, = J:ii (6,9,1)cos 6dw (1.175)

Thus, using equations (1.174) and (1.175) in equation (1.173) yields the hemispherical
spectral absorptance.

I a'(6,0,A,T,,d)i, (6,0,A)cosOdw
a(k,T,d) ==

<1 (1.176)
Iii (6,0,A,T,,d)cosBdm

(=}

Using Kirchhoff’s Law, o' can be replaced by ¢'.

I e'(6,0,1,T,,d)i, (6,0, )cosOdw
a(r,T,d)=-=

<1 (1.177)
.[ii (6,9,1)cos0dw

A

Thus there are two conditions that result in the equivalence of &(A,T,d) and ou(A,T,d).
First of all, if the surface is diffuse so that &’ is independent of 6 and ¢. Secondly, if the
incident intensity, i;, is istropic so that i; can be cancelled in equation (1.177), the
denominator reduces to 7 and equation (1.171) shows a(A,T,d) = &(A, T,d).

a(K,T,d) _ S(X,T,d) for diffuse surface or (1.178)

istropic incident intensity

In the analyses of TPV systems presented in the following chapters it is usually
assumed that surfaces are diffuse. Therefore, the hemispherical spectral emittance
&(A,T,d) and hemispherical spectral absorptance, o(A,T) are equivalent in that case.

The hemispherical total emittance, e(T,d), is defined as follows,
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rqux r (%, Ty,d)e, (A, T, )dr
(T, d) = <1 (1.179)

4 4
nocst Gst

where the denominator includes the total blackbody emissive power, ey (Tg) = G4, Tg"
(equation (1.135) and equation (1.169) were used to determine qg). If &A,Tg,d) is
independent of A, the emitting surface is said to be gray. In that case we obtain the
result.

er(Tp,d)=¢(T;,d) for gray surface (1.180)

Now define the hemispherical total absorptance as follows,

qudk Jja(k,T,d)qidk
o, (T.d)= = (1.181)

[agr  [aw

where equation (1.173) has been used for qadAdA. If the surface is diffuse,
e(A,T,d) = oA, T,d). In addition, if the surface is gray, er(T,d) = &(T,d). Therefore, for
a diffuse-gray surface the following applies.

8'(T,d) = S(T,d) =¢g; (T,d) = OL'(T,d) = (X(T,d) =0, (T,d) for diffuse-gray surface
(1.182)

The only case where equation (1.182) is exact is for a blackbody where
g€ =eg=¢gr=a =a=oar=1. However, in order to simplify a radiation transfer
problem, the diffuse-gray approximation is often used.

1.7.2 Hemispherical Spectral and Hemispherical Total Reflectivity

In Section 1.5.5 expressions for the reflectivity, R (equation (1.103)), and
transmissivity, T [equation (1.104)], at an interface between two materials were
derived. These quantities apply to an interface that obeys the law of reflection (angle of
incidence = angle of reflection). An interface that obeys the law of reflection is called a
specular surface. They also apply to so-called natural light where the direction of the
incident wave electric field is random, as is the case for radiation originating from hot
surfaces such as the emitter in a TPV system. Reflectivity and transmissivity depend
upon the indices of refraction, which are functions of wavelength and the angle of
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incidence. Since R and T apply to specular surfaces and depend upon direction, as
well as wavelength, they should be called the specular directional spectral reflectivity,
R, and specular directional spectral transmissivity, T . However, R and T do not
depend upon the dimensions of the reflecting and transmitting materials.

Reflectivity, R, determines the reflected power at a reflection angle, 6,, where
0, = 0; (angle of incidence) for a specular surface. However, as discussed in Sections
1.5.5and 1.5.6, R is nearly a constant for 0 < 6; < 60°. Also, an uneven surface can be
approximated as a series of flat specular surfaces. Therefore, it is a reasonable
approximation to assume R is independent of direction and use the zero angle of
incidence (0; = 0) reflectivity given by equation (1.110) for reflectivity of all surface
conditions. We have used the term diffuse to describe a material that has emittance and
absorptance that is independent of direction. The term diffuse is generally used to
describe a material where all the optical properties are independent of angle. Thus the
term diffuse means that reflectivity, reflectance, tranmissivity, transmittance, as well as,
emittance and absorptance are independent of angle.

Define a hemispherical spectral reflectivity, for an interface as follows,

R ()= (1.183)

where q; is the incident power per unit area and wavelength from all angles in the

hemisphere and is given by equation (1.175). The reflected power into the hemisphere
is given in terms of the directional spectral reflectivity, R'(0,0,A).

a,(1)= j R’(6,4,1)i, (6, ,.) cos Oda (1.184)
If the interface is diffuse so that R’ is independent of angle, then the following is true.
R_(A)=R'(h) for diffuse interface (1.185)
For a specular interface (6; = 6,, ¢, = ¢ + 1) so that the following result occurs.
R'(6,=0,.,¢, =0, +mA),=R(6,=6,,1) forspecular interface  (1.186)
And R is the specular directional spectral reflectivity given by equation (1.103). As

already mentioned, R(8; = /2,A) is a good approximation for R for all incident

angles, 0y, and for a diffuse interface, as well as a specular interface.
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The final reflectivity to be defined is the hemispherical total reflectivity, Ry.

rqrdl
R, = (1.187)

T
quidk

Using equation (1.183) for g, yields the following.

R,==%> (1.188)

Thus, if R_ (1) is independent of 2,

R, =R for R _ (1) independent of 2. (1.189)

(=}

and if the interface is also diffuse, the following is obtained.

R;=R_= R’ for diffuse interface and R_ (%) independent of 0 (1.190)

1.7.3 Independence of Emitted (Absorbed), Reflected,
and Transmitted Radiation

The radiation transfer equations (1.148) and (1.149) govern the behavior of the
radiation intensity, i, in a material where the scattering is isotropic and Boltzmann
equilibrium exists. In considering the components of a TPV system it is desirable to
separate the reflected, transmitted, and emitted (or absorbed) intensities. This is
possible because of the nature of the radiative transfer equations.

Consider the one-dimensional model, where i depends only upon the x coordinate,
shown in Figure 1.12. The one-dimensional model applies when the thickness, d, is
much less than the y and z dimensions of the body. The body is characterized by its
index of refraction n, extinction coefficient K, and scattering albedo, Q. It is
surrounded by a medium with index of refraction, n,. We also assume d > A so that
interference effects can be neglected.
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Figure 1.12.—One dimensional radiation model for an emitting, absorbing and
transmitting medium.

There is an incident intensity from the surroundings, i;;, at interface 1. Leaving
interface 1 in the —x direction is intensity, iy, and in the +x direction, i'01 . There is also
an incident intensity from within the body at interface 1, i,. There are similar

intensities at interface 2, except there is no incident intensity from the surroundings.
The form of the radiation transfer, equation (1.148), allows the portion of the
intensities i,; and i'02 that results from incident intensity i;; to be separated from the

portions that result from emission. Equation (1.148) can be written as follows,
i(k) =i(0)e™ +f(s) (1.191)
where the first term accounts for absorption and the second term, f(s), accounts for

emission and scattering, and depends upon the source function. The optical depth, k, in
the one-dimensional model is the following.
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K= J: Kds* = f K(xeny - IK(X*)dx*— st (1.192)
cos0 cose cos 0

If scattering is negligible (2 < 1), then the source function, equation (1.149), will be
independent of the boundary intensity i(0). Thus the intensity within the body can be
separated into a portion dependent upon the boundary value [first term in equation
(1.191)], and a portion dependent on the emitted value [second term in equation
(1.191)]. Therefore, the incident intensities within the body can be written as follows,

i, =i t+F 1.193
%'1 1_‘,’2 +F@) for Q<1 ( )
1, =1,t+F(s) (1.194)

where t is the internal transmittance,
t_exp[ Kd} (1.195)

cos
and

= JjK(x)dx (1.196)

The emission is symmetrical so that the emission term F(s) is the same for i'il and ij.

The intensity leaving interface 1 within the body, i/, is the sum of the reflected

ol>
intensity and the transmitted intensity at the interface,

iy =Ri, +(1-R}, )i, (1.197)
where Rvol is the directional spectral reflectivity at interface 1, and since we assume n,

is a real number, (1 — R',;) is the transmissivity at interface 1. Similarly, the intensity,
1oy 1s the following,
i, = R;;ziiz (1.198)

where R'02 is the directional spectral reflectivity at interface 2. The intensities leaving

the two interfaces are the following.
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i =Ry, +(1-R}, )i, (1.199)
i, =(1-R}, )i, (1.200)

Equations (1.193), (1.194), and (1.197) to (1.190) can be solved for i,; and i'()2 in terms
of i;; and F(s) to obtain the following result (problem 1.16),

(1-R, )(1+R,t)

i, =pi, +
ol 171 I_RolRoztz

F(s) (1.201)

(1-R,,)(1+R t)
I_RolRoztz

F(s) (1.202)

where pj is the directional spectral reflectance at interface 1,

i, R +R,C(1-2R.)
| 9, ,k,d,T =_1 _ ol 02 ol
pl( ¢ ) i 1—R;]R;2t2

(1.203)

and i, is the portion of i, that results from reflection of i;;. Also, t’ is the directional
spectral transmittance, which is the same for both interfaces,

t(1-R,)(1-R},)

r'(9,¢,x,d,T)z‘i‘%= (1.204)

where i, is the transmitted portion of i;;. The second term in equations (1.201) and
(1.202) is the emitted part of iy and 1'02. Thus, equations (1.201) and (1.202)
demonstrate that the intensity leaving a surface can be split into reflected, transmitted
and emitted parts if scattering can be neglected. The emitted portion, using the
definition of emittance, equation (1.163), is &'(6,4,A,T,d)n’i, (A, T). In general,
when scattering can be neglected, the intensity leaving a surface of the one-dimensional
model can be written as follows,

i, =p'i +7'i +nlei, (AT)| o<l (1.205)
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where i, is the intensity leaving the surface, i; is the intensity incident on the surface, i'i
is the intensity incident on the opposite side and i, is the blackbody intensity.
Remember it has been assumed that i is independent of y and z so that the intensity is
uniform over the surface. Also, scattering must be negligible (QQ << 1) in order to
separate the intensity into reflected, transmitted and emitted parts.

Now integrate equation (1.205) over the hemispherical solid angle at any point on
the surface to determine the radiation flux, q,, leaving the surface.

q, = _[i" cos0 dco:jp'ii cos0 do+ v"r'ii'cose do+ jnis'ib cosOdo (1.2006)

(=} (=} (=} (=}

The hemispherical spectral reflectance, p, and hemispherical spectral transmittance, r,
are now defined as follows,

j p'i, cos 0 do

(k d, T - (1.207)
J-l cosO do
I 1'1;cos 0 do

(X d, T B —— (1.208)

'[1 cos0 do

where q, is the reflected portion of the radiation flux, q,, leaving the surface, and ¢, is
the transmitted portion of q,. Using equations (1.171), (1.207), and (1.208) in equation
(1.206) results in the following,

+1q] +n’ee, (,T)| Q<1 (1.209)

where e,(A,T) = wiy(A,T) is the blackbody emissive power.
Now integrate equation (1.209) over all wavelengths.

q,= fqodk = quidk+ thq{dk+n§ steb (A, T)dnr (1.210)

Define the total hemispherical reflectance, pr, and total hemispherical transmittance,

Tr, as follows.
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= J:P(hd}‘
pr(dT)=d—d (1.211)
l Jj(hd?‘
_ '[trq;dx
I ) F N — (1.212)

Therefore, using equations (1.179), (1.211), and (1.212) in equation (1.210) yields the
following result.

q, =p,q, +7,q, +nle,c, T'| Q<1 (1213)

Equations (1.205), (1.209), and (1.213) are the relations for the radiation intensity,
i, radiation flux, q,, and total radiation flux, q,, leaving the surface of a one
dimensional body in terms of the optical properties. If the material is diffuse so that the
optical properties are independent of angle, then the following relations apply.

p'=p (1.214)
t'=1 diffuse material (1.215)
g'=a'=e=qa (1.216)

In an addition, if the material is diffuse and gray (properties independent of
wavelength), the following applies.

p'=p=p; (1.217)
T'=1=1, diffuse — gray material (1.218)
(1.219)

— — — L —
g'=g=g =a'=a=0,
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Figure 1.13.—Conservation of energy for one dimensional model.

1.8 Radiation Energy Balance for One Dimensional Model
Now consider the conservation of energy for the one-dimensional model shown in
Figure 1.13, where there are incident intensities i;; and i;;. In order to maintain a steady
state, energy must be either added or taken away when the material is emitting or
absorbing. Therefore, using equation (1.205) for the intensities iy; and ip, the steady
state conservation of energy is the following,
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power in = power out

Q+ de IdA J.[i“+ii2]cosedoa= (1.220)
o A A

J.dk IdA J.[(p; + 1:')iil +(p'2 + r‘)ii2 +n] (g; +e, )ib (X,T)] cos 0dw
o A a

where A is the surface area and Q is the power supplied or removed. If power is being
supplied Q > 0Oand if power is being taken away, Q < 0. Rearranging equation (1.220)
yields the following result.

Q= fdx IdA I [n2 (& +2) )i, (A, T) = (1-p; = 1')ii, = (1-p; = 7')i,, oosbde (1.221)

The conservation of energy can also be expressed by using the hemispherical
directional spectral absorptance, o’. In that case,

Q= dex IdAjnj [&,+€, ]i, (1. T)cosOdo - fdk IdAI[a;ii, + 0Ly, |cos Ode
A - A -
(1.222)

Subtracting equation (1.221) from (1.222) we see that the following must be true.
-rdk ,[dA J‘[(l—p'l -1'-a, )iil Jr(l—p'2 -1t'-a, )ichosde =0 (1.223)
0 A 0
The only way for equation (1.223) to be satisfied for all possible incident intensities is
for the following to be true.
pr+t 4o =p,+T+a, =1 (1.224)

In general, for the one-dimensional model when scattering is negligible, the sum of the
reflectance, transmittance, and absorptance is 1.

p+t+a'=1 Q<<l1 (1.225)
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And since ¢’ = o' the following also applies.
pH+t'+e'=1 Q1 (1.226)

If the hemispherical solid angle integration is carried out using equations (1.176),
(1.207), and (1.208), then equation (1.223) becomes the following,

J:dx J[(l—Pl —t=0,)qy +(1=p, ~t-,)q;, JdA=0 (1.227)

where p, 1, and o are the hemispherical spectral reflectance, transmittance, and
absorptance. For equation (1.227) to be valid for all q;; and q;, the following must be
satisfied.

p+T+a=1 Q1 (1.228)

And if the material is diffuse or the incident intensity is isotropic then o = ¢ and the
following applies.

p+T+e=1 Q2 <« 1 and material is diffuse or incident intensity is isotropic ~ (1.229)

Finally, if the A integration in equation (1.227) is carried out using equations
(1.181) and (1.211) and (1.212), then the following is obtained.

I[(l_pTl T _aT)Qil +(l_pT2 T _aTz)qz]dA =0 (1.230)
A

Thus to satisfy this result for all values of q;; and q;, the following must apply.
pr+1+a, =1 Q1 (1.231)

If the material is diffuse-gray, then o = et and thus the following is time.

pr+1;+e =1 Q <« 1 and material is diffuse-gray (1.232)
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Since the sum of reflectance, absorptance, and transmittance equals one, knowing two
of these properties allows the third to be calculated.

Now return to the conservation of energy equation (1.222). In the one-dimensional
model it is assumed that the intensities are uniform over the surface area, A. Therefore,
if the ® and A integrations are carried out, the following is obtained.

%: Jm[nf) (e +2,)e, (L. T) -, q,, — 0y, |dA (1.233)

For most TPV applications assume diffuse behavior so that o = €.

%: J: |:81 (nieb —q; ) +€, (nieb —q;; ):| di (1'234)

In addition, most TPV components are symmetrical so that € = g; = g;,. Therefore, the
energy balance equation that will be used to describe most TPV components is the

following.
% = J: 8(2n§eb —q;; — 95, )d?x. for diffuse, symmetrical, one-dimensional material (1.235)

And if the material is diffuse-gray as well, ¢’ = & = er = o' = o' = ot and equation
(1.235) is the following.

> |l

=g [2n§cst4 -q; —qiz] for diffuse-gray, symmetrical, one-dimensional material
(1.236)

Thus the power input per unit surface area, Q / A, is the difference between the power
per unit area emitted by a blackbody minus the incident power per unit area multiplied
by the total emittance, er. For a one-dimensional material that emits on only one side,
the factor of 2 in equations (1.235) and (1.236) must be removed.

1.9 Emittance of a Metal into a Dielectric
For most all metals, the extinction coefficient, K(A), is large. As a result, the
optical depth, 14(A) (equation (1.196)) is also large and the internal transmittance, t(A)
(equation (1.195)) is small. Therefore, if t 0 the one-dimensional model (equations
(1.203) and (1.204)) yields p’ = R" and t’ = 0 where p’ and t’ are the directional spectral
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reflectance and transmittance and R’ is directional spectral reflectivity at the dielectric-
metal interface. Thus the one-dimensional model (equation (1.226)) for negligible
scattering (QQ < 1) yields the following result for the directional spectral emittance.

g=1-p'=1-R’ for ic, > 1 (1.237)

For a specular interface, R’ = R (equation (1.103)) where R is the specular directional
spectral reflectivity. In Section 1.5.4 it was pointed out that for wavelengths beyond
the visible region, the real and imaginary parts of the index of refraction for a metal are
large compared to the vacuum index of refraction (n, = 1). As a result, Snell’s Law

says that the angle of refraction, 0, , for radiation leaving a vacuum and entering a

metal is 07 ~0. For 87 ~0, R (equation (1.103)) is the following,

- 1
R:E(RP+RS) (1.103)
where,
2 +
R _ (mg cos0; —n, ) +nj, cos” 0, (1.238)
(n cosO; + no)2+n12I cos’ 0"
. ny,,n;,>>n’
R, (n]R—n cos 0’ ) +n]2I
(o con ) o (1.239)

and 0] is the angle of incidence for radiation passing from the dielectric with index of

refraction, n,, into the metal with real and imaginary parts n;g and nj; of its complex
index of refraction, n; = njg — jn;.

Using equation (1.103) for R’ in equation (1.237) yields the following result for the
directional spectral emittance of a metal into a dielectric.

' 1 ' ' D
€ :E(ap+ss):1—R (1.240)

Where, R is given by equation (1.103) and e, and g are the following.
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N
4n n, cosO;

epzl—sz( R . (1.241)
n, +n; cos 90) +1n;, cos O,
. n;,n; >>n’
e —1-R, = 4n n, cos 920
+ 2
(no COSO0 +n1R) +ng; (1242)

To obtain the hemispherical spectral emittance, &, equation (1.240) must be
substituted into equation (1.171) and the integration carried out.

1 % 21
s(k):; .[ Ig'(eg,x)cosegsine;d¢de;
0=0 ¢=0
1
=2 Ig’(u,?»)udu, p=cos0; (1.243)

o
1

= J.[SL(M,%)%;(M,%)]MM

o

Integration of equation (1.243) yields the following result for the hemispherical spectral

. . . . 2 2 2
emittance of a metal into a dielectric when n;, ,n;, >>n; .

8(” _ 4n,, {l—niln(nf“ +2n02nlR +nf) J"‘il:l_ nor;lR ln[ni‘ +2n n, +n§ J:I

2 2
n, n, n, n n, n

m o

3 2 2
n (n —n ) n! +n} n 1 n’ +n,n 1 n, +n
o\l IR m o -1 IR -1 m oIR -1 N IR
-+ T tan | — |-—-tan | ——— |[-—tan | ———
nll nonm nll 1llm nonll no nll

(1.244)

Appearing in equation (1.244) is the quantity n,, defined as follows.
n’ =n’, +n; (1.245)

The normal spectral emittance, g,(A), which is obtained by using equation (1.110)

for I_l“ where n, = 0, is the following.

g, (M)=1-R o mne (1.246)

! (n, +n, )2 +n,
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Figure 1.14 - Comparison of calculated hemispherical,e(),

and normal,an(k), spectral emittances with experimental

normal spectral emittance,e (), into a vacuum for
nexp

platinum. Experimental € exp (A) taken from reference [19].[]

In Figure 1.14, g(A) and g,(A) for platinum (Pt) calculated using equations (1.244)
and (1.246) are compared with the measured normal emittance, €, taken from [19].
The calculated emittances used index of refraction data, n;g and n;;, for Pt taken from
[20]. As the Figure shows, the calculated €,(A) and (L) are nearly the same. Also,
they approximate the experimental .., fairly well. At large A, €,(A) is smaller than
Enexp> Ut fOr A < 3pm, g, is larger than &,.,. Some of the difference at large A results
from experimental error (see [19]) in measuring small values of emittance like those

that exist at large A. For A < 1pm the indices of refraction, n;r and n;;, no longer satisfy

2

n,,n; >n’. Therefore, the calculated results for g(A) in Figure 1.14 for A < 1pm are
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questionable. However, the calculated value for g,(A) given by equation (1.246) is

2

applicable for all X since the assumption n},,n;, >n’ is not used.

The emittances, (1) and &,(A) given by equations (1.244) and (1.246) apply for a
metal with a flat specular surface. However, just as discussed in Section 1.5.6, an
uneven surface can be approximated as a series of flat surfaces. And since

g'=1-R’~1-R, equations (1.244) and (1.246) should be good approximations for an

uneven metal surface.

1.10 Summary

The TPV energy conversion concept was introduced, and the importance of
matching the emitted radiation to the PV cells bandgap energy was pointed out. After a
discussion of the history and applications for TPV energy conversion, electromagnetic
wave propagation and radiation transfer have been introduced. Familiarity with these
subjects is required in order to understand the optical properties such as emittance,
reflectance and transmittance, which are necessary in calculating the performance of a
TPV system.

Several of the important results from electromagnetic wave propagation and
radiation transfer are the following.

1) Electromagnetic wave propagation (radiation) is described by Maxwell’s
equations. For a homogeneous, stationary medium, the electric and magnetic
fields are determined by the so-called harmonic plane wave solution to
Maxwell’s equations.

2) A conductive medium (o # 0) is described by an index of refraction, n, which
has both real and imaginary parts. The imaginary part, which determines the
dissipation, is related to the medium absorption coefficient, a.

3) Application of the proper boundary conditions at an interface between two
media with indices of refraction n; and n, leads to the law of reflection for a
specular interface and Snell’s Law n; sin 6; = n, sin 0, where 6; is the angle of
incidence and 0, is angle of refraction.

4) Reflectivity, R, and transmittivity, T, at a specular interface have been
calculated for so-called natural light (direction of electric field is random),
which is appropriate for TPV applications.

5) Radiation transfer theory is required to analyze a medium that is emitting,
absorbing, and scattering. The radiation intensity, i, has been defined and the
radiation transfer equations and the energy equation appropriate for TPV
applications have been presented.

6) Application of radiation transfer theory to a one-dimensional medium with
negligible scattering produced results for the radiation flux, q,, leaving a
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7)

8)

9)

10) Since the total emissive power, q, =n’e,c T

surface and the reflectance, p, and transmittance, . Conservation of energy
for the one-dimensional medium leads to the relation p + T + a = 1, where o is
the absorptance.
A blackbody absorbs and emits the maximum possible radiation at any
wavelength and direction for a given temperature.
Blackbody spectral emissive power into a vacuum, e, (A,T) is given by Plank’s
distribution (equation (1.120)) and total emissive power, eyr = G T".
The quantity, Fo,r, which is the fraction of the total blackbody emissive
power, ey, that lies in the wavelength range 0 to A, has been derived. F,,r is
important for determining the performance of an emitter in a TPV system.

&, 18 very sensitive to Tg the
performance of a TPV energy converter strongly depends upon the emitter
temperature, T.
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Problems
1.1  For a plane wave,
A=A, exp[j(mt—lz-iﬂ
where A,, E, and o are constants show that
oA = joA (ﬁ = jooj
ot ot
and
VA =—jkA (V=-ik)

12 Show that for the plane wave solutions, E = Eo exp[ j(cot —k- i)} and
H= ﬁo exp[ j(mt ~k- )‘()} to be valid solutions of Maxwell’s equations for an
isotropic, stationary medium, k-E=k-H=0.

1.3 For a plane wave, E= I:ZU exp[j(cot—lz-iﬂ, the wave vector, E, must be

perpendicular to the electric field, E, and the medium must be homogenous
and stationary. Show that this requires V-E =0 and no charge density can

exist (p =0).
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1.4

1.5

1.6
1.7

1.8

1.9

For a linear, isotropic, stationary medium, derive the following wave equation

for H from Maxwell’s equations.

Notice it is not necessary to assume that the charge density must vanish (p = 0)
to obtain this result.

Hint: WVxA:V(v-A)—(v-V)A, V.V=V>

Show that an imaginary part of k = (kR - jk, )é leads to attenuation of a plane
wave in the direction of propagation, § .

Show that ExH points in the direction of k for plane electromagnetic waves.
Show that the time average over a period, 2n/®, of the product of the real parts
of two sinusoidal varying quantities, A = A, exp [i(ot — a)] and B = B, exp
[i(oot — b)] is the following.

% ﬁRe[A]Re[B]dt :%Re[AB*J

Where A,, a, B,, b are complex constants and ® and t are real. (* denotes
complex conjugate)

The magnitude of the complex wave vector, k = kg — jk;, and index of
refraction, n = ng — jny, are given in terms of the complex dielectric constant
€, =g, —ig; by equations (1.26b) and (1.30a) and (1.30b). Obtain expressions
for g and g; in terms of ng and n;.

Using Snell’s Law, rewrite the reflection and transmission coefficients given

by equations (1.83) and (1.84) in terms of 0] and 6, only. Show that r; <0 if
n, < n; for dielectric materials, (c = n; = 0, p = p,). Also, for dielectrics
determine the angle of incidence, 6 , in terms of the indices of refraction for

which r, = 0. This is called the Brewster Angle.
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1.10

1.12

1.13

Chapter 1

Consider a diffuse (e(6,A) = i(A) cos 0) emitting surface. Calculate q the
energy radiated per unit area per unit of wavelength from an elemental area,
dA, of the surface to obtain the spectral emissive power.

qdAdr .
A) = =mi(A
e(n) A D Ti(A)

h h
For the case o 1, the approximation exp S | can be used in the
kAT kAT

blackbody spectral emissive power expression given by equation (1.120). This
results in Wien’s formula.

€y (}‘"T) _ 2nhci o hea /T

TS (7\,T )5

Use this approximation to obtain the following result for the value of AT that
yields maximum ey(A,T).

% T he,
5k

=2878 um K

max

Using equations (1.120) and (1.134) and also

3 4

u T
J: e“—lduzg

show that equation (1.135) is obtained for eyr, the total blackbody emissive
power into a vacuum.

Show that the fraction of the blackbody total emissive power that lies in the
wavelength range between 0 and A, as given by equation (1.137) can be
written as follows.

Where

hc E hv

0

1i=—=—=—
kAT kT kT
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h
1.14 In most TPV applications u= ) :Ezh—v>l Therefore, the
kAT kT kT

approximation " > 1 can be made. For e, > 1 show that,

15 he E
F ,=—¢"|w+3u"+6u+6|, u=—"=—
T gt [ J KAT kT

1.15 A selective emitter efficiency can be defined as follows.

Emitted radiation that is convertible to electrical energy by PV cell

Ne =

Total emitted radiation

[“ece, (T, )2

o

[Ceee, (1T, ) dn

N =

Where, e is the emitter spectral emittance, e, is the blackbody spectral

CO

emissive power, A, = is the wavelength corresponding to the PV cells

g
bandgap energy, E,, and Ty is the emitter temperature.
a) Show that,

1
Mg =
U L S
& | Fooam,
where

[“ere, (T, )dn [ ece, (1T, ) an

€y = oy g =—0—""
[Fey () [ en (T, )

b) Assuming g/, is independent of Ty show that mg is a monotonically

increasing function of ATy with ng = 0 for A,Tg = 0 and ng = 1 for
}\'gTE —> 0.
c) Forg, =07, ¢ =0.15 Tg = 1700K and A, = 1.5 pm calculate ng using

F 1, givenin problem 1.14.
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1.16

1.18

1.19

1.20

Chapter 1

Solve equations (1.193) and (1.194), and (1.197) to (1.200) for the radiation
intensities i,; and i,y leaving the one-dimensional radiation model shown in
Figure 1.12.

Consider a one-dimensional, diffuse-gray body in a vacuum, so that no heat is
conducted in or out of the body. What is its temperature if illuminated on one
side by the sun at Earth orbit? (solar radiation flux at Earth orbit = 0.14
W/cm2).

Consider two infinite parallel, opaque (no transmittance, T = 0) plates in a
vacuum that can be approximated as diffuse-gray bodies. Solve for the net
radiation energy exchange, q, between the plates in terms of their
temperatures T, and T, (T, > T,) and their total hemispherical emittances €T}
and €T,. (Hint: all radiation leaving one plate is incident on the other plate,
qy =9, and q,, =q;, . Whatis q, if T;=1700 K, T, =300 K, €T, =0.8, and
eT,=0.2?

1.19 Consider two concentric, opaque cylinders that can be approximated as

diffuse-gray bodies of radii r; and r, (r; < r;) and length, /, in a vacuum.

Assume ¢ > 1y, 1, so that all radiation leaving each cylinder is incident on the

other cylinder. Calculate the radiation energy exchange per unit length, %,

between the cylinders in terms of their temperatures Ty and T, (T, > T,), total
hemispherical emittances, €T, and €T,, and their radii r; and 1.

and Q if
2mr l 2mr, ¢
T,=1700K, T,=300K, €T; =0.8, €T, =0.2,r; = Scm and r, = 5.2cm?

Show that for T;' > T, the radiation flux g, for the infinite plates (problem
Q

2nr/

(Hint: Q=2m50(qy —9qy ) =215,(q;, —q,, )) . What is

1.18) and the radiation flux for the infinite concentric cylinders

(problem 1.19) are approximately the same (q ~ j if the emittances are

2nr 4

the same in both cases.
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Chapter 2
Maximum Efficiency and Power Density
for TPV Energy Conversion

Several properties of TPV energy conversion can be illustrated by considering the
efficiency of the simplest possible system, namely an emitter and PV cells. This
chapter focuses on the efficiency and output of that simple system.

2.1 Symbols

A surface area, m’

Co speed of light in a vacuum (2.9979 x 10® m/sec)
E photon energy, J

e electron charge (1.602 x 10™" coul)

ep blackbody spectral emissive power, W/cm?*/pum

Fosr  fraction of total blackbody intensity or emissive power lying in region 0 — AT
F(u,)  integral defined by equation (2.21)
G(u,) integral defined by equation (2.22)

h Plank’s constant (6.6262 x 10~ J.sec)

k Boltzmann constant (1.3806 x 10 J/K)

Permax  electrical power output of TPV system model in figure 2.1, W
(_)n total thermal power input to emitter in TPV system, W

Jo spectral radiant flux leaving a surface, W/m*/um

spectral radiant flux incident on a surface, W/m?*/um
parameter defined by equation (2.23)

di

R

T temperature, K
a spectral absorptance
€ spectral emittance

A wavelength, um

p

spectral reflectance
2n°k?

3.2
CO

G Stefan Boltzmann constant = (5.6696 x 10® W/m¥/K*)

Nvax  maximum TPV system efficiency for model in Figure 2.1
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Subscripts

b refers to in-band radiation (E, < E < o)

c refers to PV cells

E refers to emitter

g corresponding to PV cell bandgap energy
i refers to incident radiation

1 refers to out-of-band radiation (0 < E <E,)

0 refers to outgoing radiation

Chapter 2
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EMITTER PV CELL

Ag Ac

~ .
RN

Q,, = Thermal \

Power In

Pg=Electrical Power Out

Figure 2.1- Simple TPV model used to calculate the maximum efficiency, nyax.

2.2 Maximum TPV Efficiency
Consider the TPV system shown in Figure 2.1 which consists of an emitter of area
Ag and PV cells of area A.. Assume the system is in a vacuum so that there is no

convective or conductive heat loss. Therefore, the thermal energy, Q,, , supplied to the
emitter is just the difference in the total outgoing radiation and the total incident

radiation on the emitter. Assuming the radiation fluxes are uniform across the emitter
yields the following.

0

6111 = AE J-(qu —Yig )d7\' 2.1

o

The outgoing radiation flux per unit of wavelength is q.¢ and the incident radiation flux
per unit of wavelength is qi. The emitter area is Ag and A is the wavelength.
Similarly, g, is the outgoing radiation flux, and q;. is incident radiation flux at the PV
cells.
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The outgoing radiation flux is the sum of the emitted radiation and the reflected
radiation [equation 1.209)]. Therefore, for the emitter and the PV cells the following is
obtained.

JQog = €xCug (}\'3TE ) +Ppis 2.2)
qoc = 8cebc (}\"Tc)-’-pcqic (23)

Appearing in these equations are the emittances g and €. and reflectances pg and
p. of the emitter and PV cells. Also, ey(A,T) is the blackbody emissive power, which is
given by equation (1.120). Since the system is in a vacuum the intensity will be
constant everywhere between the emitter and PV cells. In addition, make the critical
assumption that all the radiation leaving the emitter goes directly to the PV cells and all
radiation leaving the PV cells goes directly to the emitter. Thus any leakage of
radiation out of the system is being neglected. In Chapter 7 the consequences of
radiation leakage is discussed in detail. Making the no leakage assumption and also the
assumption that all q’s are uniform, the following conditions apply.

qu = qic (24)
qoc = qiE (25)

Using equations (2.4) and (2.5) in (2.2) and (2.3) produces two linear equations for qg
and q;. which can be solved to produce the following.

— gcebc + pCSEebE

ie (2.6)
1- PP

= 8EebE +pE8cebc (27)

N l_pl:'pc

Using equations (2.2) and (2.6) in (2.1) yields the following result for the thermal
power input.

_ c.(1—-ple,. —€_ (1— €.
Q, =A, .[ E( p) le L( pE) be g (2.8)
_pcpE
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In order to calculate the efficiency, the electrical power output must be determined.

P, - J' IVdA 2.9)

AC

Where J is the current density (amp/cm?), V is the electric potential developed by the
PV cells and A, is the surface area of the PV cells. To determine, JV assume the
“perfect” PV cell, which is the PV cell model Shockley and Queisser [1] used in
calculating what they called the “ultimate” efficiency of a PV cell. In that case, the
potential is the largest possible value, namely the bandgap energy of the PV cells in

CO

Chg

electron-volts, V=E, /e= , where e is the electron charge (e = 1.602 x 107"

Coul). The largest possible current density, J, is achieved when each photon with
E > E, that is absorbed produces a current carrier. Thus, the current density produced
for the infinitesimal photon energy dE or wavelength dA is the following.

qic(E) :“
dl=ea, ———dE =ea_q, (A)| — |dA 2.10
ea, E € cqu( )(hc()] ( )

Where o, is the spectral absorptance. Therefore, assuming the PV cells are opaque
(1. = 0), so that o, = 1 — p, [equation (1.228)], the maximum possible electrical output
is the following since it is assumed that g is uniform across A..

hy
A
Peivax =}L_C J.(l_pc )%Q"‘DL (2.11)

g
o

Now define the maximum possible efficiency as follows.

Nax =— 2 (2.12)

Therefore, using equations (2.7), (2.8), and (2.11) and assuming Ag = A, yields the
following result for the maximum efficiency.
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A

[ €L€g T PEELC.
I_Pc E~bE E%c bu:l)\dk
1 .[( ){ 1-pep,
Myax :K_w < (2.13)
g J.|:‘c315(1_pc)ebE_flc(l_pE)ebc:|d7L

1_pEpc

o

Since the PV cell temperature T, <« Tg, the PV cell emission is small and the g.ey,. term
can be neglected in equation (2.13).

Ay
ﬂgE (1_pc)ebE:|de
1 l_pEpc

. 2 (2.14)
e ‘ﬂ:'gla(l_pc)ebE:|d7L
: l_pEpc

Using equation (1.120) for ey and defining a new integration variable u = hc,/kATg

Nyax =

yields the following (problem 2.1),

* _ 2
.[ SE(l pc) u du
1-p, (1-g;)|e" -1
Myax = Uy (2.15)

]lepEl@fl)E)L"u e

where an opaque, diffuse emitter is assumed so that ez = ag = 1 — pg and the parameter

e

U, is defined as,

= =t (2.16)

As equation (2.15) shows, nuax depends upon the emitter emittance, gg, the PV cells
reflectance, p., as well as, the parameter, u,. The parameter, u,, is defined as the PV
cell dimensionless bandgap energy. It is the ratio of the PV cell bandgap energy, E,, to
the emitter thermal energy, kTg. This is an important parameter for determining
efficiency for any TPV system, not just the simple model described by equation (2.15).
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The simple model also illustrates that the efficiency can be maximized by using the
optimum emitter spectral emittance, g, and (or) PV cell spectral reflectance, p..

2.3 Maximum TPV Efficiency for Constant Emitter Emittance
and PV Cell Reflectance
To illustrate the importance of u, in determining Myax, assume &g and p. are constants
so that equation (2.15) becomes the following.

©

15 u’?
Muax :?ug J-e“—ldu (2.17)

Ug

The following result was used in obtaining equation (2.17).

3 4
'[“ ldu:;t—s (2.18)
o

o

Equation (2.17) is the “ultimate” efficiency of a PV cell as given by Shockley and
Queisser [1]. For u, — o0 or u; = 0, Nvax vanishes and for 0 < u, < o0, Nuax is finite.
Thus equation (2.17) will have a maximum value. This is shown in Figure 2.2 where
Nmax is shown as a function of u,. The integral in equation (2.17) was numerically
integrated to obtain Figure 2.2. As can be seen, a maximum value of .44 occurs at
u, = BEg/kTg = 2.17. Emitter temperatures in a practical TPV system are in the region
1200 < Tg < 2000 K. Therefore, if u, = 2.17 then 0.22 < E, < .37 eV. Currently, PV
cells with bandgap energies this low are not available. Consider the case where
E, = .72 eV, which applies for GaSb, and Tz = 1700 K. Therefore, u, = 4.9 and
Nmax = 0.2. Thus, if TPV systems must operate with constant emitter emittance and
PV cell reflectance, then efficiency greater than 0.2 is not expected. However, by
choosing the proper variation of g¢ and p,, it is possible to achieve an even greater
Nmax- The process of controlling the wavelength dependence of g and p. to obtain
large efficiency is called spectral control.
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Figure 2.2 - Maximum TPV efficiency for emitter emittance, €
and PV cell reflectance, Pes being constants for the entire

spectrum. Also, dimensionless maximum power density

for g.=8. and P=Pc, for Eg< E=hc 0/k?»TE< 0.

2.4 ldeal TPV System

To obtain the largest nyax possible, the denominator in equation (2.15) should be
minimized and the numerator maximized. Obviously, if p. =1 or eg=0 for 0 <u <o
(0 £ E < ) both the numerator and denominator vanish. However, if p. =1 or gg =0
for 0 <u <u, (0 < E <E,) then the denominator is greatly reduced while the numerator
is unchanged. In addition, if g = 1 and p. = 0 for uy < u < oo (E, < E < o), then the
numerator is maximized. Physically this means that for photon energies less than the
bandgap energy (E < E,), no radiation is being emitted, or all the emitted radiation is
being reflected back to the emitter. In addition, for E > E, the emitter behaves as a
blackbody and the PV cells are totally absorbing. Under these conditions, the following
result is obtained from equation (2.15).



Max Eff. and Power Density for TPV Energy Conversion 85

u2
du
.[e” —1 Ideal TPV System
Myax =Yy —————— gg =0orp,=1for0OSE<E, (2.19)
3
J-ejl—ldu gg =landp, =0 forE, <E <o

If the integrals in equation (2.19) are evaluated numerically, the results are those shown
in Figure 2.3. Note that nyax = 1 for u; &> © (Tg = 0 or E; = ). In the previous
example (Figure 2.2) there is an optimum u, = 2.17 for maximum nyax. For u, — o
there is either no thermal input (Tg — 0) or no electrical output (E; — o) so that even
though nyax — 1, the electrical power output vanishes (see problem 2.4). Thus for the
ideal TPV system described by equation (2.19) a paradox for the efficiency and power
output occurs. As efficiency of 100% is approached no power is produced!

.

0.8

0.6

nmax

0.4

0.2

| | | |
0 2 4 6 8 10
Dimensionless bandgap energy, Eg/kTE

Figure 2.3 - Maximum TPV efficiency for ideal system, sE:0

or pCZI. for 0<E<E . and SE:l. and pC:0 for E,<E<w
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In the previous section the case of GaSb PV cells at Ty = 1700 K (u, = 4.9) led to the
result nuax = 0.2 for constant eg and p.. For the ideal TPV system and u, = 4.9, Figure
2.3 shows that nyax = 0.78. Thus, by optimizing the spectral distribution of the
radiation, or in other words, utilizing efficient spectral control, large improvements in
TPV efficiency can be achieved.

For the ideal TPV system where eg =0 for 0 <E<E, andgg=1, p.=0 for

E, < E <, all the photons produced by the thermal input, Q,, , create current in the PV

th >
cells. For the case where p, =1 for 0<E <E,and g =1, p. = 0 for E, < E < 0, all the
photons emitted create current in the PV cells or are reflected back to the emitter where
they can be absorbed and heat the emitter. In both cases, the only loss that occurs in the
system is the photon energy in excess of the bandgap energy (E — E,) that is transferred
to the lattice of the PV cells and shows up as heat for photon energies E > E,. If the
emitter were a monochromatic source (all emitted photons have the same energy) with
E =E; and p. = 0, then nyax = 1 for all values of u, (problem 2.5). In other words, all
emitted photons produce current in the PV cells and no excess photon energy shows up
as heat. Obviously, it would be very desirable to have a thermal monochromatic
radiation source where E = E, in a TPV energy conversion system. As a result, a major
part of TPV research is directed at achieving good spectral control. That is, to match
the energy of the photons incident on the PV array to PV array bandgap energy. As
already mentioned in sections 1.2, there are two methods for producing such radiation.
The first is to use so-called selective emitters that have the majority of their emission in
a single narrow emission band. The second method is to combine a gray body emitter
(eg = constant < 1) with a narrow bandpass optical filter so that the combination of
emitter and filter performs like a selective emitter. It is also possible to combine both a
selective emitter and a filter for spectral control.

2.5 Approximation of Selective Emitter and Filter TPV Systems

Approximate a selective emitter or filter TPV system using the simple model of
Figure 2.1 as follows. The PV cell’s spectral reflectance, p., can be used to describe the
performance of a filter that is located on the PV cell’s surface. Obviously, a selective
emitter’s performance is determined by the spectral emittance, eg. For photon energies,
0 < E < E,, assume the optical properties of the emitter and PV cells are constants,
eg = g and p. = pg. For E, < E < o0 again assume constant optical properties for the
emitter and filter, eg = eg, and p. = pw. Thus, the spectrum is split into two regions:
0 <E <E;and E; <E <oo. In each region assume constant optical properties. This is
called a two band model for a TPV system.

Using the approximations for the two band model in equation (2.15) yields the
following result (problem 2.6).
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Two Band Model

Nuax = U, = gp =&y andp, =p, for 0SE<E, (2.20)
F(ug)‘FRLS—F(Ug)} € =&y, and p, =p,, for E, <E <0
e 3 4
u T
F(u,)= jeu_ldu=EFMgTE 2.21)
Glu, )= du 2.22
( 5) e’ —1 ( )

R

(2.23)

€g (l_pcl)[l_pcb (l—sEb ):|
]

€gp (1_pcb )|:l_pcl (1_8131)

Note that F(u,) is related to the fraction of the blackbody total emissive power that
lies in the wavelength range 0 to A, F(HgTE , as defined in Chapter One [equation

(1.137)].

For the two band model, nyax is a function of the dimensionless bandgap energy,
u,, as well as the parameter, R. This parameter describes the emitter and (or) filter
optical performance. Since nyax increased as R decreases, it is desirable to make R as
small as possible. In a pure selective emitter system with negligible PV cell reflectance
(P ® per = 0), R = egy/eg,. Thus, R is the ratio of the emittance, &g, for the low photon
energy (0 < E <E, or A, <A < ) region of the spectrum, which cannot be converted to
electrical energy, to the emittance, €g,, for the useful photon energy (E, < E < oo or
0 < A < A,) region of the spectrum. Use the term out-of-band to describe the region of
the spectrum that cannot be converted to electrical energy (0 < E < E, or A, <A < ).
The term in-band is used to describe the region of the spectrum that can be converted to
electrical energy (E; < E <ooor 0 <A <A,). In a selective emitter system, the ratio of
the out-of-band emittence, &g, to the in-band emittance, &g, is the critical parameter for
determining nyax. For a pure filter system that used a black body emitter (pg = pgy =
1), R=(1 - pu)/(1 = pep)- Thus, for maximum nyax, it is desirable for the out-of-band
reflectance, p., to be large and the in-band reflectance to be small. If &g = &gy, and
Pe = Peb > then R =1 and nyax [equation (2.20)] reduces to the result in Section 2.3
given by equation (2.17). For the case where R = 0, equation (2.20) reduces to the ideal
system described in Section 2.4 where nyax 18 given by equation (2.19).
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Figure 2.4 shows nmax as a function u, for several values of R. Two important
results can be noted from Figure 2.4. First, nyax has a maximum value that increases
with decreasing R. Second, the optimum value of u, for maximum mnyax also increases
with decreasing R. Using a GaSb PV cell (E, = .72 eV) and Tg = 1700 K as typical for
a TPV system, u, = 4.9. Referring to Figure 2.4, if u, = 4.9 then nyax will be near its
maximum value if R < 0.1. If R = 1, which applies to the case where e and p. are
constants for the entire spectrum, then nyax = .2 and is far from the maximum value.
Thus, by reducing R to 0.1 when u, = 4.9, nuax Will be near its maximum value, which
is greater than 0.6. The parameter R is a measure of the spectral control, (how well the
spectrum of the radiation is matched to the PV cells bandgap energy). As has just been
shown, for typical TPV conditions, u, = 5.0. Therefore, it is desirable that R <.1.
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Figure 2.4 - Maximum TPV efficiency for two band model when emitter
emittance, aEstland PV cell reﬂectance,oC:pC1 for 0<E<Eg and i

P=Pgp, for E,<E<o and parameter R is given by equation (2.23).
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2.6 Power Output
So far only efficiency, nuax, for the simple TPV system model of Figure 2.1 has
been discussed. Yet power output is also a major consideration for a TPV energy
conversion system. Substituting equation (2.7) in (2.11) and neglecting pge.ep. yields
the following result.

)\’g

1- AT,

Prininx =f:° j( p°1)fﬁpe "Z( ) (2.24)
EFc

g
o

Using equation (1.120) for eps and defining a new integration variable u = hc,/AkTg
yields the following,

P e, (1- 2
B 13 ey I—E Up) v 4, (2225)
A AN l-pep, €' -1

c

Ug

where o, is the Stefan-Boltzmann constant.
Equation (2.25) shows that the power density (power/area) is proportional to T .

As discussed in Chapter 1, since TPV energy conversion depends upon thermal
radiation such a result is expected. Also, the power density only depends upon photons
in the energy range E, < E < oo, whereas the efficiency [equation (2.15)] depends on all
photon energies, 0 < E < 0. As a result, high efficiency does not insure large power
density. This has already been pointed out in Section 2.4 for the ideal system.
Likewise, large power density does not insure high efficiency since the power density is
a monotonically increasing function of temperature whereas efficiency has a maximum
value for some optimum value of u,. Thus to achieve the largest power density, Tg
should be as large as possible. However, the resulting value of u, may not be the
optimum for maximum efficiency.

Making the approximations, &g = &g, = 1 — pgp and p. = pg, for E, < E < o, just as
in Section 2.5, equation (2.25) becomes the following.

(l_pEbpcb)PELMAX _15 ) J‘ u’ du & = &g, =1—pg, and p, =py (2.26)

4 4u u E <E
e (1-py ) A0, T, 7 Je'-l for B, <E < oo

Thus, the term on the left hand side of equation (2.26), which is a dimensionless power
density, is identical to nyax [equation (2.17)] for the case where & and p. are constants
for the entire spectrum. Figure 2.2 applies for the dimensionless power density, as well
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as, Nuax for the case where &g and p, are constants for the entire spectrum. Therefore,
both of these quantities have a maximum value at u, = 2.17. As a result, for a fixed
emitter temperature, Tg, the optimum bandgap energy, Egpmax, that yields maximum
power density is the following, when Tg is in K and Egpmax is in €V.

€ =&y, =1—pg, and p, =p,

_ —4
Epax =1.87x107T, eV BB, <E <oo

2.27)

For a fixed, emitter temperature, equation (2.27) will give the value of E, that yields
maximum power density. However, at a fixed value of E,, the power density
continuously increases with Tg.
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Figure 2.5 - Maximum power density for TPV system when emitter
emittance,sE=£Eb=1-pEb, and PV cell reﬂectance,pc=pCb,for Eg<E< 00

for several PV cell bandgap energies,Eg.
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This is shown in Figure 2.5 where the power density, is plotted as a function of Ty for
E, = 0.55, 0.72, and 1.1 eV. For silicon PV cells (E; = 1.1 eV) the simple model
indicates that in order to achieve large (= 10 W/cm?) power output, emitter
temperatures greater than 2000 K are required. However, for the low bandgap energy
PV cells like GaSb (E, = 0.72 e¢V) and InGaAs (E; = 0.55 €V) much lower emitter
temperatures yield large power density. Also, for Ty < 1000 K even for E, =0.55 eV
the output power density is low (< 1 W/em?). The T} power density dependence

[equation (2.28)] is a critical issue for a successful TPV energy conversion system.
Remember that the simple model of Figure 2.1 yields the maximum possible efficiency
and power density. In Chapter 8 the efficiency of a TPV system will be calculated
using a realistic model.

2.7 Summary
Using a simple model (Figure 2.1) for a TPV energy conversion system several
important conclusions about TPV performance are apparent.

1) There is an optimum value of the dimensionless bandgap energy, u, = Eo/kTk,
to obtain maximum efficiency except for the so-called ideal TPV system. In
that case, the efficiency is a monotonically increasing function of u, and
approaches 1 as u, — oo, with the paradoxical result that the power output
vanishes as u; — 0.

2) A so-called two-band model is used to approximate selective emitter and filter
TPV systems. How well the spectrum of the emitted radiation matches the PV
cell bandgap energy is determined by the parameter, R [equation 2.23)]. As R
decreases both the optimum value of u, and the maximum efficiency increase.
For typical TPV systems, u, = 5, so that R < 0.1 is required in order to obtain
maximum efficiency.

3) High efficiency does not necessarily imply large output power. Likewise,
large power density does not insure high efficiency. Efficiency has a
maximum value for some optimum u,, while the power density increases

nearly as T, . For the new low bandgap energy PV cells, the simple two-band

2

model predicts output power densities the order of 10 W/cm® for

1500 < Tg < 1700 K.

The simple model used in this chapter includes two critical assumptions. First, the
ideal PV cell is assumed. Second, all radiation leaving the emitter goes directly to the
PV cells and all radiation leaving the PV cells goes directly to the emitter. Thus, the
efficiency and power density calculated with this model are the maximum possible
values. In a real TPV system, the PV cells will be less than perfect and all the emitted
radiation will not be incident on the PV cells. These issues are addressed in Chapters 6,
7, and 8.
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Problems
2.1 Derive equation (2.15) from (2.14).
2.2 Show that the efficiency given by equation (2.17) can be approximated by

E he

g [J

© KT, AKT

g E

15 N “u
~—u, |u +2u +2fe ¢, u
Mmax Tl',4 g[ g g ]

for e* > 1. For this approximation what value of u, does the maximum

value of nyax occur and what is the maximum value of Myax?
2.3 Show that the efficiency given by equation (2.19) can be approximated by

ug(u§+2ug+2) E he
T]MAX~u2+3uz+6ug—i-6 ¢ KT, AKT,

for e* > 1.
2.4 For the same conditions as problem 2.3 (p, =0, &g = 1 for E, < E <o and

e" > 1) show that the output power is the following,

15 4 2 —Ug _ Eg — hCO
Povax ® nTACGSbTEug [ug +2ug +2]e u, = KT, = kngE
© k'
where 6, = ST is the Stefan-Boltzmann constant.
c

2.5 For a monochromatic emitter all emitted photons have the same energy, E.
Let N be the total number per second per m* of monochromatic photons that
make up the emitted photon flux and are incident on the PV cells. If E = E,,
where E, is the PV cell’s bandgap energy, show that nyax = 1 for a TPV
system using the “ultimate” PV cell described in section 2.2 with p, = 0.

2.6 Derive equation (2.20) from (2.15) using the two band model described as
follows.

g, =€ and p, =p for 0<E<E,

€, =€y and p, =p, for E,<E<w
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2.7

2.8

a) For the approximation e > 1 show that the two band model for 1yax
[equation (2.20)] becomes the following,

Nyax = Ug

where
F(u,)~e™ [u}+3u] +6u,+6]
G(ug) ~e [uz +2u, +2]

b) Calculate nyax using the approximate expression from a) for Tg = 1700
K, E;=0.72 eV and R = .1. For the same conditions, how does this Nuax
compare with the maximum value for nyax shown in Figure 2.4?

A hypothetical monochromatic emitter at some temperature, Ty, can be

described as follows: The emitted photon flux, Ng, (photons/sec m®) that is

also incident on the PV cells will be some fraction, g, (< 1.0), of the photon
flux emitted by a blackbody at the same temperature, Tg. Also, the power of
the emitted monochromatic flux must be some fraction, &1, of the total

emissive power 6y, T; , of a blackbody at temperature, Tg. For the TPV system

described in problem 2.5, show that the PV bandgap energy, E,, is related to

Tk as follows.
E _m (e | KT
£ 15 €, )P .2

J‘u du
e’ -1

0

Also show that the output power density is the following.

P

ELMAX _ 4
=0, T;

c

Calculate E, for Tg = 2000 K and &t = &,

©

2 o0
Note : J- e du =2 E i}
e" -1 e 1)

o
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Chapter 3
Emitter Performances

This chapter concentrates upon the emitter component of a TPV system. Emitters
can be split into two groups. First, gray body emitters have a constant spectral
emittance. The second group, the selective emitters, have a variable spectral emittance.
As already discussed, an efficient selective emitter will have a large emittace for photon
energies greater than the PV cell bandgap energy and a negligible spectral emittance for
photon energies less than the PV cell bandgap energy. Derivation of the spectral
emittance in terms of the fundamental properties, extinction coefficient, and index of
refraction take up a major portion of the chapter.

Beginning with a discussion of gray body and selective emitters, the chapter then
introduces the important parameters for determining spectral emittance: the extinction
coefficient and optical depth. Then the discussion moves to the development of the
analysis for the spectral emittance of one-dimensional planar and cylindrical emitters.
This analysis shows the significant effect on the spectral emittance caused by
temperature changes across the emitter. The effect of radiation scattering on the
spectral emittace is also discussed.

3.1 Symbols

a absorption coefficient, cm™

Co vacuum speed of light (2.998 x 10° m/sec)
E photon energy, j or eV

h Plank’s constant (6.624 x 107* J-sec)

i radiation intensity, W/m*/um/steradian

] J-1

k Boltzmann constant (1.38 x 10> J/K)

ki thermal conductivity, W/cm/K

K extinction coefficient, cm™

n index of refraction

q radiation flux per wavelength per unit area, W/cm*/nm
q total radiation flux, W/cm?

R directional spectral reflectivity

R spectral reflectivity for normal incidence
S source function, W/m*/steradian/nm

T temperature, K
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. . he, 1.439x10" (K-nm)
u dimensionless photon energy = =

AKT AT

e(\) spectral emittance
A wavelength, nm or pm
K optical depth
Q scattering albedo
c scattering coefficient, cm™
p reflectance
G Stefan-Boltzmann constant, 5.67 x 102 W/em’K*
T transmittance
Subscripts
b blackbody
c denotes beginning of long wavelength region where € ~ 1.0
1 imaginary part
f refers to emitting film
g refers to PV cell bandgap energy
R real part
s refers to substrate

Superscripts

+

refers to + x direction

refers to — x direction

Chapter 3
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Figure 3.1 - Experimental normal spectral emittance for
platinum (Pt), silicon carbide (SiC), and tungsten (W). Pt and
W data from [1] and [2].

3.2 Gray Body Emitters

The spectral hemispherical emittance, €, as defined in Chapter 1 is the optical
property which determines the emitted radiation flux for a material. For a gray body
material, the spectral emittance is the same for all wavelengths (or photon energies). In
reality only for a blackbody is ¢ the same at all wavelengths, namely € = 1. However,
for many metals ¢ is nearly a constant for a large part of the spectrum. In Figure 3.1 the
measured spectral emittances in a vacuum (n, = 1) for platinum (Pt), tungsten (W), and
silicon carbide (SiC) are plotted. The Pt and W data are from [1] and the SiC data are
from [2]. It should be pointed out that the measured emittance in Figure 3.1 is the
normal spectral emittance, defined as follows.

i(%,6=0,T)

2.0=0,T
e ) i, (1)

3.1)
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Where i is the emitted intensity measured normal to the emitting surface (0 = 0) and i,
is the blackbody intensity. It is assumed that i is independent of the azimuthal angle, ¢.
Obviously, if i is independent of 0, then the normal spectral emittance, €, and the
spectral hemispherical emittance, €, are the same. Generally, the normal emittance is
larger than the hemispherical emittance.

All the materials shown in Figure 3.1 have high melting points and are therefore
suitable for TPV applications. However, W cannot be operated in air because of
oxidation at high temperatures. Although SiC may degrade in air for very high
temperatures (> 2000 K, [2]), its large emittance makes it a good candidate for a TPV
emitter for lower temperatures. However, € falls from > .9 at A = 2.0um to € = .54 at
A = 12um. For high TPV efficiency, the opposite behavior is desirable. In other
words, for TPV systems using PV cells with bandgap energies in the range .5 to 1.0 eV,
€ should be large for A < 2.0um and small for A > 2.0um. Tungsten has the desirable
reduction in emittance for long wavelengths. However, the emittance is much lower
than SiC emittance for 1 < A < 2.0um. One very attractive property of W is its low
vapor pressure and thus low evaporation rate at high temperatures. Evaporation may be
a serious problem for some emitter materials.

Platinum also has low emittance at long wavelengths; however, its emittance for
A < 1.5um is also small. Therefore, its power output, at the shorter wavelengths that
can be converted by the PV array, will be low. However, its low emittance and its
chemical stability make it an excellent candidate for the substrate of a film selective
emitter. The film selective emitter is considered later in this chapter. Generally,
spectral emittance increases with temperature. This is illustrated in Figure 3.1 for W
where ¢, is shown for T = 1629 K and 2002 K.

3.3 Selective Emitters

As already shown in Chapter 2, matching the emitter radiation to the bandgap
energy of the PV cells results in large improvements in TPV efficiency. The ideal
selective emitter would emit only photons with energy equal to the bandgap energy of
the PV cells. A laser that operates at a single wavelength meets this requirement.
However, the processes required to produce lasing from thermal energy input are very
inefficient. Thus, a laser emitter is out of the question.

The closest thing to a laser emitter is a group of isolated atoms excited to their
lowest excited state and then emit photons of a single energy when they spontaneously
decay to the ground state. In a partially ionized gas (or plasma), individual atoms or
molecules are excited by collisions with electrons into various excited states. By
choosing the proper gas and adjusting the electron temperature, it is possible to produce
a plasma where most of the excited atoms are in their lowest excited state. This
approach [3] for a selective emitter has been investigated using a cesium plasma. For
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cesium, electronic transitions from the first excited state to the ground state result in
radiation that is matched to the bandgap energy of gallium arsenide, GaAs (Eg = 1.42
eV, A, = .87um). Thus a cesium plasma emitter is an excellent candidate for a GaAs
TPV system. It has been found [3] that radiation efficiencies greater than 70% are
possible. However, the cesium plasma emitter has two major drawbacks. First, very
high electron temperatures (> 2000 K) are required. Second, since the plasma density is
low, the radiation power is low. Solid state densities are required to attain large (> 1
W/em?) powers.

58 Ce 59 Pr 60 Nd 61Pm 62 Sm 63 Eu 64 Gd

Cerium | Praseodymium | Neodymium | Promethium | Samarium | Europium | Gadolinium

65Tb 66 Dy 67 Ho 68 Er 69 Tm 70Yb 7l1Llu

Terbium | Dysprosium | Holmium | Erbium | Thulium | Ytterbium | Lutetium

Electron structure for rare earth ion, Re™™

15%25%2p°3s%3p°3d'*4s%4p°4d' 5525 p 54"
N =1 for Ce, N =13 for Yb and Lu

Figure 3.2 Lanthanide or rare earth series.

3.3.1 Rare Earth Selective Emitters

The advantage of a low density plasma emitter is that the emitting atoms behave as
isolated atoms, emitting narrow line radiation rather than broad gray body radiation
associated with most solid state materials. Fortunately, the lanthanide series of atoms,
Figure 3.2, which begin with cerium (Ce) at atomic number 58 and end with lutetium
(Lu) at atomic number 71, behave much like isolated atoms even at solid state densities.
The lanthanides or rare earths, as they are more commonly called, exist as singly and
doubly charged ions when combined with other atoms at solid state densities. The 4f
valence electrons of these ions, which account for absorption and emission of radiation,
lie in orbits inside the outer 5s and 5p electron shells. As a result, the 5s and 5p
electrons shield the 4f electron from neighboring ions. Thus, the rare earth ions at solid
state densities behave nearly like isolated atoms and emit radiation in narrow bands,
rather than in a continuous gray body fashion. In quantum mechanics terms, the
explanation is that the 4f electron wave functions do not overlap with neighboring wave
functions.
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The above explanation does not fully explain why the rare earth in a host material
has distinct emission bands. Non-radiative de-excitation processes for the 4f levels,
such as collisions with the host atoms, compete with radiative de-excitation. These
non-radiative processes reduce the emission bands. However, in both a theoretical and
experimental study, Torsello, et al [4] show that the symmetry of the host crystal
around the rare earth atom inhibits the non-radiative decay of the 4f levels. They also
demonstrate that the spectral emittance for the rare earths is independent of temperature
if there is no temperature gradient across the sample. However, as will be shown in
Section 3.8.3, the spectral emittance of the rare earths is very sensitive to temperature
gradients across the sample.

Melting Point
Host Material Chemical Formula of Host, C
[19]
Pure rare earth oxide R,03 >2200
Yttrium aluminum R,Y;3,Al;0; 1930
Garnet (YAG) 0<x<3
Gadolinium gallium R,Gd; (Gas0, 1750
Garnet (GGG) 0<x<3
. Rngl-XA1204
Spinel 0<x<] 2100
. . szrl-xOZ

Zirconia 0<x<1 2700

. R, Y03
Yttria 0<x<2 2400

Table 3.1 Possible high temperature host materials for rare earths (Re)

For TPV, the emitter is at temperatures greater than 1000°C so that the rare earth
containing material must have a high melting point. There are many possible high
temperature host materials for rare earth ions. Several of these are listed in table 3.1.
The spectra and energy levels of rare earth ions in crystals have been extensively
studied. Most of this work is summarized in the texts of Wyboune [5] and Dieke [6].
As already stated, the rare earth ions behave radiatively similar to isolated atoms.
Therefore, the widths and wavelength locations of the rare earth ion emission bands are
nearly unaffected by the host material.

The rare earths of most interest for TPV are those with emission bands that match
the bandgap energies of the available PV cells. These bandgap energies range from
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Eg=0.5eV (A =2500nm) for InGaAs to Eg = 1.1 eV (A = 1000nm) for Si. As a result,
the rare earths of most interest are ytterbium (Yb), erbium (Er), thulium (Tm), holmium
(Ho), and dysprosium (Dy) that have main emission bands in the range 1000 < A <
2700nm. Table 3.2 lists the main emission bands of these five rare earths.

Rare Earth lon Yb Er Tm Ho Dy
Center wavelength,

nm for main 960 1500 1700 2000 2700
emission band and

energy level Fsp—Fip Ti3n—"Tsn *Fy—Hg -l | *Hizp—*Hisn
designation

Center wavelength,
nm for emission
band resulting from
2nd excited state
manifold and energy
level designation
Center wavelength,
nm for emission
band resulting from
3rd excited state
manifold and energy
level designation
Center wavelength,
nm for emission
band resulting from
4th excited state
manifold and energy
level designation

960 1200 1100 1700

4 4 3 3 5 5 4 4
Lin—"Tisp Hs—"Hg Is—"Ig Hyi2—"Hisp

800 780 890 1300

4 4 3 3 5 5 4 4
Lo —"Tisp Hy—"He "Iy Hon—"Hysp

650 700 750 1100

4 4 3n 3 s; s 4 4
Fopn—"Tisp F,-"He L-"Ig Hyn—"Hisp

Table 3.2 Rare earth ions for TPV selective emitters

Except for YDb, also shown in Table 3.2, are the next three shorter wavelength bands for
these rare earths. The main emission band for each of these rare earths results from
transitions from the first excited state manifold to the ground state manifold. Each of
the next three shorter wavelength emission bands results from transitions to the ground
state manifold from the next three excited state manifolds above the first excited state
manifold.

The first rare earth selective emitters were polycrystalline in structure. Guazzoni
[7] constructed rare earth oxide (R,0O3) emitters by sintering the oxide powders. These
emitters were the order of 1 mm in thickness. They exhibited large emittance in the
emission bands, but undesirably large emittance outside the emission bands. Nelson
and Parent [8] and [9] developed a fibrous rare earth oxide emitter consisting of bundles
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of small diameter (5-10 um) fibers. These emitters are similar to the Wesbach mantle
used in gas lanterns. The small diameter fibrous bundles have resulted in much lower
spectral emittance outside the emission bands. Fibrous emitters are well suited for
combustion TPV systems since the flame front can be located within the fibers. The
importance of small dimension for obtaining maximum emitter efficiency is discussed
in Section 3.10.

3.3.2 Other Selective Emitters

So far the discussion of selective emitters has been confined to the cesium plasma
emitter and rare earth containing selective emitters. These emitters have relatively
narrow emission bands resulting from electronic transitions from the first excited state
to the ground state. However, all solid materials that emit a continuum of radiation
rather than band radiation show some selectivity in emission. This is pointed out in
Section 3.2, where tungsten is mentioned as a possible TPV emitter. As already
mentioned, it is desirable that emittance for a TPV emitter be large for photon energies
greater than the PV cell bandgap energy and small for photon energies below the PV
cell bandgap energy.

A continuum type emitter, called a “matched emitter” [10], that shows desirable
selectivity is cobalt (Co) doped spinel (Co,Mg;,Al;O4) that is formed by sintering
magnesia (MgO), alumina (Al,O3), and Co;O [10]. The cobalt ion with seven 3d
valence electrons is responsible for the emission band.

The spectral emittance of a plasma sprayed film of Co doped spinel on an alumina
(ALLO3) substrate is presented in [11]. Its spectral emittance has a maximum in the
1000 < A < 2000nm region. This is desirable for TPV applications. However, for
A > 2000nm the emittance is not small (> 0.2); this is not so desirable. It should be
pointed out that the emittance in [11] is based upon the emitting surface temperature
rather than the alumina substrate temperature. If the substrate temperature, which is
higher than the emitting surface temperature, were used, € would be lower. As pointed
out later in Section 3.8.3, the spectral emittance of a film is a sensitive function of
temperature change across the film.

Another matched emitter [12] is MgO doped with nickel (Ni) in the form of NiO or
cobalt in the form of Co,0,. It is the Ni or Co ion that accounts for the emission. Just
as for the rare earths, electronic transitions of Ni and Co ions account for the large
emission bands. For Ni the emission band is centered a A = 1.4pm. The optimum Ni or
Co dopant concentration is small (1-2 mol%). In [12] a maximum of ¢ = .9 at
A = 1.4um is measured for a 98% MgO — 2% NiO emitter. In addition, the emittance
drops rapidly to € = .1 for A = 3um and then begins increasing for AL > 4um to € = 1.0 at
A~ 9um.
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n,=1 Vacuum

y
d = Ay/4n; ng Anti-reflective film
\ 4
ng Emitter material
ng <ng

Figure 3.3 - Schematic of selective emitter that uses antireflective film
to increase emittance in wavelength region around A = A,.

Another method for producing a selective emitter has been introduced by Fraas
[13]. A material such as tungsten has the desirable characteristic of a low emittance at
long wavelengths. However, in the wavelength region (1-2um) where large emittance
is desired, the emittance is also low. To increase the emittance in this region, Fraas
[13] uses an antireflection film on the tungsten emitter tuned to the desired wavelength.
With the appropriate film, reflected radiation at an interface can be greatly reduced.
Figure 3.3 is a schematic of a tungsten emitter with an antireflection film. Destructive
interference between the light waves reflected at the W-film interface and the film-
atmosphere interface results in reduced reflection of radiation back into the W emitter.
In order for the destructive interference to occur for normal incidence at some
wavelength, A,, the film thickness, d, must satisfy the relation d = A,/4ng, (where ng is
the index of refraction of the antireflection film). To attain the minimum reflectance,

the index of refraction of the film, n;, must satisfy the relation n, = \/n_ n, , where n, is

the surrounding medium (generally vacuum so that n, = 1) and ng is the emitter index of
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refraction. In Chapter 4, where interference filters are discussed, the theory for an
antireflection film is presented. In [12] spectral emissive power results for a tungsten
emitter at 1300°C with an alumina (AL,O;) antireflection film are presented.

A fortuitous advantage of using alumina as the antireflective film is that it also can
act as a barrier between the atmosphere and the tungsten emitter. Thus, a tungsten
emitter suitable for operation in the atmosphere can be fabricated as suggested in [12].
First, a tungsten film is deposited on a high temperature ceramic substrate, such as
silicon carbide. Then the alumina antireflective film is deposited on the tungsten
emitter. With tungsten “sandwiched” between the high temperature ceramic materials,
atmospheric operation is possible. A major limitation of this emitter is that evaporation
of the thin antireflective film results in reduced emittance at A = A, since the condition

A
d= —> isno longer satisfied.
4n,

Two other selective emitters that use tungsten are the periodically structured or
grating emitter ([14] and [15]) and the three-dimensional photonic-crystal emitter ([16]
and [17]). In the grating type emitter, thermally excited surface electromagnetic waves,
called surface plasmons, can be converted to emitted radiation by interaction with the
periodically structured tungsten surface. By choosing the proper dimensions of the
periodic structure, the emittance can be enhanced in a given wavelength region.

The tungsten photonic crystal emitter, which is three dimensional in structure, also
produces enhanced emission at the design wavelength. In addition, if the emitter
behaves as theoretical calculations indicate, emission for wavelengths greater than the
wavelength corresponding to the photonic bandgap energy is suppressed.
Semiconductors are a logical choice for a selective emitter. At room temperature they
have large absorptance (and thus large emittance) for photon energies, E, greater than
the bandgap energy, E,, and low absorptance (and thus low emittance) for E < E,.
However, as the temperature is increased, free electrons are produced that emit
radiation in the energy region E < E,. Thus, at high temperatures a semiconductor does
not have low emittance for E < E,. In [18] silicon is investigated as a possible
semiconductor selective emitter. For temperatures less than 900 K, the emittance, ¢, is
less than 0.3 for E < E, and € > 0.5 for E > E,. As a result, silicon may be a suitable
selective emitter for a low temperature TPV system.

3.4 Extinction Coefficient and Optical Depth
The key atomic property that determines the spectral emittance of a material is the
extinction coefficient, K, which is introduced in Section 1.6.5. It is the sum of the
absorption coefficient, a, and the scattering coefficient, o, The units for these
properties are cm™. In Section 1.6.5 it was shown that the solution to the equation of
radiation transfer for intensity, i, was given in terms of the optical depth, x, given by
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equation (1.145). It is shown later in this chapter that optical depth is the major
variable for determining spectral emittance.

As noted in Section 1.5.2, the extinction coefficient, K, defined by equation (1.141)
should not be confused with the extinction coefficient that is used in describing the
attenuation of classical electromagnetic waves in an absorbing medium. For the case of
electromagnetic waves, the extinction coefficient is the imaginary part of the index of
refraction, n;, and is dimensionless. It describes the absorption but not scattering of
electromagnetic energy or radiation. Thus, in a medium with negligible scattering the
two extinction coefficients are related by the following expression.

K:a:—nlzk—nI c,=0 3.1

3.5 Extinction Coefficients of Rare Earth Selective Emitters

As already stated, the spectral emittance, €(A), is a function of the extinction
coefficient. Therefore, the wavelength dependence of the spectral emittance is similar
to the wavelength dependence of the extinction coefficient. Shown in Figure 3.4 is the
extinction coefficient, K(A), for erbium aluminum garret (Er;AlsOy;). It is obtained
from measured values of reflectance and transmittance at room temperature [19]. Two
different instruments are used in measuring the transmittance and reflectance. One
instrument covers the wavelength region 600 < A < 2500nm and the other 4000 < A <
10,000nm. As a result, in the region 2500 < A < 4000nm a linear variation of K(A)
with A is assumed. Erbium has no emission bands in this region and thus K(A) is small.
As a result, the linear approximation should be applicable.

Erbium aluminum garret is similar in atomic structure to yttrium aluminum garret
(Y;3AlL504,). Yttrium aluminum garnet, which is used as a host material for rare earth
lasers such as the neodymium (Nd) laser, has the acronym YAG. Therefore, the
acronym ErAG is used for erbium aluminum garnet. Similarly, RAG is used to identify
any rare earth (R) aluminum garnet.

The main emission band for Er is centered around A ~ 1500nm and results from

transitions from the first excited state manifold to the ground state (411y - 4117)
2 2

manifold. Shown in 3.4a) are three other emission bands centered at A = 960, 800 and
650nm. The band at A ~ 960nm results from transitions from the second excited state

manifold to the ground state manifold (411 Y~ 4117) :
2 2
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The emission bands at A ~ 800 and 650nm result from transitions from the third

(419 -1, ) and fourth (“F9 -1, ) excited state manifolds to the ground state
% % 7 %

manifold. Figure 3.4b) is an expanded view of the four emission bands. The power in

an infinitesimal wavelength band, dA, for emission into a vacuum is &(A)ey,(A,T)dA,

where e,(A,T) is the blackbody spectral emissive power [equation (1.120)] and &(}) is
the spectral emittance. For temperatures of interest for TPV, (1000-2000 K) e,(A,T)
will be small for A < 1.0um (see Figure 1.9). Therefore, even for € ~ 1 there is little

power in the emission bands below A ~ 1000nm compared to the main emission band at

A =1500nm.
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Figure 3.4b) - Extinction coefficient for erbium aluminum
garnet (EAG) in emission bands.

As Figure 3.4 indicates, the extinction coefficient remains small outside the
emission bands until A > 5500nm. Thus, € is also be small in the out of band regions
until A > 5500nm. For A > 5500nm, the extinction coefficient rises rapidly. This
increase results from the vibrational modes of the EAG atomic structure. Because of
the large extinction coefficient, € = 1.0 for this long wavelength region. Obviously, for
TPV this is an undesirable result since this long wavelength radiation cannot be
converted to electrical energy by the PV array. However, more than 90% of the total

©

emissive power ('[eb (k,T)dxj lies below A = 5500nm if T > 1700 K (see Figure 1.9).

Therefore, if T > 1700K, the power in the long wavelength region is small and is not be
a serious loss. This long wavelength region of large extinction coefficient (thus € = 1.0)
is characteristic of most high temperature oxide materials. The wavelength where this
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region begins will be referred to as the cutoff wavelength, A.. For most high
temperature oxide materials, the cutoff is around 5000nm.

As mentioned earlier, the wavelength dependence of radiation from rare earth ions
is not greatly affected by the host material. Thus, the wavelength dependence of K for
Er in any of the host materials shown in Table 3.1 will be similar. However, the
magnitude of K will depend upon the host material. Extinction coefficient data for all
the rare earths shown in Table 3.2 are similar to that for Er as shown in Figure 3.4. The
main emission band, which has the largest extinction coefficient resulting from
transitions from the first excited state manifold to the ground state manifold, will be in
the wavelength region 960 < A < 2700nm, depending upon the rare earth ion. Except
for Yb, there are three other emission bands for each of the rare earths at the
wavelengths shown in Table 3.2.

3.6 Coupled Energy Equation and Radiation Transfer Equation
for a Solid Material

It is pointed out in Chapter 1 (Section 1.7) that contrary to the usual belief, spectral
emittance is not an intensive property (does not depend upon dimensions of material),
but does depend upon dimensions of the emitting material. For rare earth selective
emitters, emission that leaves the surface can originate at depths the order of 1mm. Host
materials shown in Table 3.1 for the rare earth ions are all dielectrics that have low
thermal conductivity (kg, < .1 W/ecm K). Therefore, over a distance of 1mm, a
significant temperature change will occur. As a result, in calculating the spectral
emittance, both thermal conduction and radiation must be included. Radiation and
thermal conduction are coupled through the conservation of energy derived in Section
1.6.6 [equation (1.159)]. The radiation intensity, i, is given by equations (1.148) and

(1.149) and the radiation flux, q, is given in terms of i by equations (1.151) and

(1.154). Thus, in order to calculate the spectral emittance, a rather complicated set of
equations must be solved simultaneously.

3.7 One Dimensional Radiation Transfer Equations
Later in this chapter the radiation transfer equation is applied to a planar and
cylindrical emitting and scattering material. In these cases, it is assumed that i only
depends upon a single dimension.
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dx = — cos(n—0)ds —

i(0)

a) Planar radiation between infinite parallel boundaries.

A

i'(0)

P <(0> :' i"(R)
dr = cos0Ods 0

R i(R)

i'(r)
-

A

b) Radiation in an infinitely long cylinder.

Figure 3.5 One dimensional radiation in planar and cylindrical geometries.

Consider the planar geometry shown in Figure 3.5a) where i is a function of the x
coordinate only. For convenience, the radiation field is split into two parts: radiation
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moving in the +x direction (0 < 0 < 5) is denoted by a + superscript, and radiation

moving in the —x direction is denoted by a — superscript. For the +x direction,

dx

ds = and the optical depth [equation (1.145)] is the following,

cos0

w(s) =) (3.2)

cos0

where k(x) is the optical depth in the +x direction.

k(x)= IK(x)dx* (3.3)

0

For the —x direction, ds=—— 9% =9 (0 that equations (3.2) and (3.3)
cos(n—6) cos6
. . die(x) .
again apply. Therefore, from equation (3.2), dK(S)= 5 Thus, the radiation
cos

transfer equations for i” and i~ are obtained from equation (1.146).

coseaji(;)ﬂ+ [K(X),G]:S[K(X)J 0<cosb<1 3.4
oi .
coseaKl(X)ﬂ [K(x),@]:S[K(x)J —1<cosH<0 (3.5)

Partial derivative notation is used in equations (3.4) and (3.5) because i" and i~ depend
both upon x and 0.

Now consider the cylindrical geometry, as shown in Figure 3.5b, where i is a
function of only the radial coordinate, r. Again split i into positive i'(r) (0 < cos 6 < 1)
and negative i(r)(-1 < cos 6 < 0) components. Similar to the planar geometry case

ds =

so that the optical depth is also similar to the planar case.

Kk(s)=x(r)/cos® (3.6)
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K(r) = IK(r*)dr* (3.7

Therefore, the radiation transfer equations for the cylindrical geometry are the same as
the planar geometry [equations (3.4) and (3.5)] except that «(x) is replaced by «(r).

The radiation transfer equations can be integrated with the use of an integrating
factor. Replace 0 in equations (3.4) and (3.5) with a new variable, u, defined as
follows.

p=cos6 (3.8)

Multiplying equations (3.4) and (3.5) by the integrating factor, exp[k/u] and then
integrating yields the following results.

K -
*

i+(K,p)=i+(0,p.)exp|:—£:|+ J-S(K*)exp|:—K_K P L)
M T

o

i(K,u):i(Kd,u)exp{Kd_K}—J‘S(K*)exp{K*_K d—K* -1<p_<0| (3.10)
u

Appearing in these equations are the boundary intensities, i'(0, pt) and i'(kg,t) Where k4
is the following.

K, = IK(X*)dx* (3.11)

o

To obtain the cylindrical form of equations (3.4) and (3.5) replace kg with the
following.

Ky = IK(r*)dr* (3.12)

o

Notice that pu < 0 in equation (3.10) and that equations (3.9) and (3.10) depend upon the
source function, S, and the boundary intensities.
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3.7.1 One Dimensional Source Function Equation
Now consider the source function (equation 1.147) for the one-dimensional planar
and cylindrical geometries. In terms of i and i, the integral in equation (1.147)
becomes the following.

% .
jidm:2n J‘i+ (K,O)sin6d6+2n i (K,O)sinGde (3.13)
w=41 0=0 0=T,

)

Now substitute p = cos 0 in the first integral and p = -cos 6 in the second integral.
Therefore, the source function becomes the following.

S(x) =0 (1-0)i, () +5 Ir (o) dp+ J’r(K,_u)du (3.14)

o o

Using equations (3.9) and (3.10) for i" and i in equation (3.14) produces the following
result.

S(K) =n’ (I—Q)ib (K)

1 Kd

+% }i*(o,p)exp{—g}du+ J.i(Kd,—u)exp{Kd;K}du+ J‘S(K*)E] (Je-x

: o

o o o

(3.15)

Appearing in equation (3.15) is the first order exponential integral, E|(x), where the
n™ order exponential integral is defined as follows.

1

E,(x)= IV"Z exp(—ijdv (3.16)
A%

0

Some useful relations for exponential integral functions are given in Appendix A.

Equation (3.15) is an integral equation for the planar geometry source function,
S(x), in terms of the blackbody intensity, iy, the scattering albedo, Q, and the boundary
intensities i(0,u) and i'(ig-p). For the cylindrical geometry, replace k4 in equation
(3.15) by kg. Once the source function is known, the intensities can be calculated using
equations (3.9) and (3.10).
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3.7.2 One Dimensional Radiation Flux
Solution of the energy equation [equation (1.160)] requires an expression for the
total radiation flux, q [equations (1.151a) and (1.154)]. The radiation intensity, i,

represents energy per unit solid angle crossing an area normal to the direction of i.
Therefore, the radiation flux per unit wavelength per unit area, q, is obtained by
integrating the i” and i" over the projected area cosOdA and solid angle 27sin6d® and
then dividing the result by dA. For the radiation flux, q", moving in the +x direction the
following is obtained.

%
q" (k1) =2n J.i+ (k,8,%)cos Osin BdO (3.17)

o

Similarly, for the radiation flux moving in the -x direction, q, the following is obtained.

s

q (x,A)=-2n Ji’ (,6,1)cos Bsin 6dO (3.18)

%
The radiation fluxes q" and q, as well as the intensities i” and i are always positive
quantities. Therefore, since cosd < 0 for gs 0 < 7, the negative sign occurs in the q°

expression. The net radiation flux, g, in the +x direction is the following.

% x
q(x,2)=q" (k1) -q(x,A)=2n J'i+ (,6,1)cosOsinBdO + Ii’ (,6,1)cos0sin 0dO
o %

(3.19)

Making the substitution p = cos0 in the first integral and p = -cos6 in the second
integral, the radiation flux becomes the following.

1

q(K,k):2Tc I[F (K,},l,?\.)—i_ (K,—u,l)}udu (3.20)

0

If equations (3.9) and (3.10) are substituted for i" and i, the following is obtained.
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! 1
Q(K:K)=2n J‘i+ (O:H,K)exp{—f}ud“_ ji (Kda_H,K)eXp|:Kd _K}Ldp
H n

(3.21)

0 0

+ J‘S(K*,k)E2 (K—K* )dK* - IS(K*,k)Ez (K* —K)dK*

Appearing in this equation is the second order exponential integral, E,. Equation (3.21)
gives q as a function of the source function, S, and the boundary intensities i'(0) and
i'(kg). To obtain the total radiation flux, q, equation (3.21) must be integrated over

all A. Equation (3.21) applies to the one-dimensional planar geometry. The one-
dimensional cylindrical case is obtained by substituting Ky for g.

3.7.3 No Scattering Medium

For an emitter made of a single crystal, such as the rare earth garnets mentioned in
Section 3.5, there are few imperfections that can act as scattering centers. As a result,
scattering can be neglected compared to absorption in the extinction coefficient. This
approximation should be applicable in the emission bands of all rare earth selective
emitters where emission and absorption from the lowest excited states of the rare earth
ion dominate. However, polycrystalline materials have many grain boundaries that act
as scattering centers. Therefore, outside the emission bands scattering may be
important for the sintered and fibrous rare earth emitters discussed in Section 3.3.1.

If scattering can be neglected, then a great deal of simplification of the source
function equation occurs. For no scattering (2 = 0), the source function [equation
(3.15)] reduces to the blackbody intensity.

S(x)=n%, (AT (x))=n’ M (3.22)

Thus, if the temperature and index of refraction are constant throughout the medium,
S(x) is also a constant. In that case, the k* integrations in equation (3.21) can be
completed so that the radiation flux is the following.

1

q(k,1)=2n J‘f(O,u,k)exp{_—K}udu
i

o

(3.23)

1

_Ii-(Kd,_u,x)exp{Kd ;K}udu+n2ib(}u,T)[E3(Kd —x)-E, (x)]

0
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For a medium with n = 1 emitting into a vacuum (n, = 1) there is no reflection at the
vacuum-medium interface. As a result, i'(0) and i'(kg) vanish if there is no radiation
entering the medium at the boundaries. Therefore, at the boundaries q(xg) and q(0)
become the following.

a0 1) = =q(0,1) = mi, (%, T)[ 1-2E, (x,) ] (3.29)

The spectral emittance for the medium is the following.

q (kg5 2) .
A)=——-==1-2E 1
8( ) Tcib (7», T) 3 (Kd) planar geometry, constant temperature, no scattering
i"(0)=i (x,)=0
n=n, =1
(3.25)

For a cylindrical geometry, replace k4 with k.

3.8 Spectral Emittance for Planar Emitter

The one-dimensional radiation transfer equations and energy equation are
applicable to any emitting, absorbing, and scattering solid state medium. For TPV
applications selective emitter materials are of most interest. In this case, the
characteristic dimension of the emitter is small (< Imm). Therefore, a planar selective
emitter is a film. Also, for wavelength regions outside the emission bands a selective
emitter is nearly transparent to radiation. In these transparent regions, undesirable
radiation from the thermal source heating the emitter passes through the selective
emitter nearly unattenuated. To block this undesirable radiation, a low emittance metal
substrate can be placed between the thermal source and the emitting film.

Figure 3.6 illustrates two configurations for a film emitter with a conducting
substrate with index of refraction, ny = ngg — jng. In Figure 3.6a, the substrate is in
direct contact with the emitter, which applies if the substrate is deposited on the emitter.
If there is a gap between the substrate and emitter, such as would occur if the substrate
is a metal foil, then Figure 3.6b applies. For the gap case, assume the substrate and
backside of the emitter are at the same temperature, T,. For vacuum conditions, this
may be a poor approximation since heat transfer between the substrate and emitter will
be by radiation only. In that case, a significant temperature difference between the
higher temperature substrate and emitter backside can exist. A significant temperature
difference results in reduced radiation from the emitter; therefore, a lower spectral
emittance exists compared to the case where emitter and substrate are at the same
temperature.
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q (d)-kg dT/dx i 5 ¢
Dielectric, n, \ /
A
d Film, n¢ i'(d) i'(d)
X i'(0)

i'(0) T,

‘, / /[

Substrate, ng=ngg-jny
Qin

a) Emitter film in direct contact with substrate.

a (d)-kth dT/dx ir i’fo Tf
Dielectric, n,
A
i"(d) i(d)
d

x  Film, n¢ i'(0) i'(0) T,

A 4
Dielectric, n, T,

iﬁ isi iso
1fo

Substrate, n=ng-jng
qin

b) Dielectric gap between emitter film and substrate.

Figure 3.6 Schematic diagram of film emittance model.
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The thermal energy flux entering the emitter at x = 0 is q,, and leaving the emitter

at x = d is the sum of the radiation flux, q(d), and the thermal conduction,

-k, — . Therefore, assuming a steady state, the one dimensional energy equation
X x—d

[equation (1.160)] becomes the following.

dT _ _ dT
_k _+q(x):qin:_

" +(_1(d) (3.26)

The total radiation flux, q(x), is the following.

©

(9= fa(ery 620

o

And q(x,A) is given by equation (3.21) that in turn, depends upon the source function,
S(x), given by equation (3.15). Thus, equations (3.15), (3.21), (3.26), and (3.27) are a
coupled set of equations that must be solved in order to obtain the temperature, T and

radiation fluxes, q(x) and ﬁ(x). Once q(d) is determined, the hemispherical spectral

emittance, €, is obtained. The solution depends on the boundary conditions, the optical
depth, kg, and the indices of refraction of the film, ng surrounding dielectric, n,, and
substrate, ngg — jng.

The radiation flux, q(x), at the optical depth « is obtained using equation (3.21).
Assume the intensities leaving the boundaries at x = 0 and x = d, i'(0) and i(d) are
independent of angle. As a result, equation (3.21) yields the following result.

q(K,l) = 2[q+ (O)E3 (K)—q' (Kd )E3 (Kd - K):| +é, (K)—¢7 (K) (3.28)
Where,
q" (0) =mi (0) (3.29)

q (xg)=mi (x,) (3.30)
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K

¢, (k)=2n JS(K*,X)EZ(K—K*)dK* (3.31)

o

Kq

¢_(x)=2n J.S(K*,K)Ez (k" —x)dic (3.32)

K

To obtain q"(0) and q'(i;) boundary conditions at x = 0 and x = d must be applied.

Radiation enters the film from the substrate at x = 0 and also from the surroundings
at x = d. Therefore, the boundary conditions at x = 0 and x = d are somewhat
complicated. First, consider the case where the substrate is in direct contact with the
emitter (Figure 3.6a). At the film-substrate interface (x = 0 or k = 0) the intensity
moving in the +x direction is the sum of the reflected intensity and the radiation emitted
from the substrate into the film.

i (0)=nZel (0)i, (A, T,)+ R} (0)i (0) x=k,=0 (333

Here i,(A,T;) is the black body intensity [equation (1.120)] at the substrate temperature,
T,, R}, is the directional spectral reflectivity at the film-substrate interface, and ¢}, is

the directional spectral emittance. Using equation (3.33), the radiation flux in the +x
direction at x = 0 is the following.

% %
q°(0)=2=n JAF (0)cos©sinBdO = 2mn; ja}s (8)i, (A, T, ) cos B sin 6dO
| ] ° (3.34)
-2n J‘Rgs (6)i" (0)cosOsin 6d6
%

Similar to equation (3.18), the negative sign in front of the second integral is required to
make the term positive since cosO is negative for gs 0<m. In Section 1.5.4 Snell’s

Law is applied to the interface between a dielectric and a conductor. In that case, for

nO

o

cr

angles of incidence 6>0, :sin’l[ } radiation from the conductor into the

dielectric is totally reflected when a. >n,, where a, is given by equation (1.71) for
0. = E , and n, is the index of refraction for the dielectric. However, for radiation from

the dielectric into the conductor [second term on right side of equation (3.34)], there are
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no angles of incidence for which total reflection occurs. Thus, R, (6) <1 for all angles

of incidence, g <0<, in equation (3.34). Now replace 7i, by e,(A,T) and change the

variable of integration in equation (3.34) by substituting p = cos®0.

1

q"(0)=2nje, (1,T) Is}s (1)pdp—2n J-R}S (n)i (0)pdp (3.35)

0

As discussed in section 1.9, for emission from a metal into a dielectric, the normal
spectral emittance, €, given by equation (1.246) is a good approximation for g’.
Therefore, assume ¢, =¢ . Similarly, assume R} can be approximated by the

reflectivity for normal incidence, I_{fs [equation 1.110)]. As a result, from equation

(1.237) the following is obtained.
gl =1-Rj ~g, =1-R, (3.36)

Also, remember i(iy) is assumed to be independent of 6. Therefore, using equation
(3.10) for i°(0) in equation (3.35), the following is obtained.

q"(0)=nfe e, (A, T,)+ R, [Zq’ (q)E;(kq)+0. (O)J (3.37)

Appearing in equation (3.37) are the radiation flux in —x direction at x = d, q'(ig), and
the source function integral, ¢_ (0) As equation (3.37) shows, q'(0) is related to the
boundary value of q” at k = k4(x = d). As a result of the radiation boundary condition at
x = d(k = Kg), q'(iq) becomes a function of q(0). Thus the boundary conditions at x = 0
and x = d yield two linear simultaneous equations for q"(0) and q ().

Referring to Figure 3.6, at the emitter-dielectric interface at x = d or k = Ky, the
intensity moving in the —x direction, i'(d), is the sum of the reflected intensity,

R{i"(d), and the external intensity that passes through the interface, (1-R},)i, .
i (d)=(l—R;o)ir+R;ﬂi+ (d) (3.38)
Characterize the external radiation intensity, i, as follows,

i, =si, (L T,)+1i), (3.39)
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where the first term is the emitted intensity from the external source at temperature, T..
The second term is the fraction of the intensity leaving the emitter, if, , that is reflected
back to the emitter. The quantities s and r are not the emittance and reflectance of the
external source. However, they can be approximated as the product of two terms, one
of which is the emittance or reflectance. The other term is a geometrical factor that
accounts for the fraction of radiation that leaves the external source and impinges upon
the emitter. This geometrical factor is called the configuration or view factor and will
be defined in Chapter 6. The intensity leaving the emitter, i , is the sum of the

intensity passing through the interface and the reflected intensity from the external
source, R7i . Since the surrounding medium is a dielectric, the intensity passing

fo'r

through the interface is (1-R{, )i (d).

if, = (1—R;)i+ (d)+R;0ir (3.40)
Eliminating i, and i between equations (3.38) through (3.40) yields the following

solution for i°(d).

i(d):l_rlR; {(1-Ry)si, (L) + Ry +r(1-2R, )i (@) (34D

Now calculate the radiation flux at x = d, moving in the -x direction, q'(d). Using
equation (3.41) for i(d) in equation (3.18) gives the following result.

q (d)=-2n Ii‘ (d)cosOsin0d6 =
’ (3.42)

k4

"2

1-R| R} +1(1-2R]

-2n J‘Msib (A, T, )cosOsin 0d0+2m J‘Lf)l (d)cos0sin 6d0
1-1R}, 1-1R},

7[2 o

Notice that the integration limits differ. The first integral is for radiation moving in the

o T . . .
-x direction (Es 0< nj from the external source while the second integral is for

radiation moving in the +x direction (() <0< gj Snell’s Law (Section 1.5.4) applies

at the interface at x = d. Therefore, when n¢ > n,, which applies for dielectric emitter
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films, all the incident radiation i'(d) is reflected for 0, <0< i where 0, 1s given by

[\

equation (1.57).

crfo

sin@_ = (3.43)
n

Therefore, for radiation in the +x direction at x = d, R =1 for 6

crfo

SOSE. For
2

0 <0 < B4 assume that R{ can be approximated by the value for normal incidence,

R} = R, , [equation (1.110)]. Also, assume that r and s are constants. Therefore,

fon >

making the change of variable, pu = cos0, equation (3.42) becomes the following,

R

fon

R ) +r(1-2R,,)
q (d)=2ns LIL} i, (LT Iudp =2n i(rﬁ ) ji* (d)pdu
fon

° - (3.44)

Hwm
+ '[i* (d)pdp

o

where iy = cosO.g, and sinB, is given by equation (3.43). Now substitute equation
(3.9) for i'(d) and assume that i'(0) is independent of 8. Therefore, equation (3.44)
becomes the following,

q-(Kd)=zq+<o){afoE3<Kd)+ua (1-5,)E, [:—dﬂwmm(m

M

(3.45)
+<1 _Bfo )¢M+ (Kd ) +?foseb (X’Tr)

where p, is an effective reflectance for the emitter-dielectric interface and 7, is an

effective transmittance for the interface.

R, +r(1-2R,)
1—r}ifo

P = (3.46)

fo (3.47)
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If there is no reflected radiation from the surroundings (r = 0), then p, =R, and
T, =1- ﬁfo. Also appearing in equation (3.45) is the radiation flux at x = 0 moving in
the +x direction, q'(0) [equation (3.29)] the two source function integrals, ¢, (k)

[equation (3.31)] and ¢,,, (Kd) and the parameter, .

bnr, () = 271, IS(K*,K)EZ(K_K ]dK* (3.48)
; My
2
n
Ly =c0s0 , = 1—{ "j (3.49)
nf

Now consider the case where there is a dielectric gap between the substrate and the
emitter (Figure 3.6b). The boundary condition at x = d is the same as in the case of no
gap (Figure 3.6a). Therefore, the radiation flux q(kg) given by equation (3.45) also
applies to the case where a gap exists. For the case where a gap exists, the boundary
condition at x = 0 is similar to the boundary condition at x = d. This will become
evident with the calculation of the radiation flux, q*(0). For the case where the gap
exists, the intensity moving in the +x direction at x = 0, i'(0), is the following.

i’ (0)=(1_R;o)iﬁ +RE (0) (3.50)

The first term is the fraction of the incident intensity, ig, that is transmitted through the
emitter-dielectric interface. The second term is the fraction of the intensity, i(0), that is
reflected into the +x direction. Referring to Figure 3.7b, the following equations apply
for the intensity leaving the emitter in the -x direction, iz, and the intensity leaving the
substrate in the +x direction, i.

i, :(I—R;O)i' (0)+R§Oiﬁ (3.51)

i, =nleli, (k,TS ) +R. i (3.52)
Since the gap is very small, assume that all the radiation leaving the substrate, i, is
incident on the emitter. Similarly, all radiation leaving the emitter, iz, is incident on the
substrate. As a result, iy, = i and i, = 1. Using this result in equations (3.51) and
(3.52) produces the following result for ig.
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. 1 . .
i :m[ 2eliy (LT )+ R, (1R}, )i~ (0) ] (3.53)

Now substitute equation (3.53) in equation (3.50).

.t _ 1 2 ’ [ ’ ! ’

i"(0)= - {n2(1-R},)eli, (M T)+[ Ry, +R, (1-2R},) [ (0)}  (3.54)
Comparing equations (3.41) and (3.54), the similarity between the boundary conditions
and i'(d) by
1'(0) in equation (3.41), then equation (3.54) is obtained. The radiation flux moving in
the +x direction at x = 0, q'(0), can now be calculated with the use of equation (3.54).

at x = 0 and x = d becomes evident. If r is replaced by R’ , s by nle/ ,

% % 2 ’
+ it : . no (1 - Rfo) ' .
q"(0)=2n J.l (0)cosBsin 0d6 = 2mi, (A, T,) TR e cos Osin 0d0
T B0

(3.55)

e ]R;O +R}, (1-2R},)

- i"(0)cosBsin6dO
1_ RfOR;O

b
2

Similar to equation (3.42), the integration limits are different for the two integrals. In

the first integral, the radiation is in the +x direction so that 0 <0 < 7 In the second

integral, the radiation is in the -x direction so the ES 0<m and a negative sign

multiplies the integral since cos 6 < 0. Also, at the film-gap interface (x = 0) Snell’s
Law applies. Therfore, since ns > n,, all radiation moving in the -x direction at x = 0

o =T—0,, and B is given by equation

will be reflected for gg 6<0, , where 0/

(3.43). As a result, for radiation in the -x direction at x =0, R} =1 for 5 <0<0/,.

For 0/, <6<m assume that Rj can be approximated by the value for normal
incidence Ry =R, , [equation (1.110)]. Similar to the case for the ¢}, and R}, terms

in equation (3.35), make the following approximations: &/ ~¢ and

so son

Rj, ~R

fon

R/ ~R_, . The normal spectral emittance is &, and R, is the normal spectral

son

reflectivity at the substrate-dielectric interface and R is the spectral reflectivity at the

fon
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film-dielectric interface. With these conditions equation (3.55) becomes the following
when the change of variable | = cos0 is made.

1 o —Hm
' (0)=2n| %0ty (4T,) fudu= i O)udu=p, [i(O)na| G50

“Hm -1

Here 7 is an effective transmittance and p, is an effective reflectance for the emitter-

gap-substrate region and p, is given by equation (3.49).

_  1-R,
'C_:_—_O 3.57
fs 1-R.R ( )

fo~“so

R, +R,, (1-2R,)

P = 3.58
pfh 1_ Rfo S0 ( )
Now use equation (3.10) for i(0) in equation (3.56).
N _ _ _ _ K
e L A o

P50 (0)+(1-Py ) - (¥4)

Appearing in equation (3.59) are the source function integrals ¢_ (0) given by equation

(3.32) and ¢,,_(x) defined as follows.

*

by (k) = 271y, IS(K*,k)EZ [:—j di’ (3.60)

The similarity between the boundary radiation flux, q'(0) and q(kg) can be seen by
comparing equations (3.45) and (3.59). If the subscript fs is replaced by fo, ¢_(0) by

0. (Kd)’ Oy (Kd) by Oy, (Kd) ) nigson by s, and q'(kq) by q'(0) in equation (3.59),
then equation (3.45) for q (i) is obtained.

Compare q'(0) for the no gap case [equation (3.37)] with q*(0) for the case with a
gap [equation (3.59)]. The addition of the dielectric gap results in several changes in
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q'(0). First, the emittance of the substrate is reduced by the effective transmittance of

the gap, T,. Second, the reflectance of the film-substrate interface, R, , is replaced

fsn >
by the effective reflectance of the gap, p,, . Finally, because total reflection of radiation
occurs for © > 0, at the film-gap and substrate-gap interface the additional two terms
containing (1—p, ) appear in equation (3.59).

Equation (3.45) for q(ks) and equation (3.59) for q'(0), for the case where a
dielectric gap exists, can be solved simultaneously to obtain q*(0) and q(ky).

q (0) = %{ 2a, [Tfoseb (}\"Tr ) P, (Kd ) + (1_51b)¢M+ (Kd )J

+?fsn(2)850neb (X’Ts )+Efs¢— (0) + (1 _st)(l)M* (Kd )}

(3.61)

0 (%) =5 { 200 [Faniene, (1) +Bd (0)+ (15 b ()]

+7;,8€, (}\"Tr ) + P, (Kd ) + (1 ~ P )¢M+ (Kd )}

(3.62)

These results for q*(0) and q'(kg) can now be used in equation (3.28) to obtain q(x,\),
(problem 3.3).

q(k.) = %{ [Fne e, (1T,)+ Bt (0)+ (1B )y () | B(x)

_[?foseb (}\”Tr)+5fo¢+ (Kd ) + (1 ~Pr )¢M+ (Kd ):| A(K)} +¢, (K) -6 (K) with gap

(3.63)

New terms appearing in equations (3.61) — (3.63) are defined as follows:

A(x)=E;(x,—x)—2a.E; (k) (3.64)

B(x)=E,(x)-2a,E, (x, — k) (3.65)

D=1-4a,a, (3.66)

a, = PpE; (Kd)+(1—5fo)H§4E3 [i] (3.67)
Hm

a, = puE, (Kd)+(1_5fs)”‘lz\/[E3 [:_dj (3.68)

M
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Equation (3.63) applies for the case where a dielectric gap exists between the substrate

and the emitter. If there is no dielectric gap, then T,n’s, —n’e. , p, = R, , and

o0 ’son

the (1-p,,) term in equation (3.63) vanishes.

a(k)= Di{ [n2es.e, (1.T.)+ R, (0)]B(x) .
~[Tose, (M) +Pe, (1) + (155 )by, (1) JA' (1) [+ 6. ()= (x)| no gap
Where the following new terms appear:
A'(K) = E (i, —x)—2a,E, (x) (3.70)
D'=1-4a,a) (3.71)
al, =R.E, (x,) (3.72)

Now consider the source function given by equation (3.15). Again, assume that the
boundaries are diffuse, so that i'(0) and i(k,) are independent of angle. Thus, the u
integrations in equation (3.15) can be carried out. Therefore, using equations (3.29)
and (3.30), the following is derived for S(x).

S() =2 (1-0) 1)
T
“ (3.73)

S0 (O () (B (k) [s(x) B (o=

o

Substituting equations (3.61) and (3.62) for q"(0) and q(k4) yields the following result
when the definitions of the integral functions ¢, (&), ¢_(0), ¢y, (x,),and ¢,,_(x,)

are used.
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0%son
T

S(x)=n; (1-Q) a (:T) +%{[rfsnzs SltL) (-T.)

Kd

2 Joe) 3 <1-afs>E2(ﬁ]]dﬁigw){m%Q:Tr)

0

(3.74)

K4

+2 IS(K* )(5&)152 (ko= )+1y (1-Py ) E, ( Kdu_MK* ]JdK*]H(K)}

o

+—J- |1< —K| with gap

Appearing in equation (3.74) are the following two functions of the optical depth, k.
G(k)=E,(x)+2a.E, (x,~x) (3.75)
H(k)=E, (k, —x)+2a,E, (k) (3.76)

Just as in the case for q(x), [equation (3.69)], to obtain S(k) for the case of no dielectric

gap, let T,n’e, —nle,, p. — R,, and remove the (1-p,) terms in equation

(3.74).

T 2D’

0

{@Oseb(:?) +2KIS(K*)[5fOE (k%) MM(l—BfO)EZ(KdH;K* Ddﬁ}H'(K)}

+2 j E, (jx 1) de no gap

5(x) =} (1-0) > (”Mi{

n’e,, M+ 2R, IS(K* )E2 (K* )dK’lG(K)
T

(3.77)

Where H'(x) is the following,

H'(x)=E, (x, —k)+2a}E, (k) (3.78)
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and a; and D’ are given by equations (3.72) and (3.71).

Solution of the source function equation depends upon the temperature, T, and the
optical depth, k4, as well as the optical properties of the film-vacuum and film-substrate
interfaces. Once the source function is known, the radiation flux, q(k,A), can be
calculated using either equation (3.63) or (3.69). Solution of the coupled one-
dimensional energy equation [equation (3.26)] and source function equation can only be
obtained numerically. A numerical solution procedure is presented in Appendix B.

3.8.1 No Scattering Spectral Emittance
As discussed in section 3.7.3, neglecting scattering is an accurate approximation
for a single crystal material and not as accurate an approximation for polycrystalline
material. However, in regions of the spectrum where emission or absorption is large,
scattering can be neglected. Therefore, the spectral emittance, g(1), calculated in those
regions of the spectrum is applicable for all materials.
To determine the spectral emittance, calculate the radiation flux leaving the film

surface, qou(kq). The intensity that leaves the film surface is (1R, )i* (d); therefore,

the flux leaving the film is the following.
%
Qo (kg ) =27 J.(I—R'fo)i+ (4 )cos ©sin BdO (3.79)

Since n¢ > n,, Snell’s Law applies and R} =1 for 6 > 0. Therefore, changing the
variable to n = cosB and assuming R} = I_{fa for 0 <0 < Ocp (v < p < 1) yields the

following.

1

Qo () =27 (1-R,) Ii*(xd)udu (3.80)

Hm

Now use equation (3.9) for i'(ig) and remember that i'(0) is assumed to be independent
of 0 so that quu(i<g) is the following,

o (k4) = (1=R;, ){ 207 (0) 0+, (1¢,) ~ b ()} (3.81)

where,
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h =E,(x,)-u4E, [i] (3.82)

M

Substituting equation (3.61) for q'(0) and using the definition of emittance [equation
(1.169)] yields the following result for g(A) when a dielectric gap exists between the
film and substrate (problem 3.4).

o) S

27, sa.¢, (A, T,)
nfe, (A, T,)

+2P50_(0)+2(1-P ) by (1, )}h +h,9, (<,) = hydy, ()

with gap
(3.83)

Notice that g(A) is defined in terms of the substrate temperature, T,. Since
emittance is usually thought of as a surface phenomenon, it is normally defined in terms
of the surface temperature. This will apply for materials with large extinction
coefficients so that k is large, even for very small d. As a result, emitted radiation
originates very near the emitting surface. Generally, metals perform in such a manner.
However, for selective emitters where extinction coefficients are not as large, the
emitted radiation originates from significant distances from the surface. Thus
temperature differences between the substrate and the emitting surface play a
significant role in determining the emittance. If g(A) were defined in terms of the
temperature of the emitting surface, Ty, which will be smaller than the substrate
temperature, Tj, it is possible that g(A) > 1 could occur.

Appearing in equation (3.83) are the dimensionless source function integrals that
are obtained using equations (3.31), (3.32), (3.48), and (3.60).

Kd

- _ . (Kd) B T . o .
0, (ky)= e (uT)  Wen(MT) -[S(K )Ez(Kd K )dK (3.84)

$_(0)E ¢7(Kd) = T )J.S(K*)EZ(K*)dK* (3.85)
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Kd

— O T : O\ g
dui. (14 e, (LT,) - nle, (1.T,) _[S(K )Ez (K )dK

> 7s

o

Kq

B () =y )IS<K*)E2(K_*}1K*

2nfe, (A, T,) B nge, (A,T, Ly

o

New terms appearing in equation (3.83) are the following.

h, =1-4a uyE, [&J

M

h,, =1-4a.E, (Kd)

Chapter 3

(3.86)

(3.87)

(3.88)

(3.89)

To obtain g(A) for no dielectric gap, remove the (1 —Efs) term in equation (3.83) and let

' = .2
afs - afs s Tfsn

o 8Soﬂ

, . _
—njg,,and p, > R

{|:8fm . 27, sage, (A,T,)

e, (uT.) +2R ¢ (0)}h +h ¢, (k,)—hy by (Kd)} no gap

(3.90)

Where a;, is given by equation (3.72), D’ by equation (3.71), and h’ and h;, as

follows.

hl =1-4afu} E, ["—j
M

hy, =1-4aE; (x,)

(3.91)

(3.92)

Also, remember that p, = ﬁfo in the expression for ag, [equation (3.67)] for the no gap

case.
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The spectral emittance includes contributions from the substrate (term proportional
to €on O €g,) and also the external source (term proportional to s). Usually the
emittance does not include the external source term.

Equations (3.83) and (3.90) show that the emittance is made up of three terms. The
first term, which is proportional to h_, represents the radiation leaving the substrate

and the external source, plus the radiation reflected back into the film from the film-
substrate interface. The second term, which is proportional to h, or h’ , represents the

radiation emitted within the film. The last term in &()) is the negative term hy or hj, .

It represents the radiation with angle of incidence 6 > 0., that is totally reflected back
into the film at the film-dielectric interface.
The quantity, h_, [equation (3.82)] decreases with increasing optical depth, kg.

However, the quantities h., hy, h', and h;, increase with increasing optical depth, kg.
The dependence on k4 of each of the three terms in €(A) is a function of the four source
function integrals, $+, b, $M+, and $M7, as well as the h functions. If there is
negligible scattering and the temperature is uniform, then the source function, S, will be
independent of k [see equation (3.22)]. In that case, all the source function integrals
will increase with increasing optical depth, 14 (problem 3.5). Therefore, the terms in
€(M) that are proportional to h., hy, h’

+9

and hj, will be monotonically increasing
functions of «;. However, since h_ decreases while ¢_(0) and ¢,,_(x,) increase

with increasing K, it is possible for the emittance term proportional to h_ to achieve a

maximum value at some value of k4 (problem 3.6). The physical explanation for this
maximum is the following. As k4 increases, the contributions of the substrate
emittance, &, Or &, and external source decrease while the contribution of the

reflected radiation at the film-substrate interface [¢_(0) and @, (i,)terms)]

increases. As a result, when no external source exists, for certain values of
2
n _ p—
o | = . . . . ..
[n_] T.€,, and p, in equation (3.83) or g, and R, in equation (3.90), it is
f
possible for a maximum to occur.

3.8.2 No Scattering, Linear Temperature Variation Spectral Emittance
As already stated at the end of Section 3.8, for the most general case the source
function, S(x), can only be determined by solving the coupled source function equation
(3.74) or (3.77) and energy equation (3.26). However, if scattering can be neglected,
then the source function equation is greatly simplified and S(x) is given by equation
(3.22). As stated at the beginning of the section, neglecting scattering should be a valid
approximation for single crystal materials and for all material where emission or
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absorption is large. The temperature dependence of S(k) for the no scattering case is
given by the blackbody emissive power, ey(A,T). Temperature variation is determined
by the one dimensional energy equation (3.26). The radiation flux, q, is always less
than the blackbody flux, o T.*, therefore, defining the following dimensionless

variables,

= T — q B ¢
T =—, = N X =— 3.93
T ? o, T, d 399
results in the following energy equation.
—d—TJr yé = Yéin = constant (3.94)
dx
The dimensionless quantity, v, is the ratio of radiation to thermal conduction.
o, T o,T’d
=== =_=2 3.95)
kthTs kth
d

Thus if y <« 1, the radiation term can be neglected and the solution to equation (3.94) is

a linear temperature variation.

T=1-XAT (3.96)

The fractional temperature drop is the following.

(3.97)

Remember that Tj is the substrate temperature and T¢ is the film temperature at the film-
dielectric emitting surface.

Except for metallic emitters, most high temperature emitter materials have low
thermal conductivity. For example, yttria, which is a possible host material for a rare
earth selective emitter (Table 3.1), has ky, = .03 W/emK at 1273K. Therefore, if
kg > .01 W/emK and d < .1cm, then y becomes the following.

y <106, T} =5.67x10"' T (3.98)
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As a result, if T, = 1200K, y < .1, and if T, = 2000K, y < .5. Thus, at lower emitter
temperatures it appears that the linear temperature variation [equation (3.96)] is a good
approximation. However, at high emitter temperatures it appears that the linear
approximation may not be a valid approximation. For the present assume the linear
approximation is applicable for calculating the spectral emittance, g(A). In Appendix B
a method is outlined for solving the coupled source function and energy equations to
obtain the temperature variation. For a metallic emitter, ky, > 0.1 W/cmK; therefore, a
linear temperature variation across the emitter is certainly applicable.

nie, (A, T)

In the case for no scattering {S =
n

j and a linear temperature variation

(T = I—KAT), the source function integrals [equations (3.84) through (3.87)] become

the following.

- ¢, (x,) u, 1 K(X)EZ[Kd_K(i)J —
¢+(Kd)=m=d(e‘—l)oj expL . T}_l aX (3.99)
—XA

¢_(0) %:d(e“s -1) IM)EZ—W& (3.100)

- 2nje, (AT, dexp u |,
1-XAT

| K(X)E, {Kd_K(i)} ;

- _ ¢+ (Kd) _ u HM
¢M+ (Kd) - znieb (}\"Ts) - l’lMd(e 1) N |: u, :|_1 (3~101)
© PIRAT
S (k) o REE[RE)]
¢M7(Kd)—2n?eb(7\‘,Ts)—uMd(e 1) ex{ T dx (3.102)
P RAT
L = he, 143910 (Kenm) (3.103)

*AKT AT,

S S
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The quantity u; is the dimensionless photon energy based on the substrate temperature,
T,. Also, remember that k(x) is the optical depth given by equation (3.3) so that K(i)

and kg are the following.

K(i)zde(i*)d§* (3.104)
Ky = IK(x)dx=de(i)di (3.105)

If the emitter material is of uniform composition, then the extinction coefficient,

K(x), should be independent of x. In that case, k;=Kd and for no scattering and a linear
temperature variation, the integral functions ¢, (k,), ¢_(0), ¢, (k,).and ¢,_(x,)

become the following.

)

dx (3.1006)
o EXp Y, -1
1-xAT

5(0):Kd(e“s—1)j {EZ[E“X]} ldi (3.107)
o EXp — —
1-XAT

(3.108)

1 E, |:Kd§:|
O (14) =ty (e 1) J~$di (3.109)
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For the general case, numerical integrations are required to determine the integral
functions. However, approximations to the integrals can be obtained for the case of
small temperature difference, AT <« 1. For thin (d < Imm) emitters this should be a
valid approximation. Assuming the extinction coefficient is independent of x, the
integral functions are given by equations (3.106) through (3.109). Two series
expansions of the denominators in these integrals can be carried out for AT «<1. One
expansion applies for the dimensionless photon energy, u, being large so that e™ > 1
and the other for u, <<1. In these two cases the results are the following (problems 3.9
and 3.10).

For AT <1 and u,>1 the integral functions are written in terms of the

parameter Z.

_uAT

Ky

7z (3.110)

—u AT

) (Kd)=(1—eu“)2|:n+2 —E“+3(Kd):|zn (3.111)

n=o0

© -

¢ (0)=( —e)Z{ ! —e"E (k) |(~2)" (3.112)

n+2

Oy (156) = 13y (l‘e“’)Zhiz ~E,.; [:—M }(uMZ)“ (3.113)

n=o0

B (15g) =psy (1-e® )Z:Li2 S {:—dﬂ(—w 7" (3.114)

M

n=o

And for the case where AT «1 and u <1 the integral functions are the

following.

_ 1 _AT[1_2(1_3E4(Kd))] G.115)
2 2
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$(0)zl—E3(Kd)+£|:l+2E4(Kd)—eK":| (3.116)
2 Ky L3
— 1 K AT 2u Hm
K, )= ——E,| % |[-—|1-—M 3.117
¢M+( d) Mm 3(“1\/{} ) 3 X, ( )
EMi(Kd)sz\A l_E3[&J+M 1_2E4[ﬁj_euw (3.118)
2 Hwm ke |3 Hm ]

For most TPV applications, Ty < 2000K. Therefore, for A < 7200nm (7.2pm)
equation (3.103) yields us > 1.0. As a result, the approximations given by equations
(3.110) through (3.114) should apply for most TPV applications.

Now consider the spectral emittance, €(A), as a function of the optical depth, iy, for
the two cases given by equations (3.83) and (3.90). Assume no external source
(s=r=0so that p, =R, =1-T,). Also assume emission is into a vacuum; therefore,

n, = 1. Also, assume the substrate real and imaginary parts of the complex index of
refraction are ngz = 5.0 and ng = 7.0. These values of ng and ng are representative of
platinum in the near infrared region of the spectrum [20]. The emittance of the
substrate into the film, &g, and into the vacuum, &, are given by equation (1.246).
Assuming ug = 5.0, which is representative of a TPV system, and a temperature
variation, AT = .05, the source function integrals given by equations (3.99) through
(3.102) were numerically integrated. These result are then used in equations (3.83) and
(3.90) to calculate () for a film index of refraction, ny = 1.9 (representative of a rare
earth aluminum garnet emitter). Figure 3.7 shows the calculated values of &(A) for the
two cases.
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0.8

0.7

o
o

o
()

<
~

Spectral emittance, €(A)

0.3

Optical depth, k=K(A)d
Fig. 3.7 - Comparison of spectral emittance into a vacuum as a
function of optical depth of planar emitters with and without
a vacuum gap between emitter and substrate. Scattering has
been neglected and a linear temperature variation across the
emitter is assumed. The temperature change across emitter
is AT=.05, the thickness of emitter is d, the extinction
coefficient is K(1), the dimensionless photon energy is u S:5.

and the index of refraction is n f=1 .9. A metal substrate is

assumed with index of refraction n SRIS .and n 5127.

As Figure 3.7 indicates, for k4 > 1 the spectral emittances for the two cases are
nearly the same. However, for small values of kg4, the no dielectric gap case has a
significantly larger €(\) than for the case where a dielectric gap exists between the
substrate and emitter.

In the short wavelength region where the PV array is able to convert the photon

. h . .
energy to electrical energy (X<%), a large €(A) and thus large ky is desired.
g

Therefore, either the gap or no gap case can be used since both yield large g(A) for kg>1.
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he,

However, in the nonconvertible wavelength region (A > ) where small g(A) and

g
thus small k4 is required, the dielectric gap case is considerably better than the no gap
case.
The spectral emittance increases rapidly with optical depth and then levels off for
Kg > 1. The contribution to &(A) from the reflected radiation at the film-substrate

interface [ p,¢_(0)h_ tern in equation (3.83) and R ¢_(0)h_ tern in equation (3.90)]
reaches a maximum value and then begins a slow decrease, as discussed earlier. As a
result, g(A) also has a maximum value. This maximum value is more pronounced for
larger values of AT.

For a selective emitter, the optical depth, iy, will be large within emission bands
and small outside emission bands. Therefore, for no external source (s = r =0,

Po =R,, T, =1-R,,) consider the two limiting cases for g(}), k, <1 and K, — .

For K, <1 equations (3.106) through (3.109) show that

& (k) =0_(0)=dy. (k;)=dy_(x,)=0. Also, since E5(0) = % equation (3.82)
2

yields h_~ %(l—uﬁ,l)z %[2—:} . Using these results in equations (3.83) and (3.90)

yields the following results for g()),

N, T.¢ A
7\‘ — fo “fs “son h 3119
8( ) Nfo +Nfs (1_Nf0) . gap ( )

> K, <1

e(h)~ (l__ Ro o no gap (3.120)

1-Ry (1-Ny) )

where,
2 3
N, =(“_°j (1_13“):4#231 n,<n,  (3.121)
n, n, (nf +n0)

2
Nfsz(noj (1-p,) <1 n,<n,  (3.122)
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Equation (1.110), where n,r = n,, njg = ng, no; = 0, ny; = 0, was used to replace ﬁfo in

equation (3.121). The results at d = 0 for g(A) in Figure 3.7 do not apply to a real
situation because they include the film index, n¢. In a real case if d = 0 the film must

vanish and n¢ = n,. Asaresult, N, =T, =1, R, =0, and R, =0 so that equations
(3.119) and (3.120) yield &(A) = &, as one would expect. However, if d > 0, then
equation (3.119) and (3.120) do apply as long as x, <1.

Notice that €()) is independent of AT when x, < 1. Therefore, in regions of the
spectrum where k, <1, such as outside the emission bands of a selective emitter, the

spectral emittance will be nearly independent of AT. This is not the case for regions of
the spectrum where «, > 1, such as an emission band of a selective emitter. In that

case g()) is very sensitive to AT.
Consider g(A) when x; »>o. For AT <1 and u,>>1 the source function

integrals are given by equations (3.111) through (3.114), and for x; — o they yield

the following result.

lim ¢, (k) =%e*“sAT (1—e*“s) (3.123)
- (I
lim ¢_(0) =5(1—e ) (3.124)
> u, >1
AT x 1
lim ¢,,, (x,)= % pye T (1-e ) (3.125)
lim $M7(Kd)=l,u§4 (1=e™) (3.126)

Kq—® 2 j

Also, since E;(e0) = 0 the following results occur: h, =h’ =h,, =h}, =h_=0, and

D=D'=1. As a result, equations (3.83) and (3.90) for no external source (r = s = 0)
yield the following for g(1).

r=s=0
lim £(1) = (1-R,, )" u, >1 (3.127)

S
Kq—>©

AT« 1
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This result applies for both the gap and no gap situations. As equation (3.127)
indicates, &(A) will be an exponential function of AT in regions of the spectrum where
K, > 1, such as an emission band of a selective emitter. The asymptotic values of g())
shown in Figure 3.7 were obtained using equations (3.119), (3.120), and (3.127).

The hemispherical spectral emittance for a metal into a dielectric derived in section
1.9 did not require solution of the radiative transfer equation. For a metal x, >1 and
thus the transmittance is zero. Therefore, in section 1.9 the conservation of energy

result €'+p’ =1 [equation (1.226)] was used to obtain ¢, = 1—I_{n [equation (1.246)].
That result agrees with equation (3.127) if AT=0 and u, >1.

3.8.3 Importance of Temperature Change Across Planar Emitter
Since emitters are thin (< 1mm), only small temperature changes will occur across
the emitter. However, as mentioned in the previous section, even small temperature
changes will have a significant effect on g(A). This is illustrated in Figure 3.8 where
g(A) is shown as a function of AT for two different optical depths, k4 = .01 and 1.
Emittter and substrate properties are the same as in Figure 3.7. Equations (3.83) and

(3.90) are used to calculate &(A) with the source function integrals ¢, (x,), ¢_(0),

$M+ (Kd) , and $M7(Kd) evaluated by numerical integration. As Figure 3.8 shows,

even small values of AT cause a significant reduction in &(A) for k4 = 1. However, for
Kq = .01 the reduction in g(A) is small for increasing AT. In the previous section it has

been shown that g(A)~e™"" for x,>1 and that &) is independent of AT for
Kk, < 1. Repeating for emphasis what has already been shown, small values of AT will

significantly reduce €(A) in regions of the spectrum where kq4 is large, but will have
negligible effect upon g(A) in regions of the spectrum where x4 is small.
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Figure 3.8 - Effect of temperature change, AT, across planar
emitter on the spectral emittance, €(L) at optical depths of

k=.01 and 1. Conditions are the same as for Fig. 3.7,
n=19n =l.,n =5,n =7.,u =5.
f o sR sl s

Notice that for both the vacuum gap and no vacuum gap cases, g(A) for kg = .01
becomes larger than e(A) for kg = 1 at large AT. This may at first seem counter intuitive
since large optical depth usually implies large €(A). However, increasing AT means that
the emitter thickness, d, is also increasing. For x4 = 1 the increased thickness is a
region of lower temperature that becomes an absorber of radiation from the higher
temperature region near the substrate, thus reducing €(A). When x4 = .01, the increased
thickness is also a region of lower temperature; however, since K is small, it is nearly
transparent to the radiation being emitted by the higher temperature region near the
substrate. Thus &()) is nearly constant for ks = .01 but decreases rapidly for k4 =1 as
AT increases. Eventually, as AT increases, g(A) for k4 = .01 will exceed g(A) for k4 = 1.
As Figure 3.8 shows, this occurs at a much smaller AT for the no gap vacuum case than
for the vacuum gap case.
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The results shown in Figure 3.8 are for a dimensionless photon energy, us = 5.0.
As equation (3.127) shows, increasing ug at a given AT reduces g(A) significantly for
regions of the spectrum where k4 > 1 but has negligible effect for regions where
kg <.1. For u <1 the source function integrals [equations (3.115) through (3.118)]

are independent of u and thus (L) will also be independent of u,.

For rare earth selective emitters, k4 > 1 in emission bands and in the long
wavelength region (A, > 5000nm) where A. is the cutoff wavelength discussed in
Section 3.5. The emission bands occur in the wavelength region 1000 < A < 2700nm.
Thus, us will be at least twice as large in the emission bands as in the long wavelength
cutoff region. Therefore, the spectral emittance in emission bands will be more

sensitive to AT than the cutoff region spectral emittance.

3.8.4 Effect of Scattering on Spectral Emittance of a Planar Emitter

When scattering of radiation must be included (0 < Q < 1) in the source function
equation [equation (3.15)], solution of the radiation transfer problem is much more
difficult. As stated earlier, scattering should not be significant for emitters made of
single crystal materials. However, for polycrystalline emitters scattering may be
important.

The effect of scattering on the spectral emittance can be investigated by
considering an approximate solution to the source function equation. If there is no
scattering, the scattering coefficient, ¢ = 0 and also the scattering albedo, Q = 0. In that
case, the source function reduces to the blackbody emissive power term,
s, (K) _ nje, ik,T) .

An iterative approach to solving for S(x) is to begin by

_nje, (A,T)
R

substituting the first approximation S, (K) for S(x) in the integral term in

equation (3.15). Then carry out the integration to obtain the next approximation for
S(x) = Si(x). The next approximation, S,(k), is obtained by substituting S;(k) for S(k)
in the integral. This process can be repeated until S,(k) converges to the correct
solution, S(x). However, to estimate the importance of scattering, the first
approximation, S;(k), for constant temperature (AT = 0) can be used. Neglecting the
temperature variation means that g(A) will be independent of the dimensionless photon
energy, Us, as well as, the temperature.

Consider a planar emitter where a diclectric gap exists between the substrate and
the emitter. In this case, the source function is given by equation (3.74). For constant

2
nfe, (A, T,) )
temperature, T =T, S, (K) = ————, and neglecting the external source (s =r = 0)

equation (3.74) becomes the following.
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S(K)z
T Q ¥ ‘
ngm 1-Q+ G(K) ?fsnzgfsn_f—zj(afsEZ (K*)+“M (I_st)EZ(K ]Jd‘(*
T 2D M
OQH(x) e . _ K, — K . Q' . .
*—n J-[pfoEz(Kd—K )+MM(1—pf0)E2( duM Dd}( +?IE1<|K —K|)dK

(3.128)

The «* integrations can now be carried out. After a great deal of tedious algebra and

2
using the results, (1-p;) =T, (1 —RSO) =T,&,, and [n—‘)j =1-p;,, equation (3.128)
n

¢

becomes the following.

N ne, (K,TS)

S(x) ~—{1_%[“° J {EZ(K)(zaﬁ (1-F0)~(1-7,)(n2 1)

T n
' (3.129)

+E2<Kd-K)(l—aﬁ,—zamu—ﬁﬁ)(n?—l))}}

T =T, with gap

To obtain the case for no dielectric gap between the emitter and substrate, make the

following ~ substitutions  in  equation ~ (3.129):  (1-p,)—>0, D—D’,

a, —>ag = §f5E3 (Kd) .

T n,

S(x) ~ M{pﬁ[iy (1-52 )[2RE; (1, ) E, () + B, (i, —K)]} (3.130)

T =T, no gap

For cases where Q is small, equations (3.129) and (3.130) should be good
approximations for S(x).

Equations (3.129) and (3.130) can now be used in equations (3.84) through (3.87)
to calculate the source function integrals that appear in the spectral emittance [equations
(3.83) and (3.90)].
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First, define the following function.

F(x,x,)=cE, (x)+c,E, (x, — k) (3.131)

Where for the case when a dielectric gap exists between the emitter and substrate,

& :%[23‘“ (1=~ (07 ~1)(1-P. )] (3.132)

with gap

¢, = %[I_Bfo —2ag (ntz _1)(1_5{5 ):| (3.133)

and for no dielectric gap,

N
2= _
¢, :E[Rf@ (k) (1-P) ] (3.134)
> 1o gap
1, _
c, =5(1—pf0) (3.135)
J

Therefore, the source function integrals become the following.

ng

. (%) z%{l—zg (Kd)_g[no ]2 K]F(K,Kd)Ez (x, —K)dK] (3.136)

¢_(0)~ %{1—2}«:3 (Kd)_Q[no ]2 K]F(K,Kd)Ez (K)dK] (3.137)

$M+(Kd)zMTM{uM|:1—2E3[:—;j:|—Q(2:\J IF(K’Kd)EZ{KL;KJdK} (3.138)
$M(Kd)zMTM{uM|:1—2E3[:—;]1|—Q[2:J J‘F(K,Kd)E2(£\Jdl{} (3.139)
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Equations (3.136) through (3.139) can now be used to calculate g(A). Figure 3.9 shows
€(A) as a function of optical depth, K4, calculated for no dielectric gap[equation (3.90)].

0.95  ———r—
— ,E_
R - i
=3 [ / -~ i
A - '
[ ~ =
3] fi L
g 0.8 - / .
b= [ / ]
5 [ | 7 ]
= 0.75
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& ]
0.7 M+
4 :
b .
0.65
0.6 C 1 1l 1 | 1 1l 1 | 1 1l 1 | 1 1l 1 ]
0 0.5 . 1 1.5 2
Optical depth, « d:Kd
Figure 3.9 - Effect of scattering on spectral emittance, e(h),

of a planar emitter at constant temperature without a
dielectric gap between emitter and substrate. Properties

of emitter and substrate are the same as those in Fig. 3.7,
nf:1.9, n 0:1., n SRZS., n =7,u 5:5'

sl

The same emitter and substrate properties as in Figure 3.7 have been used. As can
be seen, there is only a small reduction in &(X) in going from scattering (€2 = 0) to equal
scattering and absorption coefficients (2 = 0.5). For the case with a dielectric gap, the
results are similar. For k; <1 there is a negligible reduction in g(A).

These results, showing the small reduction in g(A) when scattering is included, have
been obtained assuming AT = 0 and using the lowest order approximation for the source
function [equations (3.129) and (3.130)]. Appendix B presents a method for the
complete solution of the coupled energy equation, radiation flux equation, and source
function equation.
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3.9 Cylindrical Emitter
As discussed earlier (Section 3.3.1), fibrous rare earth selective emitters are
candidates for a TPV emitter in combustion driven systems. The small 5-10pum
diameter fibers are assembled in bundles. This fibrous bundle can be approximated as
an infinite cylinder. Such an approximation will not include the effects of the
reflectance that occurs when radiation leaves a fiber and enters an adjoining fiber. The
whole bundle is approximated as a continuous cylinder.

R

|
|
|
i q'(0) = q'(0)

n, ng :
| q(0)
|
|

R,fo | qout(R)
| , L
| IR) = Rfqu
|
|
|
|
|
|
|
|

Figure 3.10 Cylindrical emitter showing boundary conditions.

First, consider the steady state energy equation [equation (1.160)] for the infinite
cylinder shown in Figure 3.10. Assuming only radial variation, the energy equation is

d dT _
E{r[klha—qﬂ—o (3.140)

the following.
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Integration yields the following result.

{km (jl—T—Q} = constant (3.141)
r

In order to avoid the term in brackets being singular at r = 0, it must vanish for all r.
Thus at all r the conduction and radiation fluxes balance.

dT

kth E

=3 (3.142)

In other words, for steady state conditions, all the thermal energy being conducted into
the cylinder at the outer radius, r = R, leaves the cylinder as radiation. Similar to the
case for the planar emitter (Section 3.8.2), define the following dimensionless variables.

= T — q _ T
T:—’ = . r =—
T, Q c,T' R

s

(3.143)

Where T is the temperature at r = R. In this case, equation (3.142) becomes the
following.

ar _ vQ (3.144)
dr

Where again vy is the ratio of the radiation flux to the thermal conduction flux.

c,T! o,T'R
y=—t7-= ;{ (3.145)
kthis th
R

As discussed in Section (3.8.2), for TPV applications y < 0.5 for rare earth selective
emitters. Thus for y <1 equation (1.144) yields the result, T =c0nstant(T :TS).

Whereas for a planar emitter, y <1 results in a linear temperature variation [equation

(3.96)]. Since spectral emittance is a sensitive function of the temperature change, the
cylindrical emitter operating at constant temperature will produce a larger spectral
emittance than a planar emitter.

We now proceed to develop the spectral emittance, €(A), for an infinite cylinder at
constant temperature and no external source of radiation. Figure 3.10 shows the infinite
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cylinder model with the following boundary conditions. From symmetry conditions, at
r = 0 the following boundary condition applies.

q°(0)=q(0) at r=0 (3.146)

Atr =R, Snell’s Law comes into play so that R} =1 for 6,, <0 Sg and the reflected

flux at r = R, q'(kR) is the following.

o 7
q (xg)=2n J‘R;bf (kg ,cos0)cosBsin 6d6 + J.i+ (kg ,c0s0)cosBsinOdO (3.147)
9M

o

Where the optical depth, xR, is given by equation (3.12) and sin®,, 2%. Now
f

substitute equation (3.9) for i'(ig,cos0), where p = cos® and assume R/, = ﬁfo , just as

was assumed for the case of a planar emitter. Also, for a cylindrical emitter we assume
the intensity at the origin, i"(0) will be independent of 0, q'(0) = mi'(0). As a result,
equation (3.147) becomes the following.

o 520 (0] e s+ 1R i 2|

Hyy (3.148)

+§fo¢+ (KR ) + (1 - Efo )¢M+ (KR )
Where ¢, (xy) and ¢, (k;) are given by equations (3.31) and (3.48) and

2
uy = 1—(2—"] . Notice that equation (3.148) can be obtained from the planar emitter
f

equation for q'(kq) by letting p,, = Efo and s = 0 in equation (3.45).
Now use equation (3.10) with «4 replaced by «y to obtain q’(0).

T

q (0)=-2=n Ii (0,cos 6)cos Osin HdO
Z (3.149)

o

=-2x J‘i (O,M)Mdu =2q" (KR )E3 (KR)+¢* (0)

-1
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In obtaining equation (3.149) it has been assumed that the boundary at r = R is diffuse
so that i (i) is independent of i and given by equation (3.32) where k4 is replaced by
kr. The boundary condition q"(0) = q°(0) can now be used in equation (3.149) so that
the following is obtained.

q"(0)=2q" (kg ) E; (kg )+ ¢_(0) (3.150)
Equations (3.148) and (3.150) can now be solved for q"(0) and q (icg).

) Rt s 1R (5o 000 ) -

(R )]

4 (0) :DL{ 0. (0)+ 2 Red () +(1-Ro Yo, (k) [Es (<)} G152)

where,

D, :1—4153(KR){ER)E}(1<R)+(1—Efo)H§4153 (K_RH (3.153)

M

Knowing q'(kg) and q'(0) allows determination of the radiation flux q(i,)) at all values
of k. Equation (3.21) gives the radiation flux for a cylinder if k4 is replaced by Kg.
Then carrying out the p integrations for i'(kg) being independent of u results in the
following.

q(K,k) = 2[q+ (O)E3 (K)—q’ (KR )E3 (KR —K)]+ 0, (K)—d)_ (K) (3.154)

This is identical to q(k,A) for the planar emitter [equation (3.28)] when k4 is replaced by
kr. Substituting equation (3.151) and (3.152) for q'(xg) and q'(0) in equation (3.154)
yields the following result.

A1) = B (908 (0)-Au ([ Ret (k) (R ()]

4. ()¢ (x)
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Where,
Ag () =E; (kg —x)—2E; (1 ) E; (k) (3.156)
B, () =E, (x)-2 ﬁfOE3(KR)+(1_E&)”§4E3(K_RHES(KR_K) (3.157)
My

For the planar emitter in Section 3.8 an external source of radiation was included in the
radiation flux, q(x). In that case, the flux at the emitting surface, q(kq), includes
contributions from the external source, as well as, the radiation coming from the planar
emitter. Therefore, to calculate the spectral emittance, equation (3.79) was required to
determine the emitted radiation. However, for the cylindrical emitter the external
source has been neglected thus, g(A) can be determined by evaluating equation (3.155)
at k = kg. (Problem 3.11)

e(x)sq(“—‘*’”ﬂ[“—f]z@[z&k (O + B (0 1o e (e ]

nze, (A, T,) n, D,
(3.158)
Where,
B (KR):ij‘s(K*)E2 (e ") dx’ (3.159)
4.4 (0) :ij‘S(K*)E2 (x")dx (3.160)
Do (KR)Z#;:K)K]‘S(K*)EZ [KRH;K* de* (3.161)

h,, =1-4p3E; (kg ) E, [—R] (3.162)
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h =B, (k) M4 E, [K—RJ (3.163)

hy =1-4E3 (kg ) (3.164)

Comparing €(A) for a planar emitter without a dielectric gap between emitter and
the substrate [equation(3.90)] with the cylindrical result for &(A) [equation (3.158)], it
can be seen that g(A) for the cylinder can be obtained from the planar result by setting
r=s=0, R, =1,and as aresult &, =1-R, =0. Similar to the case for the planar

€(M), the result for g(X) given by equation (3.158) only assumes isotropic scattering and
intensity dependent on r only. However, to proceed further without having to solve the
energy and source function equations, the no scattering and constant temperature
approximations must be made. Assuming constant temperature and neglecting

n?eb (X,Ts)

scattering, S(K* ) = , yields the following result. (Problem 3.12)

(1-R,

(]

g(x)zD—)[1—4E§(KR )] (3.165)

R

constant temperature and no scattering

Consider the two limiting cases, kg =0 and k; —> . For kg =0, E; =2 and
g(1)=0, Ky =0 (3.166)
For x; — o, E; =0, and Dy =1 so that the spectral emittance is the following.

lim (1) =1-R,, (3.167)

Kp =@

These results for the cylindrical emitter can be compared to the corresponding results
[equations (3.120) and (3.127)] for the planar emitter. For a selective emitter, where

kg = 0, for wavelength regions outside emission bands, a(k) — 0 for the cylindrical
emitter. However, for the planar emitter, where xq = 0, the spectral emittance is
determined by the substrate emittance. Within emission bands, where k4 and kr are

large, € (k) ~1- I_{fo for the cylindrical emitter but () for the planar emitter is reduced
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by the factor e ™*". Thus, because the cylindrical emitter operates at nearly constant
temperature and without a substrate, it will have larger g(A) within emission bands and
lower &(A) outside emission bands.

Figure 3.11 shows g()\) calculated using equation (3.165) for the cylindrical emitter
as a function of optical depth, Ky, for emission into a vacuum (n, = 1) for three different
indices of refraction. The spectral emittance increases rapidly with kg and nearly
reaches its limiting value when kg = 1. This behavior is similar to the planar emitter
(Figure 3.7). Notice also for the cylindrical emitter that for small kg the spectral
emittance rate of increase grows as ny increases. This same behavior exists for the
planar emitter but is less pronounced.

0.8 ——

% R Y, n, |8(7\,), K,>>00
0.6 1,5
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Figure 3.11 - Spectral emittance of cylinder of radius,R,

at a constant temperature as a function of optical depth,
KR=K(k)R, where K( A)is the extinction coefficient and n

is the cylinder index of refraction and n . is the surrounding

index of refraction. Scattering has been neglected.
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3.10 Emitter Performance

So far in this chapter spectral emittance is the only emitter performance parameter
discussed. However, for a TPV system we want to know the emitter efficiency and
power output that can be converted to electrical energy by the PV array. These
parameters are functions of the spectral emittance, €(A). The emitter efficiency, ng,
defined below, tells what fraction of the total emitted radiation is useful. In other
words, what fraction of emitted radiation can be converted to electrical energy by the
PV array. From the definition of spectral emittance [equation (3.169)] and assuming
the index of refraction of the surroundings, n,, is independent of A, the emitter
efficiency becomes the following.

ojs(k)eb(k,TE)dk
n, =2 - (3.168)

s eka k

Where « is the optical depth of the emitter, T is the emitter temperature, and A, is the
wavelength that corresponds to the PV array bandgap energy, E,.

3
L w nm (3.169)
¢ E E,(eV)

g

Note that Tk is the emitter temperature for which g(A) is defined. For a planar emitter it
is the substrate temperature. The numerator of equation (3.168) is the emitted radiation
that can be converted by the PV array and is defined as the useful power density, q, .

The denominator is the total emitted radiation, q; .

Ly

q, =n. Is(x)eb (A, T )dr =g, (3.170)

o

g, =n? J'g(x)eb (0T, )dh = no,e, (T, )T (3.171)
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In equation (3.171) the total power density is written in terms of the total hemispherical
emittance, er(Tg), [equation (1.179)]. The useful power density, q,, can also be written

in terms of the useful emittance, €,(Tg), defined as follows.

Ay i Ay
IqE (1cp.2.)d1 js(k)eb (0.1, ) Ia(k)eb(x,TE)dk
T, )= == == 3.172
8b( E) . *s GstéFo—ngE ( )
n? jeb (T, )dn jeb (0T, )dn

In obtaining the last expression in equation (3.172), the definition of the function
F%TE [equation (1.137)], has been used. Therefore, q,, is the following.

G, =nlo,e, (T,)TiE,, (3.173)

Thus, using equation (3.173) and (3.171) the emitter efficiency can be written as
follows.

N, =2 = E (3.174)
9e

Obviously, it is desirable that the useful emittance, &,, be large while the total
emittance, €r, be small. For most TPV systems, the ranges of A, and Tg are 1.0 <2, <
2.0um and 1200 < Ty < 2000K. As a result, 1200 <A,Tg < 4000umK. In this range of
A¢TE, the function F ; ;. has the range .002 < F,_, ;< .48 (see Figure 1.5). Thus, ng

will be small for a TPV system when A,Tg < 2000 unless &, > &r. Achieving &, > &r
requires a very effective selective emitter.

3.10.1 Gray Body Emitter Performance
Consider ng for a gray body emitter (¢(A) = constant). In this case, the efficiency

reduces to the function F defined by equation (1.137).

0-2,Tg

Ay

Ieb (T, )

[}

nE :FO—X,TE T w
¢ T
jeb (1T, )d

o

L3
1—fJ‘ T _dx (3.175)
e" -1
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The results from problem 1.13 have been used to obtain the last expression in equation

hcoo Eg

3.175), where u, = = is the PV array dimensionless bandgap ener;
( ) T y gap gy
[equation (2.16)].
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Figure 3.12 - Emitter efficiency for gray body(SE(k)=constant)

emitter at various PV array bandgap energies, Eg.

Figure 3.12 shows ng as a function of Ty for a gray body emitter for bangap
energies of E, = 1.12eV (silicon), .72eV (GaSb), and .55e¢V (InGaAs). The first thing
to notice is that ng increases rapidly with temperature. The rate of increase in ng grows
as E, increases. However, even though the rate of increase in ng for E, = 1.12eV is
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large, the value of mg is low (< .10) for Tg < 2000K. The strong temperature
dependence of ng will also be true for a selective emitter.
The useful power density for a gray body emitter with constant spectral emittance,

€, 1s given by equation (3.173). As a result, the quantity (zlb will be a function of E,
0%g

and Tg.

q
2= Gst;:‘Fofngk =0, Tin,
n.g, (3.176)

o

8(7\.) =g, = constant
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Figure 3.13- Total power density, q . and useful power density,
ab, for a gray body emitter with emittance, €, and emitting
into a media with index of refraction, n, for several PV bandgap

energies, Eg.
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This result is shown in Figure 3.13 for Eg = 0.55, 0.72, and 1.12¢V. Also shown in the
[T
2
0%g

figure is the quantity , where q; [equation (3.171)] is the total radiated power.

The difference q; —q,, which is the radiation flux that cannot be converted to
electrical energy, is at least twice the useful power, q,, except for E, = 0.55¢V at the
highest temperatures. For an efficient TPV system, this radiation flux, q; —q, , must

be recycled back to the emitter.
Useful power density increases with emitter temperature even faster than the
efficiency. Again, however, just as for ng at E, = 1.12¢V, the useful power density, q,,

is low (< 10W/cm®) even for a blackbody (eg = 1) emitting into a vacuum (n, = 1).
These efficiency and density results again emphasize the importance of low bandgap
energy PV arrays for a successful TPV system.

The emitter efficiency for a gray body emitter is independent of the spectral
emittance, €, [equation (3.175)]. However, the useful power density, q,, is directly

proportional to &,. Thus, the most desirable gray body emitter for a TPV system would
appear to be the one with the maximum ¢&,: namely a blackbody. With a blackbody
emitter, however, the radiation flux for photon energies that cannot be converted by the

PV array (q; —@,) will also be a maximum. This maximum nonconvertible radiation

flux means there will be a very large waste heat removal problem. (see problem 3.13)

3.10.2 Selective Emitter Performance

Now consider efficiency and useful power density for a selective emitter that has
considerable variation in spectral emittance. As shown earlier, the spectral emittance,
g(A), of a planar emitter is a sensitive function of the temperature variation across the
emitter and the optical depth, k(d) = K(X)d, where K(X) is the extinction coefficient and
d is the emitter thickness. In the case of a cylindrical emitter, the temperature was
shown to be nearly a constant in Section 3.9. As a result, the cylindrical spectral
emittance is independent of temperature. Therefore, the efficiency for a cylindrical
emitter can be calculated using equation (3.165) if scattering is neglected. However,
for a planar emitter, where g(A) depends upon temperature, the energy equation and
radiation transfer equations must be solved simultaneously in order to determine the
efficiency.

3.10.3 Cylindrical Selective Emitter Performance
First, consider the cylindrical selective emitter that has the added simplification of
constant temperature operation. As an example of a selective emitter, the extinction
coefficient for erbium aluminum garnet (ErAG) as shown in Figure 3.4 and index of
refraction from [19] were used to calculate &(A) [equation (3.165)]. Numerical
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integrations of the integrals in equation (3.168) for ng are performed at Ty = 1200,
1700, and 2000K. The upper limit chosen for the integral in the numerator of equation
(3.168) is E; = .72eV, (A, = 1722nm), which corresponds to a GaSb or InGaAs PV

array. These results are shown in Figure 3.14.
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Figure 3.14 - Emitter efficiency, Np of cylindrical erbium

aluminum garnet based on a PV cell bandgap energy,
Eg:.72eV(kg:1722 nm). The extinction coefficient shown

in Fig. 3.4 and index of refraction from [19] are used to calculate
€(L). Also, constant temperature and emission into a
vacuum are assumed.

The first thing to notice about the results in Figure 3.14 is that there is an optimum
radius for maximum emitter efficiency. Also, the optimum radius becomes smaller as
Tg increases. In going from Tg = 1500K to Ty = 2000K, the optimum radius decreases
from Ry = .025cm at Ty = 1500K, to Ry = .017cm at Ty = 2000K. The nearly
exponential dependence of spectral emittance, g(A), on optical depth, kr(A), is the
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reason there is an optimum thickness. Referring to equation (3.165) note that

1-4E; (1 ) is the major factor in determining &(A). Therefore, since E; (x) can be

. 1 3
approximated as Eexp Y x|,

g(h)~1-e =1- (3.177)

In the emission band where K()) is large, €(A) will increase rapidly with R. However,
outside the emission bands and below the long wavelength cutoff region, where K(X) is
small, the emittance increases nearly linearly with R. As a result, the useful power

density, q,, will increase rapidly to nearly its maximum value when R = R,. For
R >Ry, q, will show only a small increase. However, the total radiated power, q;,

continues to increase for R > R, so that the efficiency decreases from its maximum
value.

'R=002cm — —

R=02cm ——

Spectral emittance, (1)

Wavelength, A nm

Figure 3.15a) - Effect of radius, R, on the spectral emittance,
€(L), of constant temperature erbium aluminum garnet(EAG)
cylindrical emitter for wavelength range, 500<A<2000 nm.
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Figure 3.15b) - Effect of radius, R, on the spectral emittance,
€(L), of constant temperature erbium aluminum garnet(EAG)
cylindrical emitter for wavelength range, 2000<A<10,000 nm.

Extinction coefficient taken from Fig. 3.4 and index of refraction
from [19]. Reflectivity for normal incidence was assumed
for cylinder-vacuum(r}) =1) interface reﬂectance,pfo.

Figure 3.15 shows the spectral emittance at R = .002cm (R < Ryy), R = .02cm
(R = Ryy), and R = .05cm (R > R,y). For R = .002cm, the emittance is small
everywhere but in the emission bands and beyond the long wavelength (A > 6000nm)
cutoff region. When R = .02cm (R = R,), the emittance in the emittance bands and
the long wavelength region have increased nearly to their limiting values. However,
outside these regions the emittance is well below the values for R = .05cm. Therefore,
the useful radiation, q,, has nearly stopped increasing for R > R, while the total

radiation, q , continues to increase for R > Ry, resulting in a decrease in 1.
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Figure 3.16 - Useful power for cylindrical erbium aluminum
garnet emitter for same conditions as Figure 3.14.

Whereas, the cylindrical emitter has an optimum radius for maximum efficiency,
there is no optimum radius for maximum useful power, q, [equation (3.170)]. This is
illustrated in Figure 3.16 where q, is shown as a function of R for the same ErAG
emitter as used for Figures 3.14 and 3.15. The useful power is a monotonically

increasing function of R. The limiting value for q, as R — oo can be determined using

equation (3.165) for g(A) in the result for g, [equation (3.170)] for n, = 1.

Ay

lim G, = J‘(l—ﬁﬂ))eb(x,TE)dx (3.178)

R—o
o
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In the range 0 < A < A,, the index of refraction ny for EAG (see Figure 3.6¢) is nearly a

2
constant, n;=~ 1.8. As aresult, R, is also nearly a constant, [Efo = [12 — i] = .082] .
8+

Ay

limg, ~(1-R,,) Ieb (LT, )dh =0, T (1-R, )F, , . (3.179)
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Figure 3.17 Useful and total emitted powers and
emitter efficiency for cylindrical EAG selective
emitter. Emitter radius, R=.02 cm and same
conditions as Fig. 3.16.

Now consider how the efficiency, ng, useful power density, q, , and the total power

density, q; , for the cylindrical EAG selective emitter depend upon emitter temperature,
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Tg. These are calculated using equations (3.170) and (3.171) and the spectral emittance
for constant temperature and no scattering given by equation (3.165). Using an emitter
radius, R = .02cm, which is close to the optimum radius for maximum efficiency (see
Figure 3.14), and the same input quantities as in Figure 3.14 yields the results shown in
Figure 3.17. In the range 1200 < Tg < 2000K, the efficiency is nearly a linear function
of Tg. For T < 1400K, the useful power density, q, < 1 w/cm®. As a result, a TPV
system using a EAG emitter with a PV array where E, = 0.72eV at emitter temperatures
less than 1400°K requires large emitter area and PV array area to produce significant
power output.

0.3 \
0.28 A\
\

0.26

T

0.24
AN
0.22 \

Useful emittance, €,
&
Total emittance, ¢

0.2
~
0.18
\
0.16 J ] J ]
1000 1200 1400 1600 1800 2000

Emitter temperature, TE K

Figure 3.18 - Useful emittance and total emittance for
cylindrical erbium aluminum garnet selective emitter.
Emitter radius, R=.02 cm and same conditions as Fig. 3.14.
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Two other performance parameters for a selective emitter are the useful emittance
&(Tg), equation (3.172), and the total emittance, er(Tg), equation (1.179). These
quantities are shown in Figure 3.18 for the cylindrical EAG emitter. The useful
emittance, &, varies nearly linearly with Ty with a small negative slope. However, the
total emittance, er, decreases much more rapidly with increasing Tg. This temperature
dependence of &, and &r, plus the increase in F,_, ;. with increasing temperature results

in the increase of emitter efficiency [see equation (3.174)].

3.10.4 Planar Selective Emitter Performance

The externally heated cylindrical emitter operates at constant temperature, but the
planar emitter heated from one side suffers a temperature change across the emitter. As
has already been pointed out, even small temperature changes produce a significant
reduction in the spectral emittance within emission bands. Therefore, temperature
variation across the emitter must be included in calculating the efficiency of a planar
emitter.

The temperature variation can be obtained from the solution of the energy equation
[equation (1.160)] with appropriate boundary conditions. The one dimensional energy
equation [equation (1.160)] for a planar emitter (Figure 3.6) has the following solution.

_ dT _ dT _
QG =ky———q=k, —| -q (3.180)
dx dx |, _q
S . — . . dT
This indicates that the heat input, q, , is the sum of thermal conduction, -k gt and
X

the radiation flux, q. In Section 3.8.2, it was shown that in most cases, it is a valid

N _ dT . oy
approximation to neglect q compared to k, . so that a linear temperature variation
X

dT TAT . . . . .
results and I = Sd . Also, in a TPV system, the emitter will most likely operate in
X
. dT
a vacuum. As a result, the conduction term, k, ol 0 and all the energy leaves
X

x=d
the emitter as radiation, q;. Therefore, neglecting q in equation (3.180) and using the

linear temperature variation yields the following result.

AT = 39 (3.181)
kthTs
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Where,

q, =n’ JS(X,TS,AT)eb (A, T,)dr (3.182)

o

and g(A,T;,AT) is the spectral emittance given by equations (3.83) or (3.90).
Obviously, assuming a linear temperature variation is inconsistent with the result
dT

dX x=d

assumed linear temperature variation will yield larger values for the temperature

=0. For emission into a vacuum at a given substrate temperature, T, the

through the film than the actual values. As a result, € and q; will also be larger than

the actual values. However, the linear temperature variation assumption greatly
simplifies the calculation of, g, q,, q;, €1, and &,

Since ¢ is a function of AT, equation (3.181) must be solved by an iterative process.
An initial guess for AT is used to calculate € and that result is used in equation (3.182)
to calculate q;. This value of q is then used in equation (3.182) to calculate a new

value for AT. The process continues until convergence. Once AT is determined, the

emitter performance parameters, g, q,, q, €7, and &, can be calculated.

Consider an EAG planar selective emitter with a dielectric gap between the emitter
and a platinum substrate. The spectral emittance is given by equation (3.83) and the
extinction coefficient, K(A), is shown in Figure 3.4. The index of refraction is taken
from [19]. For a linear temperature variation and no scattering, the source function
integrals are given by equations (3.106) through (3.109). The emitter efficiency, ng, is
given by equation (3.168). Just as for the cylindrical emitter, A, = 1720nm is the upper
limit on the integral in equation (3.168). For Ty = 1700K the emitter efficiency and
temperature change are calculated as a function of emitter thickness. These results are
shown in Figure 3.19a. Appearing in Figure 3.19b are the useful radiation power, q,,

and the total radiated power, qj .

The first thing to notice in Figure 3.19a is that ng decreases with increasing
thickness. Maximum ng occurs when d = 0, which means the emitter consists only of
the platinum substrate with g(A) = &,,. Thus platinum is a more efficient emitter than
an emitter consisting of EAG on a platinum substrate. However, as Figure 3.19b

shows, the useful power, q,, increases rapidly with increasing d to a maximum
q, = 7.3 W/em® at d = .2cm. This maximum @, is more than 2.5 times q, for the

platinum substrate alone (d = 0). Thus, to produce the same useful power at a



166 Chapter 3

temperature of 1700K as an ErAG emitter, the platinum emitter area would have to be
2.5 times greater than the ErAG emitter area.

0.4 T T T T 0.1
0.35 0.08
._]
[¢]
=
o]
- 2
503 0.06 > £
g K
o ,l ?T‘
2 AT A8
% S
5 = o
Z 025 0.04.7 §
g 2
@
0.2 0.02
0.15 | | | | 0
0 0.1 0.2 0.3 0.4 0.5

Emitter thickness, cm
Figure 3.19a) - Emitter efficiency, ng and temperature change, AT

of erbium aluminum garnet(EAG) planar emitter with dielectric
gap between emitter and Pt substrate as a function of emitter

thickness, d at substrate temperature, Ts=1700K. Extinction

coefficient, K , taken from Fig. 3.4 and index of refraction from [19].
Results based on PV cell bandgap energy E =.72eV(1722 nm).
Emission into a vacuum(n 0=1) and values o n. and n, for Pt

taken from ref. 20.

The very small emittance (< 0.10) of platinum at long wavelengths (see Figure 3.1)
compared to the large emittance (> 0.9) of EAG for A > 5000nm (see Figure 3.15) is the
primary reason for platinum having a larger ng.
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Figure 3.19b) - Useful power and total power of erbium
aluminum garnet(EAG) planar emitter with dielectric gap
between emitter and Pt substrate as a function of emitter
thickness, d at substrate temperature, Ts:1700K.
Extinction coefficient, K , taken from Fig. 3.4 and

index of refraction from [19]. Results based on PV

cell bandgap energy Eg=.72eV(1722 nm). Emission

into a Vacuum(n():l) and values of nsRand n, for Pt

taken from ref. 20.

For the planar film emitter, the temperature change across the emitter is a major
factor in determining the emissive behavior of the emitter. As discussed in Section
3.8.3, the primary variables for determining the spectral emittance, €, are the optical
depth, k4 = Kd, and the temperature change, AT. As d increases, both k4 and AT
increase. However, increasing K, results in an increase in €, but increasing AT results in
a decrease in €. In the case of an emission band where K4 is large, the spectral
emittance is nearly independent of k4 and is exponentially dependent on AT [equation
(3.127)]. Thus, the emitter efficiency behavior at constant Ty, which depends upon the
spectral emittance in the emission bands, will be determined by AT. As a result, the



168 Chapter 3
efficiency decreases with increasing d. Competition between AT and k4 in determining

the emittance behavior as a function of d also accounts for both q, and q, having

maximum values.
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Figure 3.20a) - Emitter efficiency, ng and temperature change,

AT, of erbium aluminum garnet(EAG) planar emitter with
dielectric gap between emitter and Pt substrate as a function of

substrate temperature,Ts, for emitter thickness, d=.05 cm.

Extinction coefficient K, taken from Fig. 3.4 and index of
refraction from [19], n0=1. Results based on PV cell bandgap

energy, Eg=.72eV(1722 nm).

Now consider the performance of the EAG emitter as a function of the
temperature, T,. Choose the emitter thickness to be d = .05cm, where q, = 6.3 W/em?

at T, = 1700K. This value of q, is close to the maximum q, = 7.3 W/em? and yields
an efficiency, ng = .25. With these conditions calculate ng, AT, q,, and q; as a

function of T,. The results are shown in Figure 3.20. The calculation procedure is

similar to that used to determine ng, AT, q,, and q; shown in Figure 3.19.



Emitter Performances 169

50 | | | |

40

Useful radiation power density, q,» W/cm”2

Total radiation power density, q > W/em”2

or

20 —
qE
10
9
0 I ! !
1000 1200 1400 1600 1800 2000

Substrate temperature, TS K

Figure 3.20b) - Useful power and total power of erbium aluminum
garnet(ErAG) planar emitter with dielectric gap between emitter and
Pt substrate as a function of substrate temperature, TS for emitter

thickness, d=.05 cm. Extinction coefficient K, and index of
refraction, n, for ErAG taken from Fig. 3.4, n 0:1, Results based

on PV cell bandgap energy, Eg=.72eV(1722 nm).

Similar to the results for the constant temperature cylindrical emitter, q, and q,
increase rapidly as a result of increasing T;. For T, > 1200K, ng is nearly a linear
function of T, similar to the cylindrical emitter (Figure 3.17). Compare the planar
emitter results for q, and q, with the cylindrical emitter results in Figure 3.17. Both

show a rapid increase as a result of increasing temperature. However, the magnitudes
of q; and q, are much greater for the planar emitter. The greater magnitudes for the

planar emitter occur because thermal conduction exists for the planar emitter but does
not exist for the cylindrical emitter.

In Figure 3.21, the useful emittance, &, and the total emittance, er, are shown as
functions of the substrate temperature, T,. Compare these results with the cylindrical
results shown in Figure 3.18. Notice that g, > & for Tg > 1300K for the cylindrical
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emitter, but g, < er for all T, for the planar emitter. Also, the magnitudes for g, and er
are greater for the planar emitter.
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Figure 3.21 - Useful emittance, € and total emittance, .

of planar EAG selective emitter of thickness, d=.05 cm
for the same conditions as Figures 3.19 and 3.20.

3.11 Comparison of Selective Emitters and Gray Body Emitters
At the same temperature, compare the efficiency results for a gray body emitter
when E,=.72eV (Figure 3.12) with the cylindrical (Figure 3.17), or planar (Figure 3.20)
EAG selective emitter. The efficiency for the EAG cylindrical emitter is slightly higher
than ng for the gray body emitter, but ng for the planar emitter is slightly lower than ng
for the gray body emitter. As a result, it might be concluded that there is no advantage
to the ErAG selective emitter. However, two other selective emitter properties, besides
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efficiency, are advantageous. First, the spectral emittance of a selective emitter can be
better matched to the spectral response of the PV array. As a result, the PV efficiency
will be higher than with a gray body emitter. Second, the nonconvertible radiation flux,
q, =q; —q,, in most cases, will be smaller for a selective emitter than for a gray body

emitter operating at the same temperature. As pointed out earlier, large values of
nonconvertible radiation presents a waste heat removal problem for a TPV system.
Using equation (3.171) for q, and equation (3.170) for q,, the nonconvertible

radiation flux, q, , can be written as follows.
Q=9 — :8T(TE)Gsté(1_nE) (3.183)

Therefore, for a selective emitter system with nonconvertible flux, q,_, and a gray body
system with nonconvertible flux, q,, , the following result is obtained if both systems

are at the same temperature.

Q. _En (R)[ﬂ] (3.184)

A, &y

Here &7, is the total emittance of the selective emitter system that is a function of Tg,
and g, is the gray body emittance that is a constant. The efficiency of the selective
emitter is Mg and Mg, and is the gray body emitter efficiency. Thus, if er(Tg) < g, the
selective emitter system has a smaller nonconvertible radiation flux than a gray body
system operating at the same temperature if 1gs > Ng,.

As mentioned earlier, ngs for the EAG selective emitter is nearly the same as ng,
for a gray body emitter. In that case, equation (3.184) yields the following.

aLg gg
e AV (3.185)
Qs &r (TE )

A black body (g, = 1) produces the largest useful power, q,. Therefore, comparing the
cylindrical EAG emitter (Figure 3.20) with a black body, q,, >5q,, at T = 2000K and
qy, >3q,, at Tg = 1000K. Similarly, comparing the planar EAG emitter (Figure 3.21)
with a black body we see that q,, >1.9q,, at T =2000K and q,, >1.6 at Ts =

1000K. A filter TPV system utilizing a black body emitter has a significantly greater
amount of nonconvertible radiation than a selective emitter system. Therefore, if the
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filter has any absorptance, the black body system will have a large amount of waste
heat compared to a selective emitter system.

3.12 Summary

Emitters can be split into two groups; gray body emitters that have a nearly
constant spectral emittance and selective emitters that have a widely varying spectral
emittance. Silicon carbide (SiC) is a gray body emitter with large emittance, g(A), while
platinum (Py) is gray body emitter with low emittance. The unique atomic structure of
rare earth ions such as ytterbium (Yb™™), erbium (Er"™), thulium (Tm"), holmium
(Ho™™), and neodymium (Nd"™) in high temperature materials such as ReAlsO,,
where Re is a rare earth, result in selective emission in the near infrared. Also,
application of an antireflection coating on a metal can produce increased emittance in a
desired region of the spectrum. An alumina (ALO;) film on tungsten (W) can
significantly increase the W emittance in a desired region of the spectrum. Recent
development of grating and photonic-crystal emitters made of tungsten produce
emission bands in the near infrared.

Using the conservation of energy and radiative transfer equations and classical
electromagnetic theory results for reflectivity developed in Chapter 1, expressions for
the spectral emittance, €(A), for planar and cylindrical materials are derived. Significant
results from that development are the following.

1) For small radius (< Imm) a cylindrical emitter can be assumed to operate at a
constant temperature, whereas the temperature of a planar emitter of small
thickness (< 1mm) can be assumed to vary linearly across the thickness.

2) The material properties that determine g(A) are the indices of refraction of the
emitting material, ng, and the surroundings, n,, and the extinction coefficient,
K(%), of the emitting material.

3) Two main parameters determine g(A). One is the optical depth, k, which is the
product of the extinction coefficient and the dimension of the emitting material.
The other is the temperature change across the emitting material, AT. Increasing
K causes an increase in g(A) while increasing AT results in a decrease in g(X). As
a result, for a planar emitter there is an optimum thickness for maximum g(A).

4) For a planar emitter, in regions of the spectrum where the optical depth, kg > 1,

. . . - he
such as an emission band of a selective emitter, g(A) ~ e™*", where u=—2. In

S

regions where kg < 1, g(A) is independent of AT.
5) Scattering of radiation, which may be important for polycrystalline materials,
reduces €(A) a small amount.
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Emitter efficiency, ng, which is the ratio of the emitted radiation, q,, with photon
energies greater than the PV cell bandgap energy, E,, to the total emitted radiation, q,,

is a sensitive function the emitter temperature, Tg. The emitted radiation that cannot be
converted to electrical energy (q, —q, ) is significantly greater for a black body emitter

than for a selective emitter.

Other factors besides performance may be the determining factors in choosing
what type emitter to use in a TPV system. Two of the most important of these factors
are durability and cost. Durability will be determined by the chemical stability and
evaporation rate of the emitter material at high temperature. Chemical stability and
evaporation rate data will be required to evaluate emitter materials before a successful
TPV system can be developed. Determining the cost of new selective emitter materials
is not yet possible. However, for gray body emitters such as tungsten and silicon
carbide, cost information is available.
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Problems

3.1

32

33

34

3.5

3.6

At a given emitter temperature, Tg, a TPV system that uses a black body
emitter will produce the maximum power output. Compare the emitter

efficiencies, g, [equation (3.175)] and useful power outputs, q,, [equation

(3.173)] for emission into a vacuum (n, = 1.0) of a black body emitter at
Tg = 1500K when A, = 1720nm (GaSb) and when A, = 1110nm (Si). What
conclusions can be made? (Hint: use results of problem 1.14.)

Present a qualitative argument based on the spectral emittance data shown in
Figure 3.1, for silicon carbide (SiC) and tungsten (W), to determine which
material will yield the larger emitter efficiency if A, < 1700nm.

Solve equations (3.45) and (3.59) for q(ig) and q'(0). Use those results in
equation (3.28) to obtain equation (3.63) for q(k,A) for a planar emitter with a
dielectric gap between the emitter and substrate.

Use equations (3.63) and (3.69) to obtain the spectral emittance, g(A), for a
planar emitter with a dielectric gap between the emitter and substrate [equation
(3.83)] and for a planar emitter with a deposited substrate [equation (3.90)].

Evaluate the source function integrals ¢, («,), ¢_(0), &, (x,), and

&y (x,) . given by equations (3.84) through (3.87) for the case of uniform

temperature and no scattering. Show that they are all monotonically
increasing functions of the optical depth, 1.

In the expressions for the spectral emittance, €(A), given by equations (3.83)
and (3.90) neglect the external source term. In that case the terms proportional
to h. represent the contribution to g(A) resulting from the radiation from the
substrate plus the radiation reflected at the film-substrate interface. For the
case where ny = n,, the emitter temperature is uniform and scattering is
negligible obtain an equation for the optical depth, K4, that will maximize the
terms proportional to h. in equations (3.83) and (3.90). Also, show that these
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3.7

3.8

39

Chapter 3

. . . . L. T.E .
terms will be monotonically decreasing functions of 1y if -2 >1 in
pfs

equation (3.83) and 22 = 1=R& 1 in equation (3.90).

Rfs fs
For a planar emitter at constant temperature (AT = 0), with a deposited metal
substrate with index of refraction, ngg + ng, no external source (r = s = 0),
optical depth, k4, index of refraction, ng and no scattering emitting into a
dielectric with index of refraction, n,, show that the spectral emittance, (), is
given by the following equation.

Where,

The spectral emittance, g(A), for a planar emitter is given by equation (3.83)
for the case where a dielectric gap exists between the substrate and emitter and
by equation (3.90) for the case of no dielectric gap. For both cases, where
there is no external source (r = s = (), show that ¢(A) = 0 for an emitter
material where ny >> n,, (L = 1). In other words, all radiation is trapped
within the emitter.

For the case of no scattering (Q = 0), small temperature change, AT <« 1, and

large dimensionless photon energy, u,, show the integral functions, $+ (Kd),

o (0) , $M+ (Kd) , and $M7 (Kd) , given by equations (3.106) through (3.109)



Emitter Performances 177

3.10

3.11

3.12

3.13

3.14

reduce to equations (3.110) through (3.114). [Hint: make use of the relation

dE (x)
E  (x)=—>-=1].

w1 (%) dx ]
For the case of no scattering (Q = 0), small temperature change, AT <« 1, and

small dimensionless photon energy, u, <« 1, show that the integral functions,
$+ (Kd) , 0 (O) , $M+ (Kd) , and $M7 (Kd) , given by equations (3.106) through
(3.109) reduce to those given by equations (3.115) through (3.118).

[Hint: make use of the relation xE,(x) = e™-nE,(X)].

Evaluate equation (3.155) at x = kg in order to arrive at the emittance for a
cylinder as given by equation (3.158).

Show that the spectral emittance for a cylinder at constant temperature
[equation (3.158)] reduces to equation (3.165) if scattering is neglected.

For a gray body emitter at temperature, Tg, with spectral emittance, €,, show
that the emitted radiation flux that is not convertible to electrical energy by a
PV array with bandgap energy, E,, (E <E,) is the following.

qL = ncZ)SgGsté (1 - nE)

Where ng is the emitter efficiency [equation (3.175)]. Assume a tungsten
emitter can be approximated as a gray body with g, = 0.3. Calculate q; for

tungsten with E, = 0.72eV at Tg = 1700K emitting in vacuum (n, = 1), and
compare that with q, for a blackbody emitter at the same conditions.

For no scattering, constant temperature and index of refraction, ng = 1, show
that the spectral emittances, (1) for a planar emitter with a deposited metal
substrate and a cylindrical emitter emitting into a vacuum, (n, = 1), are the
following.

8(7\.)=1—4ﬁfSE§ (Kd) planar
e(L)=1-4E; (kg ) cylindrical
Where R, is the reflectance at the film-substrate interface, kg = K(A)d is the

optical depth of the planar emitter of thickness, d, and kg = K(AM)R is the
optical depth of the cylindrical emitter of radius R.
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Chapter 4
Optical Filters for Thermophotovoltaics

As pointed out in Chapter 2, spectral control is a major factor in attaining high
efficiency for a TPV energy converter. Placing an optical filter between the emitter and
PV array is one method of spectral control. To achieve high TPV system efficiency,
the filter must have low absorptance. It must have large transmittance in the useful
photon energy region (photon energy, E, greater than the PV cell bandgap energy, E,,

h
or 7\,<7\.g= ECO

) and large reflectance outside this region (E < E, or A > ,).
g
In this chapter several types of filters that are applicable to TPV energy conversion
are discussed. These include dielectric interference filter, plasma filters, and resonant
array filters. Also, spectral control can be achieved using a back side reflector (BSR)

on the PV array.

4.1 Symbols

a absorption coefficient, cm™

e electron charge, (1.602 x 10™° Coul)

E electric field, V/m or photon energy, J

E' electric field for wave traveling in +z direction
E' electric field for wave traveling in -z direction
H magnetic field, Amp/m

h Plank’s constant (6.624 x 107* J-sec)

k magnitude of wave vector, m”' or Boltzmann constant (1.38 x 10 J/K)
K wave vector for wave traveling in +z direction
K’ wave vector for wave traveling in -z direction
k magnitude of wave vector given by equations (1.37) and (4.38)
m* effective mass, kg

m, electron mass, (9.107 x 107" kg)

n index of refraction

t internal transmittance

v velocity, m/sec

a absorptance

€ permittivity (amp” sec’/kg m2)

B complex dielectric constant
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vacuum permittivity (8.855 x 102 Amp” sec*/kg m2)
wavelength, nm

efficiency

mobility, cm*/V sec or magnetic permeability

magnetic permeability of vacuum (1.2556 m kg/sec’ Amp?)
reflectance

transmittance

collision time, sec

Chapter 4
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4.2 Filter Performance Parameters
The performance of a filter will be determined by the transmittance, ty, reflectance,
ps, and absorptance, oy, as well as an efficiency, 1, yet to be defined. In Section 1.7 the
total optical properties are defined. Define the filter efficiency as follows.

__ transmitted radiation that can be converted to electrical energy by PV array

total radiation incident on the filter - total radiation reflected by the filter

4.1
_ transmitted radiation that can be converted to electrical energy by PV array @1
- total radiation transmitted and absorbed by filter
kg }»g
I ", () I %, ().
N =5 = 4.2)
J.[l —p; (%) ]qdn J‘[rf (A)+ o, (1) ]qdn
Where q; is the incident radiation flux (W/cm® nm) and A .= ot is the wavelength that

g
corresponds to the PV array bandgap energy, E,. The incident radiation flux, g,
depends upon the emittance, gg, and temperature, Tg, of the emitter, as well as, a factor,
F., that depends upon the geometry and optical properties of the cavity that contains the
emitter and PV array.

q, =Fe¢; (k)eb (X,TE) “4.3)

The term e,(A,T) is the blackbody emissive power [equation (1.127)]. Since the
factor, F., depends upon the optical properties of the cavity, it is also A dependent. For
the present, neglect the A dependence of F.. When discussing the total system
efficiency in later chapters, the optical properties of the cavity are included. Therefore,
neglecting the A dependence of F, results in the following.

Ay

ng ()%, (2)e, (AT, )dn
e (Tt )= — (4.42)

ISE(x)[rf (1) +a, (1)]e, (AT, )d

o
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Py

J'SE (M), (1)e, (T,
nf(TE’xg): o (4.4b)
J.EE(K)[I—pf (%) ]e, (AT, )dn

o

If the emitter emittance is independent of A, which is the case for a blackbody, then &g
will cancel out in equations (4.4a) and (4.4Db).

Again assuming F, is independent of A, the total transmittance, reflectance, and
absorbtance, as defined in Section 1.7, are the following.

].SE (M)t (A)e, (A, Ty )dA
T (T ) =22 4.5)

]sE (K)eb (A, Ty )dk

P (Te) = (4.6)

oy (T )= 4.7

T
n, & T (4.3
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OISE (X))t ()e, (A, T, )dr

A

If - < 1. Thus, if o (A) = 0 for A > A, , then n¢ can be

©

J.gE(k)eb(k,TE)dk

o

approximated by equation (4.8).
4.3 Interference Filters

4.3.1 Introduction
The objective of this section is to develop the analysis necessary to calculate the
spectral reflectance, transmittance, and absorbtance of an interference filter. Such an
analysis is available in several references [1-4]. However, to maintain the self-
contained principle of this text, the detailed analysis is presented in a manner similar to
that in reference [3]. Although the physics of interference is easily explained, the
analysis to calculate the optical properties of an interference filter is somewhat tedious.

4.3.2 Interference

In Section 1.5.1 it was shown that for a linear, homogeneous, stationary, isotropic
medium with no space charge, the electric field is determined by a linear second order
partial differential equation [equation (1.17)] known as the wave equation. Solutions to
this equation are harmonic plane waves given by equation (1.10). A characteristic of
plane waves is that they can interact to increase or decrease the electromagnetic field.
This process is called interference. Using interference, it is possible to produce optical
bandpass filters that have large transmission in a specified region of the spectrum and
large reflectance outside that region. Obviously, such a device has application as a
spectral control component of a TPV energy conversion system.

Interference is achieved by controlling the path length of the plane waves and the
wave vector, k, or index of refraction, n= %k , of the media. Therefore, an
interference filter consists of layers of thin films with the indices of refraction changing
between adjacent layers. The film thicknesses are selected to give the desired optical
path lengths.

Interference of plane waves can be demonstrated in the following manner.
Suppose there is a phase difference, ko, or path length difference, 9, between plane

wave Ea and plane wave Eb . Thus, from equation (1.10b) for both waves moving in

the +z direction,
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E =a'™ (4.9)
E, = bel 9] (4.10)

and the sum is the following.
E, +E, =™ [5 4 Be’jkﬂ 4.11)

Now, let k6 = mm, where m is a constant. Therefore,

E +E, = [5 +be I ] =l ) [5 +b(cosmn— jsin mn)} (4.12)

Thus, if m is an even integer,

E, +E, =(d+Db)e! ™ m=0,2,4,6... (4.13)

and if m is an odd integer.

E, +E, =(d-b)e'™ m=13,5,7.. (4.14)

Equation (4.13), where the wave amplitudes add, is a case of constructive interference,
and equation (4.14), where the amplitudes subtract, is a case of destructive interference.
Remember, the actual electric field is the real part of equation (4.13) or (4.14).

As just shown, for interference to occur, the following condition must be satisfied
in terms of the wavelength, A, and index of refraction, n.

kSz%nS:mn (4.15)
or
L (4.16)
2n

where m is an integer. If m =0, 2, 4..., constructive interference occurs, and if m = 1,
3, 5..., destructive interference occurs.
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X
A
1 2 3 i-1 i m
. ko k ky | ks ki ki kit km | km+i
Eg- -
Eé- - E(ti_l)+
E(i—l)—
Op
ko 6o |
=N B;_
ko
2
i
i
—» k

Figure 4.1.—Notation used for multi-layer interference filter model.

4.3.3 Interference Filter Model
Figure 4.1 shows the notation used for the multi-later interference filter model.

. . . . 27n, . .
The ith layer is characterized by its wave vector, k, = T‘, where n; is the index of

refraction, which is complex if the layer is absorbing, and A is the vacuum wavelength.
Also, the ith layer lies between the i — 1 and i interfaces, as shown in Figure 4.1. The
last layer, m, is the substrate which will be some transparent material such as quartz or
sapphire. Surrounding the filter is the medium, k,, which in most cases is vacuum

)

Light enters the filter at z = 0 at some given angle of incidence, 0,. Since Snell’s
Law [equation (1.56)] must be satisfied at each interface, the following condition
applies.

n,sin0, =n,sin6, =n, sin0,... =mn;sino, 4.17)
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If n; is complex, then 0; must also be complex and 6; is not the angle of incidence at the
ith interface or the refraction angle at the (i — 1) interface. To satisfy both Snell’s Law
and the law of reflection [equation (1.55)], the reflected light leaving the film at z = 0 is
also at angle 0,,.

As discussed in Section 1.5.5, the direction of the electric field for so-called natural
light encountered in a TPV system is random. Therefore, the intensity is the average of
the p (electric field in the plane of incidence) polarized intensity and the s (electric field
perpendicular to the plane of incidence) polarized intensity. As a result, both p and s
polarization must be included in the model.

Within each layer of the filter, the electric field is the sum of plane waves traveling
in the +z and -z directions. Therefore, in the ith layer the electric field is the following,

(mt—EiOF+ai) = j(wHE,n"H},)

E(x,z,t):ﬁ(x,z)ej“" =1::i+ej +E/e

4.1
{Ef.ej[—ki(xsineﬁzcosei )+a; ] n E‘_ej[h(x sin 0, +zcos0; )+B; | } ejmt ( 8)

where E, E, o, and B, are constants that are determined by boundary conditions.
Equation (4.18) applies to both s and p polarization with the constant vectors Ef and

Ei’ giving the direction of polarization. For plane waves the magnetic field is given by

equation (1.34).

(4.19)

The wave vector notation k' refers to a wave traveling in the +z direction and k' toa
wave traveling the -z direction. To determine the constants, boundary conditions on E

and H at each interface must be applied.

To simplify the algebra in the application of the boundary conditions make the
following definitions of the electric fields at an interface, i. For the plane wave moving
in the +z direction on the — side of interface i (z = z),

E;, _ E:ej[—k,(xsineﬁz‘ cos0; )+ | (420)

and for a plane wave moving in the —z direction on the — side of interface i,
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E; _ E;ej[k,(xsine,+z| cos 0;)+B; | (421)

The superscript t denotes a wave moving in the +z direction (the transmitted direction)
and the superscript r denotes a wave moving in the -z direction (the reflected direction).
Similarly, for plane waves moving in the +z directions on the + side of interface
i— 1 (z = z;;) make the following definitions.

EEFI% — E;rej[fk,(xsineﬁrzi,l cosei)+a,] (422)
= = J ki xsin®; +z;_; cosO; |+B;
Ef . =E sy (4.23)
From equations (4.20) and (4.22) the following is obtained,
E(,. =Eie" (4.24)
E;HH =El e (4.25)
where
2n
o, =k (z,—z_, )cosb, = o (z,—z,_,)cosH, (4.26)

is called the phase thickness of the ith layer.

Evaluating equation (4.18) on the + and — sides of interface i, using the definitions
given by equations (4.20) through (4.23), yields the following results for the electric
and magnetic fields on each side of interface i.

E,_ (x, z ) = [E}_ + E{_J (4.272)
i, (x7)= L[(f(; <EL )+ (K< E] )] (4.27b)

E.(x7)=[E, +E ] (4.28a)
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H,(x.7)= m:lm (ki < B )+ (k7 B )] (4.28b)

Now apply the boundary conditions at interface i. Neglecting any surface currents
at the interface, the tangential E,, and H, fields must be continuous across the
interface [see equations (1.48) and (1.49)]. In calculating the optical properties, the
tangential E and H fields are also required to calculate the intensity from the Poynting
vector [equation (1.30)]. Both p and s polarization must be considered. For p
polarization as shown in Figure 4.1, the boundary condition on the E and H fields at
interface i are the following,

(Ei_ +E[ )cos0=(E}, +E, )cos,, (4.29)
p polarization
k. k.
—(E! —E' )=—(E! —E! 4.30
] ( " 17) His ( " H) *30

where equations (4.27b) and (4.28b) were used to obtain equation (4.30). For s

polarization, E is in the +y direction. Therefore, the boundary conditions on E and H
are the following.

E' +E =E. +E (4.31)

1

s polarization

ﬁcos 0, (—EL +El ) = ﬁcos 0,

-E! +E! 4.32
H; M o ( o H) ( )

Solving equations (4.29) and (4.30) for E; cos6, and E; cos6

components of the electric field for p polarization on the — side of interface i, yields the

., the tangential

i

following.
1], pk, cos6, | 1], k., cosO, | )
E! cos, =— 4R €085 E!, cos0,, +— - KX €085 E!, cosO,,| (4.33)
2 M, ki cos O, | 2 M ki cos O, |
p polar-
> -ization
1], wk,, cos6 | 1], wk,,cos6, |
E! cos, =— |- K% €085 E!, cosO,,, +— 4R €085 E!, cosO,,| (4.34)
Mk cosB;,, | 2 Mk cosO;,, |
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Similarly, solving equations (4.31) and (4.32) for E; and E!

i-

the tangential

components of the electric field for s polarization on the — side of interface i, yields the
following.

\
El = 1 1+ piki,, cos 6, E., +l 1—- pik;, cos6,,, E, (4.35)
2 Ui k; cosO; | 2] wkicosO; |
> s polarization
E = 1 1— ik, cosb,,, ) +l 1+ piki,, cos6,, E, (4.36)
20 Miakicos®; | My, ki cosO; |
J

There is a similarity between equations (4.33) and 4.34) and equations (4.35) and

(4.36). Define an effective wave vector, lAci , for p polarization

N k. 2t n,

i i

k, = o cos0 = - o cos p polarization 4.37)

i i

and for s polarization

L :ﬁcosei :%ni cos 6,

l K 1

s polarization (4.38)

then the equations for the tangential electric field components for both p and s
polarization are the same,

E! ke E;++l 1-—L B (4.39)
2| & | 2| & |

E' LT E;++l 1 Ko E', (4.40)
2| & | 2| & |

where for p polarization the tangential electric fields are the following.
E! =E! cosf,, E" =E' cosb, p polarization (4.41)

and for s polarization,

E' = E , E' =E" S polarization (4.42)

i i— 1
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Let i =1 — 1 in equations (4.39) and (4.40) and use equations (4.25) and (4.26).
Therefore, the following recursion relations for the tangential electric fields on the
— side of the i — 1 interface in terms of the tangential electric fields on the — side of the
ith interface are obtained.

- 1 R PO | D ' PO

Bl =1+ Bl e 4| 1-—— [Ele™ (4.43)
2— kH_ 2_ ki—l_

EZH% :l 1—— EitieJ‘Di +l 1+—— Ef,e'”" (4.44)
2 L ki-' i 2 L ki—l i

At the last interface (i = m) there is no reflected E field so that E', =0. Also, the

transmitted E field at i = m can be arbitrarily set at E., =1. Therefore, from equations
(4.39) and (4.40)

B :% 14 Kanr (4.45)
. k]
B =% et (4.46)

Thus, using the recursion relations [equations (4.43) and (4.44)] EL? and I:ijf can be
determined. Using these electric fields, the reflectance and transmittance can be
calculated.

Equations (4.43) and (4.44) can be rewritten as follows,

R 1 r .~ R
t _ | plbigt RS [ ol
E“‘”‘_EH [*EL +3 e ME; ] (4.47)
. 1 r. . - .
Bl =B "Bl +e "B | (4.48)
i1

where © and t are the Fresnel coefficients [equations (1.83) and (1.84)].
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. 20,
L = (4.49)
n_, +mn;
P = (4.50)
0, , +1;
A n; .
n =——— p polarization (4.51a)
L, cos 0,
. ; cos 0,
= 0, 08T, s polarization (4.51b)
by

Since the recursion relations are linear algebraic equations, they can be written in
matrix form.

i P ]
e r_e

T I I 1 S
A( 1) = i1 1.—1 | = [M] - (4.52)
E| B e B E

The use of matrix form greatly simplifies the algebra and is ideal for computer
calculation of the optical properties. All the necessary matrix algebra is presented in
Appendix C. As can be seen, the matrix [M] contains properties of both the i and i — 1

layers. However, by changing variables from EL and ]AEL to the magnitude of the total

tangential electric field I:Zi and the magnitude of the total tangential magnetic field fli
then the defining matrix will only depend upon properties of the ith layer. Since the
boundary conditions require E, and H, to be the same on each side of an interface the

following is obtained,

E =B +B =Bl +E], (4.53)
R R R L R (454

0 0
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where equations (4.27b) and (4.28b) were used to calculate H,. Remember, f(i, n,,

]AE;_, and I:Zi'_ depend upon the polarization [equations (4.41), (4.42), (4.51a), and

(4.51b).
Equations (4.53) and (4.54) can be written in matrix form.

. 1 1 |ra,
Ei A A Eif
. =0, n ||, (4.55)
H. —~— ||E_
1 CO C0 1

Therefore,

0 1 ¢,
. 11 . - .
E._ e E, 2 2n; || E,
. |=|n, n .= . (4.56)
E | |7~ | |H 1 ¢ ||H
1 Co CO 1 _—— ~ 1
2 2n

Now evaluate equation (4.55) at i — 1 and use equations (4.52) and (4.56) to obtain the
following expression (problem 4.1).

B cos ¢, 36 S fm o . .
(i-1) n; E; i
R =| . = [Mi ] R (4.57)
Hi) B gin ¢, cosd, H, H,
c

o

Equation (4.57) is a relation for I:Z(i_) and ﬁ(i_]) in terms of I:Z]. and ﬁi where the [M;]

1

matrix is a function only of the properties of layer i. Also notice that the determinant of
[M;] is unity. Since the determinant of a product of matrices equals the product of the
individual determinants, the determinant of the product matrix, [M] = [M;] [Mi4]...
[M,], will also be unity. This is a useful check for computer calculations.

By matrix multiplication the fields at z=0 (E, and H, ) can be calculated in terms

of the fields at z = z,, (Em and ﬁm ). Using equation (4.57)
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where

and

At z=2z_, only the transmitted field, E'

E,. =1

E E
m-1 — M m
_I:Iml:| [ m]|;I:Im‘|
m-2 _ M m-1 — M M m
I:ImZ:I [ n1l]{ﬂln11 [ mfl][ m]{ﬁml
:E i (4.58)
=M |[M, ||M,]...[M "
_I:IO:I [ 1][ 2][ 3] [ m]|:1:1m}
E E
o lomll B
i)l
cosg, 15N,
M]=| . & (4.59)
&sind)i cos
[M]=[M,][M,]...[M,,] (4.60)

exists and can arbitrarily be given the value

m+ °

. Therefore, from equations (4.53) and (4.54) the following are obtained.

E,=E', =1 (4.61a)

A
A

0, - n
_ Tm+l t _ " m+l
Hm - Em+ -
C C

o o

(4.61b)

4.3.4 Reflectance, Transmittance, and Absorptance

With the expressions for E, and H, in terms of E_ and the properties of each of

the layers the reflectance, transmittance, and absorptance can be calculated. As shown

in Section 1.5.5, only when the medium surrounding the filter is non-absorbing (n, is a

real number) can the intensity at z = 0 be separated into transmitted and reflected parts.
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Since in TPV applications n, = 1, the intensity at z = 0 can be separated into transmitted
and reflected parts. As a result, the reflectance is defined as follows,

p= (4.62)

where igf is the reflected intensity leaving the filter in the —z direction at z = 0 and i;f
is the intensity incident on the film moving in the +z direction at z = 0. Notice that p is
defined in terms of the intensity moving in the +z directions; thus, it is determined by

the tangential components ]::Lf and ]::;7 Even if p were defined in terms of the total
reflected and incident intensities, which are determined by the total electric fields E!_

and E! _, the result will be the same as equation (4.62) (problem 4.2).

The intensity is the time average of the Poynting vector and is given by equation
(1.39), which is given in terms of the total E field. In terms of the tangential E field, the
intensities are the following.

i = LD pr g (4.63a)
2 c

o

o= LDwpope (4.63b)
2 c

o

Therefore,

EE"
p= ]AE;}AEL*? (4.64)
From equations (4.53) and (4.54),

AL 1 [ c A |
E, =—|E,——H, (4.65a)

2| n, |
BooLlp Sy (4.65b)

2| n, |

so that the reflectance is the following.
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(4.66)

Remember equation (4.66) applies for both p and s polarizations. For p polarization,
n; is given by equation (4.51a) and for s polarization, f, is given by equation (4.51b).

The transmittance, T, defined in terms of the intensity leaving the filter in the +z

t
m+ °

and the incident intensity moving in the +z direction, I' | is the

]

direction, I

following,

R (4.67)
IL* noREofEZk

it I’i(m+1)R]’E\;‘t El*

where 0, and A are the real parts of the index of refraction. Thus, T is

m+1)R
determined by the tangential electric fields. However, if the transmittance, 7, is defined

in terms of the total transmitted intensity, which is moving in the 0,,,; direction, then
the following is obtained (problem 4.3).

o DaeBnEns cos
r=me o R TP g (4.68)
I nE E; cos©

o—

m+1

Since I:me =1, and ]AEL_ is given by equation (4.65b) the following is obtained for 1.

t= (4.69)

If all layers of the filter are non-absorbing, then conservation of energy requires
that p+17=1. However, if a layer is absorbing, then conservation of energy yields the

following,
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p+%+20ci -1 (4.70)

i

where o; is the absorptance of layer i and the summation is over all the absorbing layers.
The absorptance of layer i is defined as follows,

o =—1—& 4.71)

where, from equation (1.86) the intensity in the z direction at interface i is the
following.

i = %Re[ﬁiﬁ;} (4.72)

Since ii , as well as the tangential E and H fields, are continuous at an interface there is

no need for + or — subscripts. Therefore, using equations (4.63b), (4.65b), and (4.72),
the absorbtance of layer i is the following.

oo 4c, {Re[ﬁilﬁ:l}—Re[Eiﬁij}
ﬁ{fso +f°ﬁo}{f30 e }
n() [

Using the matrix equation (4.58) for the electric and magnetic fields, the

(4.73)

=

reflectance, transmittance, and total absorptance, o, = Zai can then be calculated
using equations (4.66), (4.67), and (4.70).
In the case of an absorbing layer, i, the angle 6; is complex. From Snell’s Law

. . n_sin0© n_sin®
sin®, =s; +js; =— C=—20 0 (4.74)
n; N —J0y

1

where njz and n; are the real and imaginary parts of n;. sy and s; are the real and
imaginary parts of sinf;. Therefore,
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n n nn
. _ . _ 0 iR : . o il :
sin0; = s, +js; =— N —-sin0, +j— N >-sin0,
R T iR T

Also required is cos6;.

— _ 1 _cin2
cosB, =c;; +¢; =4/1-sin” 6,
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(4.75)

(4.76)

Substituting equation (4.75) for sin6; yields the following result for cos0; (problem 4.5),

1 i
cosB, =c, +c¢, = \/E[\/pf +q; +pi] —J\/E[\/p? +q; —pi}

where

Now consider the field described by exp [ j(oat - f(ifﬂ when k is complex.

k,of = %(niR —jn, )(xsin6; +zcos,)

1

Using equations (4.75) and (4.77),

l—(i of = T{[(niRSiR + 10,8, )X +(niRCiR +nilci1)z]_j(ni1CiR _niRCiI)Z}

where the result (n;s;, —ngs; ) =0 was used. Thus, obtain the following,

. T o= . 2 - - 2 iZ
exp[](mt—ki-rﬂ:exp{}(oﬁ—%ai-rﬂe !

4.77)

(4.78a)

(4.78b)

(4.79)

(4.80)

4.81)
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where

A

Q; = (niRSiR +nusi1)i+(niRciR +nilcil)k (4.82)
Bi =nyC —NyRCy (4.83)

Equation (4.81) represents a wave that is moving in the @, direction and is being

dissipated in the z direction. Thus, in a layer where absorption exists, the refraction
angle, v, , the wave makes with the + side of the 1 — 1 interface is the following.

o, -k =a,cosy; =n;Cp +0,C; (4.84)

i

The angle v, is also the angle of incidence on — side of the i interface.

In Section 1.5.4 wave propagation into an absorptive medium is treated using the
wave equation [equation (1.62)]. Both that analysis and the present analysis yield the

same result for o and B, as they must. Values for o’ and B; are given by equations
(1.71) and (1.72), where ng = nig, njy =ny, and 0 =0, .
All the tools necessary to calculate the optical properties of an interference filter

consisting of m layers have now been developed. In the next section these tools are
used to calculate the optical properties of a single layer system.

4.3.5 Single Film System
Figure 4.2 is a schematic drawing of a single film system. Light is incident from a
medium with index of refraction, n,, at angle of incidence, 6,, on to a film of index of
refraction, n;, and thickness, d. The film is attached to a medium of refractive index,
n,.
The matrix equation [equation (4.58)] that relates the tangential E and H fields at
interfaces 0 and 1 is the following.

. cos JC"?—md)l .
Eo 1’11 El
=] s . (4.85)
H,| [ihsing, o, |LH:
c

Therefore, carrying out matrix multiplication,
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where

]::0 = 1::1 cos §, —i—jIA{l

IZI0 = ﬁl cos ¢, -i—j]::l

o, = 2TTcnldcos 0,

c, sing,

n, sin ¢,
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(4.86a)

(4.86b)

(4.87)

And cos 0, is given by equation (4.77) with njg = njg and ny; = ny;. If medium 1 is non-

absorbing so that n, is a real number, cos6, = l—{

Do

o

n,

l——————  d———

m

2
n -
jsmeo.

n

Dy

T ———— T T

©

Figure 4.2.—Single film system.

/

/

®

The magnitude of I:Z] can be arbitrarily set at El =1 so that from equation (4.61b),

>

H, =—2. From equations (4.86a) and (4.86b) the following results are obtained.

C

o
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(4.88a)

200
H =(1— {12 jcosd)1 +j( -
n n, n,
(4.88D)

f (0, n ).
)(:05(|>1+J[ﬁ—2+ﬁ—1jsm<|>l
0

C ~ n
°H0:[1+%
n
()

Thus, using equation (4.66), the reflectance is the following for n_, f
(4.89)

1

and n, all

19

being real numbers (all three layers are non-absorbing).
n,n,—n

p=-
1,12
Using the identities cos’ ¢, = —(1 +cos 2¢1) and sin’ ¢, = —(1 —cos 20, ) equation
(4.89) becomes the following.
82 (R, —fi, )"+ (A5, ~ 7 ) + (52 A2 )(A2 A7) cos 26, ws0)
p= 4.90
82 (R, +1,)" +(A,8, +07) +(82 ~42)(A2 - A2 )cos 26,
Remember, equation (4.90) applies for both p and s polarization where n is given by
equation (4.51a) for p polarization and (4.51b) for s polarization.
Now investigate how p depends upon the phase thickness, ¢,. Assume medium 0
is vacuum (n, = 1) and that medium 1, the film, and medium 2, the substrate, are non-

Also, assume n, = 1.5, which
For normal

absorbing so that n; and n, are real numbers.
approximates silica glass and normal incidence (6, = 6, = 6, = 0).

incidence, fi, =—-, for both p and s polarization. Further, assume all three media are

2mn,d

n
M
non-magnetic so that p, = i} = . As a result, the A is removed from all the n’s in
equation (4.90) for the reflectance, p. For these conditions, results from equation (4.90)
for several values of n;.

for p are shown in Figure 4.3 as a function of
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0.6 T T T T T T T 1

0.5

—
\.N
/m

)
-

Reflectance, p
(=]
w

0.2

0.1

Phase thickness, ¢ 1:2712111 d/A

Figure 4.3 - Reflectance for normal incidence(60=0) into
a Vacuum(n0=1) of a nonabsorbing single film with real
index of refraction, n and thickness, d on a nonabsorbing

substrate with index of refraction, n2=1 S.

The first thing to notice in the results for p in Figure 4.3 are the maxima and

.. n,d m
minima that occur at —— = —  where m = 0, 1, 2, 3,... If n; > n, then p has a
. nd m - n, m
maximum for e = " where m = 1, 3, 5,... and a minimum for e = 5 where

m=0,1,2,3,... Ifn; <ny,, then the location of the maxima and minima are opposite

8

.. n,d
those for the case of n; > n,. The reflectance has a minimum for T = Z where
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. d
m=1,3,5,... and a maximum for % = % wherem=0, 1, 2, 3,... Also, forn; <n,

the reflectance is always less than or equal to the reflectance for n; > n,. When n; =ny,

the reflectance is independent of ¢; [see equation (4.90)]. It can be shown that p = 0

n,dcos B,

. m . . .
can be obtained when = e m being an odd integer, if n, =./n n,

(problem 4.6). Thus, with a single film it is possible to obtain p =0 (t = 1) at a series of

n,dcos0 . .
wavelengths A = ————L where m is an odd integer and n, =,/n n, .

m

0.25 | | | | | | | | |
90=0.
TN
0.2
22.5°
Pt

™~
1

Reflectance, p
\
/

| 45°
0. / // — ~ N \
~
/7
AN
/7 VN
/
0.05 [ 7 ' 56.3° AS S
_,/ // d_-o---\‘- - \\ \
T, ,:" Sl N
_-_/- _n_’-*\“— 63'50 d-"_--..'(': \:“'_
0 R R B T U .Y LA LA N B
/2 T

Phase thickness, ¢1:2nn1dcosﬁl/k
Figure 4.4a) - Effect of angle of incidence, 60 on p polarization
reflectance into a Vacuum(r}) =1.) of a nonabsorbing film with
index of refraction, n1=2. and thickness, d on a substrate with

index of refraction, n2:1.5. cos 6)1:[1.—(no/nl)zsinzeo]l/2
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As Figure 4.3 shows, large reflectance can be obtained for n; > n, if n; is large.
However, currently there are no non-absorptive materials with n much greater than 2.
Therefore, the only way to achieve large reflectance at a series of wavelengths and
large transmittance at another series of wavelengths is by using several layers of
materials with different indices of refraction.

Reflectance, p

/2 T
Phase thickness, (1)1=27tn1 dcosel/K

Figure 4.4b) - Effect of angle of incidence, GO on s polarization
reflectance into a Vacuum(r}) =1.) of a nonabsorbing film with

index of refraction, n1=2. and thickness, d on a substrate with

index of refraction, n2=1.5. cos 61=[1.—(no/nl)zsinzeo]l/2

Now consider how the angle of incidence, 6,, affects the reflectance for the non-
absorbing single film system when n; > n,. Figure 4.4 shows p for both p and s
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o . . 2mn,dcos 6
polarizations as a function of the phase thickness, ¢; = %, for n, = 1.0,

n; = 2.0, n, = 1.5, and several angles of incidence, 6,,.

Comparing Figure 4.4a and 4.4b notice that as 0, increases, the reflectance for s
polarization increases while the reflectance for p polarization decreases. For 6, = 63.5°,
p is nearly a constant for p polarization, and for 0, > 63.5° the dependence on ¢,
changes. Minima of p occur where maxima occurred for smaller angles of incidence.

o mn . .
For p polarization at 6, = 68° and ¢; = - where m is an odd integer, the reflectance

vanishes (p = 0). While for s polarization, p is a maximum. For p polarization at
0, = 56.3° and ¢, = mm, where m is an integer, p = 0. While for s polarization, p is a
minimum (problem 4.7).

. mmn . . .
As just shown, when n; > n,, and ¢; = - where m is an odd integer, p is a

maximum for s polarization, while p = 0 for p polarization at some angle of incidence,

0,s. Thus, the single film system can be used as a polarizer. All the reflected light will
be s polarized when 6, = 0, if n; > ny. If n; <n, and ¢; = % where m is an odd

integer, then p will be a minimum for both p and s polarization. Therefore, n; must be
greater than n, for an effective polarizer.

As Figures 4.3 and 4.4 show, when n; > n, and ¢; = %, where m is an odd

integer, the reflectance can be greatly enhanced. Therefore, the single film system can
also be used as a beam splitter.

When the film is absorptive, the analysis is more complex. Again, the reflectance
is given by equation (4.66). However, now n, will be a complex number and thus ¢ is
also complex. Also, the transmittance, T, must be calculated using equation (4.69).
Using computer software that is capable of treating complex numbers, equations (4.66),
(4.69), and (4.88) can be used to calculate p and 1. However, if 11, and ¢, are written
in terms of their real and imaginary parts then p and 1T are given in terms of only real

numbers. Thus, after a great deal of painful algebra, the following is obtained for p and
1 for the absorbing film,

_a,cosh2¢,, —a, cos 2¢,, —2[a, sin 2¢,, +a, sinh2¢,, |
P b, cosh2¢,, —b, cos 2¢,, —2[b, sin2¢,, +b, sinh 2, ]

4.91)
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A n (a e\l
8n0n2(n1n1 )

1= . . (4.92)
b, cosh 2¢,, —b, cos 29, — 2[b, sin2¢,, +b, sinh 2¢,, ]
where,
_A2.2 A2 2 A onow, )2
a, =fip? +A5p’ + (A4t ) (4.93a)
Ao, \2
a,=a, —2(n1n1 tf) (4.93b)
a; =f, A0 tp, (4.93¢)
a, =fi A0t p (4.934d)
_A2.2 A2 2 A Ak 2
b, =fp’ +;,p] +(A,,t,) (4.942)
fne, \2
b, =b,-2(AA,t, ) (4.94b)
b, =f, A0t p_ (4.94¢)
b, =f A0, t,p, (4.944d)
na" = rA112R + fl121 (4.95)
p. =f.A, +AA (4.96a)
p_=n0,0,-nn’ (4.96b)
t, =f, +1, (4.97a)
t.=n,-n, (4.97b)

d
O = T[nmcm +n11011] (4.98a)
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2nd
iy :T[HIRCII _nllclR] (4.98b)
N
A= DRCr —0yCy A= MR Cy +1,Cx
IR — 2 2 ’ - 2 2
My (clR + Cu) My (CIR +cu)
> p polarization
A n ~ n
A =—2o i, = 2 - (4.99)
u, cos 0, 2 5
n, | .
U, | 1=] —=| sin@,
n, J
N\
. 1 n 1
R :_(nlkclk +n11C11)3 0y :_(anCu _HIICIR)

1 1

> s polarization

i o=—o o A, = J (4.100)

and c;gr = Re[cos0,] and c¢|; = [y[cos0,] are given by equation (4.77) where i = 1. If the
materials in regions 0, 1, and 2 are non-magnetic, then i, = p; = W, and the p terms will
cancel in equations (4.91) and (4.92).

The imaginary part of the index of refraction is a measure of the absorptance of a
material. However, physically the absorption coefficient, a(cm™), is a more useful
measure of the absorptance since intensity ~e™ [see equations (1.40) and (1.41)]. From
equation (1.41), the following is obtained.

A
=— 4.101
47:a ( )

n;

Thus if a ~ lem™ and A *2pum, then n; = 1.6 x 10°. Thus, n; is negligible for a < lem™
for wavelengths in the near infrared, where a TPV system operates.
Equations (4.91) and (4.92) can be used to calculate p and T and ar=1-p- T as

. . — 2mn,dcos© . -
functions of the phase thickness, ¢, = ]TI In this expression 0, =+/n}, +n;,

is the magnitude of n; and cos® =4/c;, +¢;, is the magnitude of cosO;. The phase
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thickness can also be expressed in a different manner. For a single film system to yield
maximum reflectance at some wavelength, A,, when n; > n, the following condition

must be satisfied.

2mn,deosb _ = (4.102)
A, 2
As aresult,
— TA
_TA, 4.103
-k (4.103)

1 T T T T

A2 WA A AT/
\_/ VAVAVAVY.

0.8
3 =4
a 8"
S 5
85 2
T E
2 =

JAVAVATATA!

Magnitude of phase thickness, E)fZﬂild/}» or 71;7»0/27»

Figure 4.5a) - Effect of absorption on reflectance and
transmittance of a single film system for normal incidence
(GOZO), nO:1., n 1:2.—.001j, n 2:1.5. Reflectance p, solid

line and transmittance. T . dashed line.
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0.016 . . . .

0.014
0.012 //\v/
0.01

0.008 /\/

0.006 P/

0.004 //

0.002

Absorptance, o

| | | |
e 21 3n 4n ST

Magnitude of phase thickness, $1=2n-nld/k or nko/Zk

Figure 4.5b) - Effect of absorption on absorptance of
single film system for normal incidence(GOZO), n0:l.,

n =2.-001j,n _=1.5.
1 2

For normal incidence (8, = 6; = 6, = 0) p, 1, and o are shown in Figure 4.5 as
functions of 51 for n, = 1.0, n; = 2.0 - .001j, and n, = 1.5. These results apply for both
p and s polarization. Comparing Figure 4.5a with Figure 4.4, notice that the reflectance
is nearly unchanged by the addition of the small imaginary part (n;; = .001) to the film
index of refraction, n;. The transmittance decreases with increasing $1, which shows
up as an increase in absorptance. The absorptance does not reach .01 until

- A
¢, = 7;}: ~3.7m. Thus for A > /7.4, the absorptance will be less than .01. Only at
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very small A is there significant absorptance. Also, this result is for n;; = .001, which
corresponds to an absorption coefficient, oo > 60cm™ for A = 2.0um. This is a rather
large absorption coefficient for a non-conducting material. Thus, an interference filter
made of several layers of thin film dielectric materials should have small absorptance.
For conductors where n; > 1, however, absorptance will be large.

For 6, > 0 the effect of absorptance is similar to the 6, = 0 case. The reflectance
remains nearly constant while the transmittance decreases as the absorptance increases
for increasing phase thickness, ¢,. This result applies to both p and s polarization.
Also, just as in the case of no absorptance (Figure 4.4), the reflectance increases and the
transmittance decreases as 6, increases for s polarization. For p polarization, the
opposite occurs. The reflectance decreases and the transmittance increases for
increasing 0,,.

When 6, > 0 the sinusoidal dependence of p and 1 on the phase thickness remains

the same as when 6, = 0, if nj; is small. For both p and s polarization, p and T have
maxima or minima occurring for 51 =%, where m = 1, 3, 5, 7,... regardless of the

value of 6, when n; is small. However, if ny; is large, as is the case for conductors at
long wavelengths, then p and 7 no longer behave in a sinusoidal manner as functions
of the phase thickness. If the film is a conductor such as gold or copper, where
n, >n,; at long wavelengths; then n, = —jn,,. In that case the reflectance is the

following (problem 4.12),

_a,cosh2¢, —a,

a, cosh2¢, —b, ™=y (4104
where, ¢, = —%m and
a, = (A3 +#; (A2 +A7) (4.105a)
a, =(A3 -} )(A2 - A7, )+ 4h A7, (4.105b)
b, =(f3 -} )(A2 A} ) - 4A, A4}, (4.105¢)

It can be shown that a; > a,. Therefore, since cosh2¢; > 1 for all ¢, the reflectance can
never be zero.
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4.3.6 Many Layer System for ¢; = Nz or ¢; = Nw/2 and N Is an Odd Integer

As stated in the last section, since ng is limited to values not much larger than 2,
the only way to achieve large reflectance is to use several layers of alternating high and
low indices of refraction. The analysis of the many layer system is algebraically very
complex as the results for p and 1 for even the single layer indicate [equations (4.91)
and (4.92)]. However, with the use of computer software that is capable of matrix
multiplication and complex number algebra, the analysis is greatly simplified.

The tangential electric, E , and magnetic, ﬁo, fields at the front interface are

0

given in terms of the electric ]::m (: 1) , and magnetic, H E: MJ , fields at the last
c

interface by equation (4.58). Each layer, i, of the system is characterized by the matrix,
M, given by equation (4.59). Appearing in M; is the phase thickness, ¢;, given by
equation (4.26) and the effective index of refraction, 1i;, given by equation (4.51a) for p

polarization and by equation (4.51b) for s polarization. Also, cos;, which appears in
the expression for ¢;, is given by equation (4.77). Once the M; matrix for each layer is
established, then matrix multiplication will yield the matrix M, which can be used in
equation (4.58) to obtain E, and H,. The optical properties are then calculated using
equations (4.66), (4.69), and (4.70).

Ideally, the starting point for the design of an interference filter would be the
desired reflectance, p, (or transmittance) dependence on wavelength for a particular
application. Conceivably, once p(A) is known, a set on 2N algebraic equations could be
derived for n; and d; (thickness of layer 1) for the N layer system as functions of p(A) at
2N values of A. However, the system of equations would be non-linear so that
obtaining a solution would be difficult. In addition, as already stated, there are only
limited values of n; to choose from for non-absorptive materials. Therefore, the starting
point is to choose at least two non-absorptive materials; one with a large index of
refraction and the other with a low index of refraction. Besides the index of refraction
requirement, the materials must be capable of operating in the environment of the
application. In the case of TPV, it is desirable to have low vapor pressure materials so
that evaporation is not a problem.

Once the materials are chosen, then some sort of an optimization procedure must
be used to yield p(L) and t() that are as close to the desired p(L) and t(A) as possible.
Thelen[4,5] describes several of these procedures. The commercial software program
TFCALC™ from Software Spectra of Portland, Oregon, includes optimization
procedures. The so-called equivalent layer procedure is described later. However, for

non-absorptive media (ﬁil = O), there are two cases where the matrix [M;] is greatly

simplified and thus p and t can easily be determined. In the first case, if ¢; = Nw, where
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N is an integer, then sing; = 0 and cos¢; = 1. Thus [M] = £[I] so that ]::O = i]::m =1,

and H, =+H_=

As a result, p reduces to the same result as a

single layer system [equation (4.89) or (4.90)] where ¢; = Nm and f, =1i,,,. Also in
this case, p is independent of the indices of refraction, 1, of the layers that make up
the filter. The reflectance depends only on the index of refraction of the surroundings,
n,, and the substrate, ny,.. If n, = n, then p = 0 and T = 1 so that a multi-layer where
¢0; =0, m, 27,... will have large transmittance.

Now consider the case for m non-absorptive layers on substrate, m+1. If
O, =%COSG" = %, where d; is the thickness of layer i and N is an odd integer,

then sing; = £1 and cos¢d; = 0. As a result, [M;] [equation (4.59)] is the following.

0 +%
n.
M]=| . (4.106)
+IN
CO

Therefore, by repeated matrix multiplication the following are obtained,

1

— 0
[M] = [Ml][Mz]... [Mm =| P, m an even integer (4.107a)
0 P,
0 + j—ﬁl‘;‘“
[M] = [M1 ][M2 ] [Mm] = Colme m an odd integer (4.107b)
+J C(:Perl 0
1’1m+l
where,
P = fi‘"’iﬁm’iﬁm’s"'Aﬁl (4.108)
nmnm72nmf4 b I‘12

Now use equations (4.58), (4.61), and (4.66) to obtain the reflectance, p.
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1 1:\lm-ﬁ-l PZ
n " Nr
= A—o A:_,N:1,3,...
P P b == (4.1092)
i m and m is even
h,,
1= n P Nn
p: Ao— (I)A:_,N:l,:;,...
n_. o2 (4.109b)
1+ A : Plfﬁ-l .
fn and m is odd

As equations (4.109) show, p — 1 for either P> — oo or P> — 0. From equation (4.108),
P? can be made to approach either zero or infinity if the indices of refraction of adjacent
layers alternate between high and low values.

Consider the case where every other layer has the same index of refraction when m

A

is an even integer. Thus, fi, , =f,_,=0_,=..0,,and o =1

m-5

A

=n_,=..0,,and

%
P = {—‘] so the reflectance is the following.

p=| ———— m even (4.110)

Therefore, by increasing the number of layers, m, the reflectance can be made to
approach one for either f, >n, or n, <n,. If m is an odd integer and every other

layer has the same index of refraction, the reflectance is the following (problem 4.9).

~ ~ A m
l_nlnz[nl]
no nm+l n2

m odd (4.111)
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Reflectance, p
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Number of layers, m

Figure 4.6 - Effect of even number of layers with alternating
indicies of refraction, n =2.4 and n2=1.35 on reflectance

into a Vacuum(no=1) at normal incidence for an interference
filter with n1d1=n2d2=N?u/4,where N is an odd integer.

Substrate index of refraction, ns=1.5.

Again, by increasing m, the reflectance can be made to approach one. Figure 4.6 is
obtained using equation (4.110) with 0, = 0. It shows the rapid increase in p as the
number of layers, m, is increased for the case of m being an even integer. A similar
result would be obtained for m being an odd integer. In Figure 4.6, n; = 2.4, which
approximates zinc selenide (ZnSe), and n, = 1.35, which approximates magnesium
fluoride (MgF,). If n; = 1.35 and n, = 2.4, then p = 0.13 for m = 2, and p = 0.55 for
m = 4, compared to p = 0.42 and 0.77, when n; = 2.4 and n, = 1.35. However, for

m > 8, the reflectances are nearly the same for both cases (n; > n, or n; <ny).



214 Chapter 4

The reflectances given by equations (4.109a) and (4.109b) apply only when
N A . . . .
o, = TR or n,d; cos, = NZ , where N is an odd integer, A is the wavelength, n; is the

index of refraction, d; the thickness, and 6; the angle of incidence for layer i. Thus for a
given value of 4n;dicosb; , the reflectance at a series of wavelengths,

_4n.d; cos6,

Ay N

N=1,3,5,. 4.112)

will be the same. If a multi-layer film satisfying ¢, :% is designed to yield large

reflectance at a specific wavelength A, then large reflectance will also occur at Ay < A,
given by equation (4.112).

4.3.7 Equivalent Layer Procedure
No matter whether a single layer or a multi-layer filter is being considered, the
characteristic matrix [M] is always 2 x 2.

[M}{m” jmq (4.113)

jm,, My,

Also, the determinant, DET[M] = m;;my, + mjymy; = 1. Therefore, if m;; = my,_ then
[M] for a multi-layer is of the same form as for a single layer [equation (4.59)]. Define
an equivalent index of refraction, N, and phase thickness, y, for the multi-layer as
follows.

cosy=m,, =m,, (4.114)
N=c, [Ho (4.115)
m]Z

Remember, n depends on the polarization and magnetic permeability, u, [equations
(4.51a) and (4.51b)]. However, N can be interpreted as an equivalent index of

refraction for a non-magnetic material (1 = ,) at normal incidence (8 = 0). As a result,

A

N=pN=cpu, |22 (4.116)

o
n112
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Using equations (4.114), (4.115), and DET[M] = 1 the equivalent single layer matrix
becomes the following,

cos %
[M] = s 4.117)
jNsiny sy
CO
where
siny=1-cos’y=m,m, =1-m;, =1-mJ, (4.118)
The equivalent single layer applies only if m;; = my, for the multi-layer. What
conditions must be satisfied for m;; = m,,? Consider a multi-layer made of layers
1,2, 3,..., which has the following structure.
1234... 4321

This is called a symmetrical multi-layer. In this case, the characteristic matrix [M]
obtained by matrix multiplication beginning at the m layer will be the same as the
matrix [M’] obtained by matrix multiplication beginning at layer 1. Also, for each layer,

i, the matrix elements m;, and m), are the same (= cos¢;). If m}, = m), , the following

is obtained.(problem 4.4)

M= = e

my my, || my" omyy m,, my,
m' m || m} m? m,, m (119)
" | my my, n My _|my, myp,
[M]_[Ml][Mz]...[Mm]{ i M 2 2}.{111 ” }
my, 1, || M, My, 21 My

For a symmetrical multi-layer, [M'] = [M]. The only way for this to be true is if
m;; = my,. Thus, a symmetrical multi-layer can be characterized by an equivalent
single layer where the equivalent phase thickness and index of refraction are given by
equations (4.114) and (4.115). The equivalent index of refraction, N, will be a function
of wavelength even if the indices of refraction of the individual layers are constants.
Consider the simplest symmetric layer systems LHL and HLH where L signifies a
low index of refraction material and H a high index of refraction material. Also, the
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2nn.d. )
phase thicknesses of the layers at wavelength A, are ¢, :%:g, so that

o

A .
n,d, cosO, = 4" . The wavelength A, is called the design wavelength. As shown in

. . . T . . .

Section 4.3.5, for a single layer with ¢ = 3 the reflectance will be a maximum if n > ng

or a minimum if n < ng; where ng is the substrate index of refraction. Since
0

A . . A
n,d; cos, = T" the phase thickness of each layer is ¢, = %nidi cosO, = gT Thus,

the characteristic matrix [M], and therefore the equivalent index of refraction, N, and

- A
phase thickness, v, will be functions of A = 7:’ and 21
nL

In Figure 4.7, the equivalent index of refraction, N is shown as a function of A for

the [LHL] and [HLH] systems for M _3and1.78 [n—“:%:l.w} Figure 4.7

nL nL
shows N for only a single cycle of L. The period is 2 so that N(X+2) :N<X).

Notice that N — oo for certain ranges of A. Between the regions where N — +o0 and
N — —oo the value of N is imaginary. As a result, the reflectance, p, approaches one for

A in this range. For both the [HLH] and [LHL] case in Figure 4.7, 0.56 <2 <0.76

when 2 =178 and 0.47 <% <0.83 when “1 =3.0 are regions where p — 1. These
nL nL

regions are called stop bands since the reflectance approaches one in these A ranges.
As the ratio 2 increases the stop bands also increase in size.
nL
Now apply the equivalent layer procedure to design a bandpass filter. For a TPV
system that uses GaSb or InGaAs PV arrays, a bandpass filter that has large
transmittance around A = 1.5um is desirable. Therefore, choose the center wavelength
of the filter to be A, ® 1.5um and require the transmittance to be large for 1.0 < A <
2.0um. Use the symmetric three-layer systems, [HLH] and [LHL], with
np = 1.35(ZnSe) and ny = 2.4(MgF,) to design the filter. From Figure 4.7 for
2.4 _
n_H:E:IJ& the stop bands are defined by 0.56 <A <0.76. Therefore, to
n, L.
A

achieve large reflectance at A = 1.0um, A = I °0 =0.56 and thus A, = .56um for either

the HLH or LHL system.
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20 T T T

[—
W

Equivalent index of refraction, N
S

W

0 ﬁ 1) ! [ Z‘-

0 0.5 1 _15
Dimensionless wavelength, A

Figure 4.7a) - Equivalent index of refraction, N for symmetric

HLH, nonabsorbing systems as a function of A= 7»0/7»,

where ?»O is the design wavelength, and ndcos 91%0/4 for each

layer, where n is the index of refraction, d the thickness
and 6 the angle of incidence of each layer. Solid curve;
nH/nL=3, dashed curve; nH/nL=1.78.

= A
Similarly, for large reflectance at A = 2.0um, A = 2‘6 =0.76 and thus A, = 1.52pum.

. A )
Thus if A, = 0.56um the stop band covers the range XST":@:O%M to

0.76
A< 1.0pm.
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Equivalent index of refraction, N
w

— &

———
. N\
0 0.5 1 1.5 2

Dimensionless wavelength, A

Figure 4.7b) - Equivalent index of refraction, N for symmetric
LHL, nonabsorbing systems as a function of A= ko/k,

where A is the design wavelength, and ndcos 6=k0/4 for each
layer, where n is the index of refraction, d the thickness

and O the angle of incidence of each layer. Solid curve;
nH/nL=3, dashed curve; nH/nL=1 78.

Similarly, if A, = 1.52um the stop band covers the range A > 2.0um to
< A, 152

o

=2.71um . Now choose the following layer configuration,

A 056

s[1.01[LHL]0.37[HLH] 0 A, =1.5um (4.120)
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where s is the substrate (ny = 1.52) and o is the surrounding medium (n, = 1.0). The
numbers1.01 and 0.37 give the design wavelengths of the [LHL] and [HLH] groups in
terms of the center wavelength (A, = 1.5um) of the filter. For the [LHL] group
Ao = 1.01(1.5) = 1.52pm and for the [HLH] group A, = 0.37(1.5) = 0.56pum. Each layer
must satisfy the condition,

ndcosez%O (4.121)

To calculate the reflectance, p, transmittance, T, and total absorptance, ar, of the
configuration given by equation (4.120), equations (4.58), (4.61), (4.66), (4.69), and
(4.70) are applied. A Mathematica [6] computer program, included on the enclosed
CD-R disk, has been written to carry out the calculations. A description of this
program is in Appendix D. For the configuration given by equation (4.120) the
reflectance in the stop bands (0.73 <A < 1.0 and 2.0 <A <2.7) is not large. However,
by repeating the [LHL] and [HLH] groups several times the reflectance increases in the
stop bands. If each group is repeated five times, so that the configuration is the
following,

sjLo1[LHL] 0.37[HLH] o (4.122)

then the reflectance is large in the stop bands and the transmittance is large between
them, as Figure 4.8a shows for 6, = 0.

To increase T in the bandpass region (1.0 <A < 2.0), additional [HLH] groups can
be added between the [LHL]’ and [HLH]® groups, between the substrate, s, and [LHL]®
and between [HLH]’ and the surrounding media, o. These additional [HLH] groups act
as anti-reflection films at A, = 1.5um. Consider the interface between [HLH]® and o.

. . = A
The design wavelength for [HLH] is A, = 0.56um. ForA.=1.5um, A = k—‘) =0.373 and

c

N =~ 1.7 (Figure 4.7a). As discussed earlier in Section 4.2.5 and also problem 4.5, p =0
if the anti-reflection film index of refraction is given by /n N . Therefore, if

N, =4/1(1.7) =1.3, p = 0 between [HLH]’ and o when A = 1.5pum. For N

- A . . .
A= }:’ ~0.48 (Figure 4.7a) so that the desired design wavelength, A,, for the [HLH]

anti anti 13 ’

anti-reflection film is A, = 0.48(1.5) = 0.72um. Repeating the same procedure for the
[LHL]- s and [LHL]® — [HLH]’, interfaces the design wavelength for a [HLH] group
between [LHL]’ and s is A, = 0.78um and between [LHL]® and [HLH]’ is
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Ao = 0.765um. Thus the multi-layer interference filter with A, = 1.5um has the
following configuration.

s‘0.52[HLH]1.01[LHL]5 0.51[HLH]0.37[HLH] 0.47[HLH]‘0 (4.123)

A, =1.5um

Using the program described in Appendix D, the transmittance and reflectance for 6, =
0 have been calculated and the results for T are shown in Figure 4.8b. Comparing
Figure 4.8a and 4.8b it can be seen that the additional [HLH] groups make only a
modest improvement in the transmittance in the bandpass region.

0.6 v

0.4

Transmittance, ©

0.2

0 J J J J
1 2 3 4 5

Wavelength, A pm

Figure 4.8a) - Transmittance, 1, at 6, = 0 of a multi-layer bandpass
filter with center wavelength, A, = 1.5 pm and configuration

s|1.01 [LHL]5.37[HLH]5 |o based on the equivalent layer procedure
using the groups [HLH] and [LHL] where nL:1.35 and nH:2.4.

For the substrate, n S=1 .52 and for the surroundings n O=1 .0.
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The results in Figure 4.8 point out a problem for TPV energy conversion that all non-
absorping interference filters have. Similar to the problem for rare-earth selective
emitters discussed in Chapter 3, at long wavelengths the transmittance becomes large
just as the emittance for the rare-earth emitters also becomes large. Thus, in both cases
the long wavelength radiation, which cannot be converted to electrical energy by the
PV array is a significant loss for the TPV system. Increasing the stop band regions will
extend the regions of large reflectance (problem 4.10). As Figure 4.7 shows the stop

. I . n
bands increase with increasing —- .
n
L

0.8

0.6

0.4

Transmittance, *

0.2

| N~

1 2 3 4 5
Wavelength, A pm

Figure 4.8b) - Transmittance, T, at 6, = 0 of a multi-layer bandpass
filter with center wavelength, A, = 1.5 um and configuration

s|.52[HLH]1.01[LHL .51 {HLH].37[HLH]’ .47[HLH]jo based

on the equivalent layer procedure using the groups [HLH]and
[LHL] where anl 35and n H=2.4. For the substrate, n S=1 52

and for the surroundings n0:1 .0.
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However, as stated earlier, presently no known dielectric materials with large index
of refraction exist. Reflectance and transmittance resulting from the interference effect
have sinusoidal-like behavior. As a result, either large or small p or t within some

. . . 1
wavelength region, AX, means that p or T will be large or small at & multiples of o for

wavelengths within AL. Thus, it is impossible to design an interference filter that will
have T — 1 in some bandpass wavelength region and p — 1 everywhere outside this

region.

4.3.8 Interference Filter with Embedded Metallic Layer

One method for obtaining large reflectance at the long wavelengths is to use a
highly reflecting metallic layer embedded within dielectric anti-reflecting layers. This
approach has been proposed by Demichelis, et al. [7,8] In [9] this type of filter was
used to compare a solar TPV (STPV) system to a conventional directly solar
illuminated PV system.

For most metals, the imaginary part of the index of refraction, n;, becomes large
(> 10) at infrared wavelengths. As a result, the reflectivity into a dielectric is large
[equation (1.110)] at long wavelengths. However, if n; is large the absorptance will
also be large. The absorptance can be minimized by making the metallic layer very
thin. For a TPV filter, the wavelength region, 1-3um, is where large transmittance is
required. In this wavelength region, metals do not have large transmittance. However,
by placing anti-reflecting layers, designed for a particular wavelength, on each side of
the metal, the required large transmittance in a wavelength band around the design
wavelength can be achieved.

Consider a filter designed to have large transmittance in the wavelength region
around A, = 1.5um. Since gold has very large reflectivity (> 0.9) for long wavelengths,
choose it for the metal layer. To attain large transmittance around A, = 1.5um requires
anti-reflecting layers with indices of refraction that match the index of refraction of
gold at A, = 1.5um. If the indices of refraction are the same, no reflection at the metal-
anti-reflecting layer interfaces will occur. Using the equivalent layer procedure,
suitable anti-reflecting layers can be determined.

Using the index of refraction data for gold [10], the following curve fits are
obtained.

n, =1.8717-3.5607% +2.7027A% —0.81284%" +0.127321* —0.0097148)°

(4.124a)
+0.000287051.°

n, =-0.54737+6.91091—0.13307A° (4.124b)
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Where X is in micrometers (um). Equations (4.124a) and (4.124b) are close fits to the
data of [10] except in the region A < 1.0um. At A, = 1.5um, |n|=y/n +n; ~10. For

the symmetric layer group [HLH] in Figure 4.7a where Bu _178 , the equivalent index
nL

. = A . .
of refraction, N = 10 when A= }:’ ~0.78. Thus, if A = 1.5um, then the design

wavelength, A, = 0.78(1.5) = 1.17um. Therefore, placing a gold layer between two
[HLH] groups, with A, = 1.17um for both groups, should yield a bandpass filter
centered at A, = 1.5um with large reflectance for long wavelengths. Using the
Mathematica program described in Appendix D, the optical properties for the filter on a
glass substrate (ny = 1.52) at normal angle of incidence (6, = 0) are calculated. It is
found that A, = 1.17um yields a bandpass region where A, < 1.5um. However, by
changing A, to 1.38um the bandpass region is centered at A, = 1.5um. Therefore, the
filter is designated as follows.

5[0.92[HLH][m]0.92[HLH]o (4.125)

CONFIGURATION FILM THICKNESS, nm

0

Vacuum, n,=1.0
H 143.8
L 255.6
H 143.8
M 25.0

Gold

H 143.8
L 255.6
H 143.8
]

Substrate, Glass

n=1.52

Table 4.1 Layer thickness for embedded metal interference filter of configuration
s|.92[HLH][M].92[HLH]|0. with center wavelength, A.=1.5um. H is
ZnSe(ng=2.4), L is MgF,(n;=1.35) and M is gold. Wavelength
dependence of gold index of refraction is given by equations 4.124.
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The thicknesses of each layer are listed in Table 4.1. Magnesium fluoride (MgF,) is the
low index material (ng = 1.35) and zinc selenide (ZnSe) is the high index material

(nH = 24)

~ -

F

0.8 ,
ARy
s 2 s 06 I | |
(&} (0] (0]
=t Q Q
S o8 §
= O + 0
- °:%¢ |
§ 2 28 04
= <

0.2

2 2.5

N
Vny’/ |

Wavelength, L pm
Figure 9a) Transmittance, absorptance and reflectance for 0<A<2.5 pum

The optical properties as a function of wavelength are shown in Figure 4.9. The
first thing to notice is the large reflectance (p > 0.85) for long wavelengths (A > 2.0um),
which is the desired result. This compares to the opposite, undesirable result of small
reflectance for the long wavelengths of the filter in Figure 4.8. The undesirable feature
of the embedded metal filter is the absorptance resulting from the gold layer. The
bandpass region of the embedded metal filter is also rather narrow, which limits the
amount of convertible radiation that reaches the PV array, thus limiting the power

density of the TPV system.
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Wavelength, A pm
b) Transmittance, absorptance and reflectance for 0<A<10 pm

Figure 4.9 - Performance of embedded metal interference filter
of configuration [HLH]m[HLH] with center wavelength,
%c=1 .5um at normal incidence, 90=O. H has index of refraction,

nH=2.4, L has index of refraction, n L=1.35. Index of refraction

of gold given by equations 4.124a) and b). Thicknesses of layers
given in Table 4.1. For the substrate n S=1 .52 and for the
—_ 0 -=-=---

surroundings n0=1.0. T = P

Now consider the filter efficiency, 1, and total optical properties, T, prr, and oyr.
Apply equations (4.4) through (4.7) to the embedded metal filter of Figure 4.9.
Although the emitter spectral emittance, €g(A), is an important variable in equations
(4.4) through (4.7), assume &g is a constant (a blackbody for example) so that it drops
out of the equations. In that case g, T, per, and ogr can be calculated using the t(}),
pi(M), and agA) data of Figure 4.9. These results are shown in Figure 4.10 as a function
of the emitter temperature, Tg. Numerical integration with A, = 1.9um (E; = 0.65¢V)
has been used to calculate 1. As Figure 4.10 shows the filter efficiency, ngs > 0.5 for
Tg > 1500K, while the total absorptance remains at o = 0.07 over the entire
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temperature range. The embedded gold produces the desired large reflectance (>0.85)
for long wavelengths at the expense of the absorptance loss.

Remember, the embedded metal filter has been designed using the rather simple
equivalent layer method. Using a more precise optimization method would yield
thicknesses for the various layers that would produce a better performing filter.

0.7 T T T T
0.6
0.5
:u-‘
>
Q
5
S 04
b=
o
g
=
0.3
0.2 |
0.1 I J ] J
1000 1200 1400 1600 1800 2000

Emitter temperature, TE K

Figure 4.10a) - Filter efficiency of embedded metal
interference filter of Fig. 4.9 for constant emitter emittance,
€ Limit wavelength for filter efficiency calculation, ?»g=1 Oum.
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Figure 4.10b) - Total reflectance of embedded metal
interference filter of Fig. 4.9 for constant emitter emittance, .

Limit wavelength for filter efficiency calculation, kg:1 Opum.
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Figure 4.10c) - Total transmittance and absorptance of embedded
metal interference filter of Fig. 4.9 for constant emitter emittance,
€ Limit wavelength for filter efficiency calculation, Kg=1 Oum.
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4.3.9 Interference Filter Performance for Angles of Incidence
Greater than Zero
In a TPV system, the radiation incident on a filter will arrive at all angles of incidence.
Obviously, if the filter is designed for 6° = 0, then the optical performance at 8, > 0 will
not be as good as at 6, = 0. Consider the embedded metal interference filter of Figure
4.9. For 0, = 45° the spectral performance of this filter for s polarization is shown in

Figure 4.11.
1 T /I \ T T
0.8 { \ {'
/
s = 2 06
2 s 8
if ¢ |
o0 -0 -
g g =
g2 T 2
g 2 £
&= < 04 \
0.2 ,
|\

1 1.5 2 2.5
Wavelength, A pm

Figure 4.11a) - Transmittance, absorptance and reflectance for O0<A<2.5 um
of embedded metal interference filter of Fig. 4.9 for s polarization at angle

N

of incidence, 902450. 1 ~ P O — = —
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As Figure 4.11a shows, the center wavelength, A., moves to a shorter wavelength but
the transmittance in the bandpass region is changed only slightly from the 8, = 0 case
(Figure 4.9). In addition, the long wavelength performance at 6, =0 and 6, = 45° is
nearly the same. As 0, is increased beyond 45°, the degradation of performance is more

pronounced.
1
0.8
4 =4

g a 3 06

§ ¢ ¢

£555%

Z2°8°%¢g

£ = B8

< &= 172)

=~ ] Ra)
= o~ =z 04
0.2

4 6
Wavelength, A pm

Figure 4.11b) - Transmittance, absorptance and reflectance for 0< A<10 pm
of embedded metal interference filter of Fig. 4.9 for s polarization at angle

of incidence, 60=450. 1 p a ----
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This is illustrated in Figure 4.12 where the filter efficiency, 1, is shown at a function of
0, for both s and p polarization. These calculations are performed using A, = 1.9um

and Ty = 1500K. In the case of p polarization, 1 actually increases for 6, > 80°. For s

polarization, n¢ decreases rapidly for 6, > 50°.

:_4._‘
gf, 0.3 \
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.§ \
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= \
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0 ] ] ] ]
0 20 40 60 80
Angle of incidence, 90 degrees

Figure 4.12 - Effect of angle of incidence, 90 on filter efficiency,

n, for the embedded metal interference filter of figure 4.9

at TE=1500 K. Solid line p polarization, dashed line s
polarization. Limit wavelength for filter efficiency calculation,
kg=l pum.

Figure 4.12 shows that n¢ = 0.5 for p polarization at 6, = 90°. It should be pointed out,
however, that T— 0 and p — 1 as 6, — 90°. Therefore, even though 1 remains finite,

the amount of transmitted radiation is negligible.
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4.4 Plasma Filters

Interference filters generally consist of dielectric materials that have nearly
constant real indices of refraction and negligible absorptance. In this section consider
so-called plasma filters that are made from conductors and semiconductors, which have
both real and imaginary indices of refraction and thus are absorptive. However, the
virtues of a plasma filter are its simplicity and large reflectance.

Semiconductors such as silicon [14], indium gallium arsenide [15], and transparent
conducting oxides, such as indium oxide [16], tin oxide, indium tin oxide, zinc oxide,
and cadium stamnate [17,18] are some possible plasma filter materials. The transparent
conducting oxides have large bandgap energies (> 3eV), which account for their
transparency.

4.4.1 Drude Model

The term plasma filter applies to a class of optical filters whose electrical and
optical properties are approximated by the so-called Drude model. The Drude model
applies when the valence electrons of an atom are considered to be free of the ion core.
The model approximates metals and doped semiconductors where electrons in the
conduction band are essentially free of the ion cores.

The Drude model, will be used to calculate the complex index of refraction, n.
Once n is known the reflectance, p, transmittance, T, and absorptance, o, will be
calculated.

In the Drude model, electrons are treated as a gas of free particles, similar to a
plasma, which is an ionized gas. In a plasma, the electrons have high mobility
compared to the nearly stationary ions. Therefore, results of the Drude model are also
applicable to a plasma. Thus, some of the terms such as plasma frequency, are used in
both the Drude model and in plasma theory.

To quantify the model, apply a transverse electromagnetic wave with electric field,

E, to the electron gas. The electric field causes an acceleration of an electron given by
the equation of motion.

- 2-»
L (4.126)
dt dt

. dr . oL . . .
Where v = E is the electron velocity, T is the electron location, e is the magnitude of

the electron charge, and m" is the effective mass of the electron. The effective mass
accounts for the fact that the electrons are not really free but are affected by the ion
cores. This is discussed in Chapter 5. In addition to the electric field force, the electron

momentum, m’V , is changed by collisions. This momentum change is m’ v/t , where
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7. is the time between collisions. Since collisions reduce the electron momentum the
equation of motion becomes the following.

m 4T _pomdr (4.127)

For a plane wave, the electric field is given by equation (1.10). For wavelengths in the
visible and near infrared part of the spectrum, the electron movement will be much

smaller than the wavelength. Therefore, since k ~% the keX term in equation (1.10)

can be neglected. As a result, equation (4.127) becomes the following,

2— —
%Jri% =— S E e (4.128)
T, m

where the electron location is the real part of the solution to equation (4.128). As a trial
solution, assume T =7 and substitute it in equation (4.128). As a result the

following is obtained.

E
= o (4.129)

. -
om” o7, —j

o

The electron displacement I produces an electric dipole moment, —et, . If the electron

number density is N(m™), the dipole moment per unit volume is the following,

~ . o e B,
P=—eNf =——>> (4.130)
2 JO
0) =
T

where ¢, is the vacuum permittivity and o, is the so-called plasma frequency.

2 N(cm™
o =N =3.182x109¥ sec”? (4.131)
Em m

o

m

€
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In a plasma this is the frequency of the oscillation that electrons experience when they
are displaced from their equilibrium position. It is the Coulomb force between the
electrons and ions that causes the oscillations.
In Chapter 1 [equation (1.5)] the permittivity, &, for a linear medium has been
defined as
e=¢g, +7 (4.132)
where y is the electric susceptibility.

(4.133)

Thus, combining equations (4.130), (4.132), and (4.133) the following result for the
dielectric constant, ¢, is obtained.

E=—=]-—2 (4.134)

Separating € into real and imaginary parts yields the following,

E=%, - g, (4.135)
where
2

. T

B =1—("—§) (4.136)
(o1,) +1

_ T,

g =—"" = (4.137)

m[(mrc ) +1}

For a non-magnetic medium [equation (1.26)], the following relation between & and
the index of refraction, n, applies,

n=+g=n, —jn, (4.138)
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and from equations (1.30),
= & 1°
np =|:E €é+512 +—;j| (4139)

| o= & ]
n, = 5 g, +E —— (4.140)

In order for € and n to have closer agreement with experimental results, make the

following change to &, . Replace the quantity 1 by €_ in the equation for €, . The o

2mc,

subscript is used because this is the value for g, for ® — o, or A = =0. The

0)
justification for this alteration is the following. For @ — oo, or A =0, equation (4.137)
implies that &, =0 and g, =¢_, sothat n, = ﬁ and n; = 0. Therefore, if €, =1, the

normal reflectivity, R, [equation (1.110)] at the medium-vacuum interface,

— 1-n : —
R :%:O. Experimental results for R for ® — oo are finite, therefore
I+n,

justifying the approximation, €, >1. Asaresult, g, becomes the following.

, 2
_z 1_—("’“”';) (4.141)

o= =t (4.142)

Now consider typical values for m, and 1. for metals and doped semiconductors,
which can be described by the Drude model. For metals such as copper and the alkali
metals at room temperature, N ~ 10%cm™ so that for m" = m., where m, is the electron
mass, , & 5 x 10Psec™. Also, for metals 1, ~ 10 sec. Therefore, for these conditions
(mprc)2 ~25x10° > 1. For doped semiconductors, the free carrier density, N, will be
less than for metals. However, N ~ 10*'cm™ is possible, and since m’ < 0.5m, and 7.
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for semiconductors is much large than t. for metals, the approximation w,t, > 1 is
also applicable to semiconductors.

Consider the dielectric constant when (wt,)* > 1. From equations (4.141) and
(4.137) the following results are obtained.

_ _{ [m” _ (x} )
g e, |1-| 2| |=¢,|1-| — (4.143a)
o) A,

1 \2 2
)
a2 gt _2 (4.143b)
0 ) o, A, ) 2me,T,
J
where
2me,
A, =— (4.144)
®

is the wavelength corresponding to the frequency ;. As equations (4.143a) and

<1 the following approximation results.
2mc, T

0o °cC

2
(4.143D) indicate, for (%J > 1 and

p

2 2
g, ~—E, L - |&x|>% for 251 and <1 (4.145)
A A 2mce, T,

p p

Therefore, for this approximation, equations (4.139) and (4.140) yield the following.

n, ~0, n, ~ @[%} (4.146)
P

Thus, the real part of the index of refraction vanishes while the imaginary part of the
index of refraction is a linear function of wavelength. This approximation applies to
most conductors for wavelengths beyond the visible.

An important feature of the Drude model is that €, changes sign from — to + at

some frequency, ®,. This frequency is found by setting equation (4.141) equal to zero.
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2 _
0, =0, —— (4.147)

For most plasma filters, the approximation (OJLTC )2 > 1 is applicable. As a result,

o, ~ o, for(w)z, ) >1 (4.148)

This is a resonance condition. When the frequency of the wave, , is the same as the
natural frequency of the electrons, o/, energy will be transferred from the wave to the

electrons. Thus the absorption will be highest when ® = o, ~ ] , as will be shown in

the next section.

Now consider how the normal vacuum reflectivity, R , behaves in the vicinity of
. 2 .
the frequency ® = @, . Again assume (co;rc) > 1. Therefore, for ® = o, equations

(4.137) and (4.141) yield the following result.
5 =0 and § <l for(o)7,) 1 (4.149)

As a result, from equations (4.139) and (4.140) n, =n, =,/¢,/2 <1 and R=~1. Now

increase or decrease @ a small increment away from | so that @ =) +Aw. In this

case, equation (4.141) yields the following result for (@;TC )2 >1.

2 2
(Q)
g =%, -| —'—| =%, -3, 1:2A—‘?+3(A—‘?) F.. (4.150)
o, TAw () )

p

g, =428, — (4.151)

Thus, if © is greater than ©, , then &, >0 and if o is less than @] then g, <0. Again

for (1:CA0))2 >1 and 0 =0, *A®, & < & so that
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\

= sV
n, ~| YR &R 4.152a
R > T ( )

> 0 =0, *Ao
_\/572 _ _%
R &g

oo | MR B 4.152b
I 2 2 ( )

- - J

Using equation (4.151) in (4.152), yields the following results. For o= +Aw,

2
2€ A - -1
n, » aw'o), n,~0, and R= Tr <l; and for o=0,-Ao, n, ~0,
o, n, +1
2g,A =
n, = 8“’, ® ,and R = n_; =1. Thus, as the wave frequency decreases (wavelength
® n,

increases) from o, the reflectivity R~1. But if the wave frequency increases
(wavelength decreases) from o/ , the reflectivity becomes less than one.
Now consider the rate of change of R for o = o, +Ao. That is, in the frequency

region where n, =0 and R is decreasing from one.

_ _ _ = o3
dR _dR _dR dn, - 2R €, (4.153)
do dAe dny dAe 1-n; | oA0

Thus, for Ao — 0 (0) = m;) the reflectivity is decreasing at nearly an infinite rate. This

is a desirable characteristic for a plasma filter since it will change from R =1 to a low

value of R within a small frequency range around o = o, .

2mc

’
P

For a plasma filter, the frequency =, or wavelength A =A =——" becomes a

design point. In a TPV application, the plasma filter should have R =1 for

h —
A>h, = %, where E, is the PV array bandgap energy, and R =0 for A <A,. Thus,

g

to match the plasma filter to the PV array, the following design condition applies.
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A =0 m ), = (4.154a)

So that,

o o ~E (4.154b)

2mc

[

becomes the design condition for the plasma filter. Using the result, o= o

equations (4.137) and (4.141) can be rewritten as follows,

_ u’?
& =&, l:l—ﬁ] (4155)
ug (1+u )
gu’
T = Ed 4.156
: ui(l—i—uz) ( )
Where
L B TP ST ) (4.157)
ot, 2mc,T, T, (sec)
A A
b= s ke () (4.158)
®,T, 2mc,T, rc(sec)

Thus, &, and g, are functions of the single variable, u, and the two parameters, €, and
u,. Similarly, the real and imaginary parts of the index of refraction, ng and n;, and the

reflectivity, R, are determined by the single variable, u, and the parameters,

up:

and €, . Consider the range of the parameter, u,, for a plasma filter to be
o7
pc

used in a TPV system. For TPV systems, the PV bandgap energies, E,, of interest are

0.5 < E, < 1.1eV (2500 > A, > 1100nm). As a result, equations (4.154) yield the
following results.
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7.6x10" <@, <1.7x10" sec”
(4.159)
250024, 21100 nm
In addition from equation (4.154b) the following is obtained.
20 N 20 -3
1.8x10" < <8.8x10 cm (4.160)

*
— | m
800
m,
*

The quantity €, (mj is the order of 1 for semiconductors. Thus 10*° <N < 10*' cm™,
m

which is within the range attainable with highly doped semiconductors.

Rather than the collision time, t., the more commonly used semiconductor property
is the mobility, p. If the charge carrier (electron or hole) motion is dominated by
collisions, then the acceleration term in the equation of motion [equation (4.127)] can
be neglected and the following results,

dr -
V=—=—uE 4.161
i ( )
where
2
p=te m (4.162)
m Vsec

The equation of motion given by equation (4.161) applies to both electrons and holes in
a semiconductor when a steady DC electric field is applied. The collision time or
mobility is determined by the scattering mechanisms the electrons or holes experience.
Collisions with phonons (quanta of lattice vibration, just as the photon is the quanta of
electromagnetic vibration) and collisions with the ionized impurity used to dope the
semiconductor are the two major scattering mechanisms. For a discussion of scattering
mechanisms in solids, see Chapter 9 of [11].

Semiconductor mobilities range from 10 cm?*/Vsec to 1000 cm*/Vsec [12]. As a
result, from equation (4.158)

T

5.7x107"° < <5.7x107" sec

for (4.163)

10 < p <1000
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Since X <1, equations (4.158) and (4.163) yield the following.
m

(5

5< o7, <1000

4.164
0.2211p >107° ( )

50 — i i 250
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Figure 4.13 - Drude model of the dielectric constant, -a, asa
function of u=A/2n ¢, for several values of the parameter

up=kp/2ncorc. Solid lines are the real part of € and dashed

lines are the imaginary part of &. &, =10.

In Figure 13 the real and imaginary part of the dielectric constant, calculated using
equations (4.155) and (4.156), are shown as a function of u for several values of the
parameter, up. As up decreases, the rate of change of both €, and ¥, increases.
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Now consider the reflectivity for normal incidence, R, as a function of u. Using
equations (4.139) and (4.140) for the index of refraction and equations (4.155) and

(4.156) for &, and ¥ in equation (1.110) for R, yields the results shown in Figure
4.14 for the same values of u, and €, as used in Figure 4.13. For u, < 0.05 the

reflectivity increases to R > 0.9 rapidly in the region where &g = 0, as has already been
shown [equation (4.149)]. This is the desired result for a TPV plasma filter. However,
for u, > 0.1, the rate of increase is less; also, the maximum value of R is much
smaller. Obviously, for a TPV application it is desirable that u, < 0.05. Thus, if
Ap = 2500nm (E, = .5¢V), and u, < 0.05, equations (4.158) and (4.162) yield

*

pn=>46.7 2— cm*/Vsec. Also, for Ap = 2500nm equations (4.143a) and (4.144) yield

€

N=18x10° 5, (2] If &, = 1100nm (E, = 1.1eV) and u, < 0.05, equations (4.158)

m

€

and (4.162) yield u220.5/ M cm¥Vsec and equation (4.154b yields
m

€

5

N=88x10" &, (2] cm”. The effective mass, 2, can vary greatly depending
m

*

mC €
upon the semiconductor (see table 2.2 of [12]). For electrons, 0.01 < M 0.5 and for
mC
holes 0.1 < 2 < 1. The dielectric constant, ¢, , is the order of 10 for most
m

semiconductors. Therefore, to achieve u, < 0.05 for 2500 > A, > 1100nm requires large
mobility (n > 100 cm?/Vsec) and large doping (N > 10%° cm™). At high doping levels
the primary scattering mechanism for the electrons or holes will be collisions with the
impurity dopant. Thus, the collision time, 1., and mobility, p, become inversely
proportional to N [12,13]. This makes it difficult to achieve both large N and p
simultaneously.



Optical Filters for TPV 243

1 | | | |

u =.01
P .05
o i

<
o

/

oz [N u/
\J

0 ! ! ! !
0 0.2 0.4 0.6 0.8 1

u=A/27Cc T
0o C

Reflectivity, R

(]
~

Figure 4.14 - Drude model reflectivity for normal incidence,_R,
as a function of u:k/zTCCO’EC for several values of the parameter

u=A/R2nct.€ =10.
p P [V ©

Now consider the effect of €, on the reflectivity for normal incidence. Figure
4.15 shows R as a function of u for several values of €, . As &, increases, the
transition region for low to high R moves to larger values of u. The rate of change of
R in the transition region decreases only slightly as €, increases. Also, the
asymototic value for u — o is not affected by €, . As far as TPV applications are
concerned, the only major disadvantage of increasing €, is the increase in R in the

area before the transition region. The desirable result is R = 0 in this area.
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Figure 4.15 — Effect of dielectric constant at infinite
frequency (A =0), €, , on the Drude model reflectivity at

normal incidence, R, for up=7up/2ncorc=.05.

4.4.2 Reflectance, Transmittance, and Absorptance of a Plasma Filter
The structure of a plasma filter consists of two layers. A simple plasma filter
consists of a thin film of a conductor or semiconductor on a transparent dielectric
substrate such as glass, which provides the mechanical strength for the filter. For a
TPV application, the film layer has a plasma frequency, o, that satisfies the design

criteria given by equations (4.154). It is also possible to combine a plasma filter and an
interference filter, as is discussed later.
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Since the film layer is thin, interference effects exist. Thus, the same analysis used
in calculating the spectral transmittance, 7 (), reflectance, p(L), and absorptance, o)),
of an interference filter must be applied to the plasma filter. The single film system
treated in Section 4.3.5 applies to the plasma filter. For a single film with a complex
index of refraction, n; = njg — jny;, the spectral reflectance, p(A) and transmittance,
T(A), are given by equations (4.91) and (4.92). Figure 4.16 shows the reflectance, p, as
a function of wavelength, A, for several values of the charge carrier density, N.

1 T T T T
0.8
a 0.6
g
g Lot
S .-
o=
(0]
~ 04
0.2
0 I
0 2 4 6 8 10

Wavelength, A pm

Figure 4.16 - Reflectance, p of a plasma filter at normal incidence
for several charge densities, N as a function of wavelength, A.

Filter mobility, u=100 cmZV'lsec'l, film thickness, d=.25 um,
dielectric constant for L =0, &, =10, effective mass of charge

. * . . .
carriers, m /m =.1, index of refraction of surroundings, n =1.,
[§] o

index of refraction of substrate, ns=1 5.
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The other parameters used to calculate the results in Figure 4.16 are the following; film
thickness, d = 0.25um, film mobility, p = 100 cm2/Vsec, dielectric constant for A = 0,

*

_ . m . . .
e, = 10, effective mass, — = 0.1, index of refraction of surroundings, n, = 1, and
m

€

index of refraction of substrate, ny = 1.5. As Figure 4.16 shows, to achieve large
reflectance at the long wavelengths requires large charge carrier density (N >10%° cm™).
Large N also yields the desirable result of a sharp transition at A = A, from small
reflectance to large reflectance. Notice the oscillations in p resulting from interference
effects.
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Figure 4.17 -Effect of mobility, p on the absorptance of a plasma

filter for normal incidence. Charge carrier density, N =5 x 10 %cm™,
film thickness, d = .25 pum, dielectric constant for A =0, €, =10

effective mass of charge carriers, m/m =.1, index of refraction
(5]

of surroundings, n0:1 ., index of refraction of substrate, n S:1 5.
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In the previous section it has been noted that the Drude model for the dielectric

constant results in a resonance condition where €, =0 when ® = ©, (A =1,;). For A ~

Ap, energy is transferred from the radiation field to the charge carriers of the media at a
fast rate.  This result is illustrated in Figure 4.17 where the absorptance,
a(h) =1—-p(A) — T(A) is shown as a function of wavelength, A, for several values of
the mobility, p, and charge carrier density, N = 5 x 10* cm™>. The absorptance has
been calculated using equations (4.91) and (4.92). Figure 4.17 shows that the
absorptance is significant for p < 500cm®V 'sec”'. Also, the largest absorptance occurs

at A = A,. For the parameters used to calculate Figure 4.17, A, = 1.49um.
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Figure 4.18 - Effect of film thickness, d on the reflectance at
normal incidence of a plasma filter. Charge carrier density,

N=5x10""cm™, mobility, p=100 em®V'sec”, dielectric constant
for A=0, €, =10 effective mass of charge carriers, m*/m=.1,

index of refraction of surrounds, n =1, index of refraction
]

of substrate, ns=1.5.
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Besides mobility, the film thickness, d, also has a significant effect on the optical
properties. Figure 4.18 illustrates the film thickness effect on reflectance, p. As d
increases, the reflectance increases in the region A > A, = 1.49um, reaching a maximum
for d = 0.5um. Also, increasing d produces the desirable sharper transition from small
p to large p in the region around A =~ A,. Increasing film thickness results in larger
reflectance; however, it also results in increased absoptance, o, in the transition region
(A = A, = 1.49um). This is illustrated in Figure 4.19, where a is shown for the same
conditions as in Figure 4.18. Notice that in the region A > A,, the absorptance decreases

with increasing thickness, reaching a minimum for d = 0.5pum.
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Figure 4.19 - Effect of film thickness, d on the absorptance of a
plasma filter at normal incidence. Charge carrier density,

N:5*10200m'3, mobility, p=100 cm2V'1sec'1, dielectric constant
for =0, €, =10 effective mass of charge carriers, m /m=.1,
index of refraction of surrounds, n0=1, index of refraction

of substrate, ns=1 5.
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For a TPV application, a plasma filter should have the following characteristics: a
sharp transition from small to large reflectance for A = A, low absorptance for all A’s,
and large transmittance for A <A,. As Figure 4.18 indicates, the sharp transition and
large reflectance for A > A, can be achieved. However, as Figure 4.19 shows,
significant absorptance occurs at all A’s and significant, undesirable reflectance occurs
for A < A,. For the parameters used to calculate Figures 4.18 and 4.19, it appears that
d ~ 0.2pum is the optimum film thickness for satisfying the conditions for a TPV system.

4.4.3 Efficiency and Total Transmittance, Reflectance, and Absorptance
of a Plasma Filter
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0.25

o
to

e
—
(Y

Filter Efficiency, M,

0.1

0.05

0 ! | | |
1000 1200 1400 1600 1800 2000
Emitter temperature, TE K

Figure 4.20a) - Filter efficiency, n ;
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For a constant emitter emittance, g, consider the filter efficiency, ng defined by
equations 4.4, for a plasma filter with the following characteristics: angle of incidence,
0, = 0, charge carrier density, N = 3.60 x 10 ecm3, mobility, u = 100cm*V 'sec !, film
thickness, d = 0.25um, dielectric constant for A = 0, &, = 10, effective mass of charge

*

. m . . . .
carriers, — = 0.1, index of refraction of surroundings, n, = 1.0, and index of
m

€

refraction of substrate, n; = 1.5. For these conditions, A, = 1.75um [equation (4.144)].
Using the design condition A, = A, = 1.75um, where A, is the wavelength corresponding
to the PV array bandgap energy, numerical integration has been used to evaluate
equation (4.4b).
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Figure 4.20b) - Total reflectance, Per
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Those results are shown in Figure 4.20a. As can be seen, the filter efficiency
increases with temperature but remains low compared to the imbedded metal
interference filter of Figure 4.10. A rather large total absorptance, oyr, as shown in
Figure 4.20c, accounts for the low efficiency. Also, shown in Figure 4.20b and 4.20c
are the total reflectance, psr [equation (4.6)] and total trasmittance, T [equation (4.5)].
The total absorptance is considerably larger than the imbedded metal interference filter

of Figure 4.10c.
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¢) Total transmittance, Tor and total absorptance, o
Figure 4.20 - Optical performance of a plasma filter at normal
incidence for the following filter parameters. Charge carrier
density, N=3.61x102°, mobility, u=100 cm*V 'sec”, film
thickness, d = .25 um, dielectric constant for A =0,g, =10,
effective mass of charge carriers, m’/m = 1, index of refraction
of surrounds, n, = 1, index of refraction of substrate, n, = 1.5.
Limit wavelength for filter efficiency calculation, A, = A, = 1.75um.
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Finally, consider how the efficiency varies with angle of incidence, 6,. Figure 4.21

shows 1 as a function of 6, for the same filter parameters as those used in Figure 4.20.

For s polarization, m; actually increases with incrasing 6,. However, similar to the

embedded metal interference filter (Section 4.3.9) as 6, — 90°, p — I,and T — 0. Asa
result, even though 1 remains finite, the amount of transmitted radiation is negligible.

0.35 | | | |
%
/
0.3 -
—
R /
S-_LH
2 025
3
2
=
(]
8
=02
0.15 \
| | | |
0.1 ¢ 20 40 60 80

Angle of incidence, 60 degrees

Figure 4.21 - Effect of angle of incidence, 60 on the filter
efﬁciency,nfof a plasma filter for the same filter parameters

as Fig. 4.20. Solid line p polarization, dashed line s polarization.
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4.5 Combined Interference-Plasma Filter

As shown earlier, dielectric interference filters have large transmittance in their
band-pass region with negligible absorptance for all wavelengths. However, at long
wavelengths, where large reflectance is required for a TPV filter, dielectric interference
filters fail to meet that requirement. In contrast, plasma filters yield large reflectance
for long wavelengths but also have significant absorptance for wavelengths where large
transmittance is required. If the best aspects of both the dielectric interference filter and
the plasma filter can be combined in a single filter, then a suitable TPV filter results.

By placing a dielectric interference filter in front of a plasma filter, large
transmittance in the band-pass region and large reflectance at long wavelengths can be
achieved. The dielectric interference filter provides the large transmittance band-pass
region and also gives large reflectance in the wavelength region immediately above the
band-pass region where a plasma filter has large absorptance. A properly designed
plasma filter then provides large reflectance in the long wavelength region where it has
much smaller absorptance. The dielectric interference filter acts to “block” the large
absorptance wavelength region from reaching the plasma filter. Such a combined filter
for TPV application was introduced by researchers at Knolls Atomic Power[15,19,20].
Referring to Figure 4.1, the plasma filter is layer m, which lies next to the substrate, and
the interference filter is made up of layers 1 <m <m—1.

Consider an interference-plasma filter that uses the [LHL] and [HLH] groups
discussed in Section 4.3.7 for the dielectric interference filter and a plasma filter based
on the Drude model. Select the center of the band-pass to be A, = 1.5um. To produce a
band-pass region for 1 < A < 2um it is shown in Section 4.3.7 that the design
wavelengths for the [LHL] and [HLH] groups are A, = 1.52um and A, = 0.56um if ny
= 2.4(ZnSe) and n. = 1.35(MgF2). Also, adding an anti-reflection [HLH] group with
Ao = 0.765um between the [LHL] and [HLH] group improves the transmittance in the
band-pass region. Therefore, use the following configuration for the interference filter.

s‘l.Ol[LHL]S 0.51[HLH]0.37[HLH] |o A, =1.5um (4.165)

For the plasma filter, select the charge carrier density N = 5 x 10*° cm

. As Figures
4.16 and 4.17 show, this will produce large reflectance for A > 2um and also confine
the large absorptance region to A < 2um where the interference filter “blocks” the
radiation from reaching the plasma filter. In order to have as small absorptance as
possible, select the mobility u = 1000cm*V 'sec”!, which is difficult to achieve for
semiconductors. Also, choose the dielectric constant for A = 0 to be €, = 10 and

s

charge carrier effective mass M —0.1. The thickness of the plasma layer, d,, can be
m

€



254 Chapter 4

varied to yield the maximum filter efficiency. For the interference filter given by
equation (4.165), the plasma filter thickness that maximizes the filter efficiency is
d, = 0.15um. The various film thicknesses are given in Table 2.

CONFIGURATION FILM THICKNESS, nm
— ~
H 58.3
L 103.7
H 58.3
N~
— N
H 79.7
L 141.7
H 79.7
~
— N 5
L 281.5
H 158.3
L 281.5
Plasma 150.0
s
Substrate, glass
n=1.52

Table 4.2 Layer thickness for interference-plasma filter where the center wavelength,
A=1.5um and H is ZnSe(ny=2.4), L is MgF,(n =1.35). The plasma
layer has a charge carrier density, N=5x10%" cm™, a mobility,
uleOOcsz'lsec'l, a dielectric constant for A=0, &, =10 and an
effective mass for charge carriers, m*/m.=.1.

Figure 4.22 shows the spectral optical performance of the interference-plasma filter
described in Table 2. The plasma layer produces the desired large reflectance at long
wavelengths, which is even greater than the long wavelength reflectance of the
embedded metal interference filter of Figure 4.9. Also, transmittance in the band-pass
region (A, = 1.5um) reaches 0.9 and the absorptance remains low for A > 2um. The
calculations have been made using the Mathematica program described in Appendix D.
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Figure 4.22a) - Transmittance, absorptance and reflectance for 0A<2.5 um
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Figure 4.22 - Performance of interference-plasma filter of
configuration given in Table 4.2 with center wavelength, kc=1 Spm

at normal incidence, 90=0. For the substrate n s=1 .52 and for

the surroundings n =1.0. T p o=-=-=-=--

Using the optical spectral properties of Figure 4.22, the filter efficiency, 1y, and
total optical properties have been calculated using equations (4.4) through (4.7). Figure
4.23 shows these results. The filter efficiency has been calculated using A, = 1.9um as
the wavelength limit for the integration in equation (4.4) and the emitter emittance, &g,
is assumed constant. As Figure 4.23a shows, the filter efficiency reaches nearly 0.7 for
Tg = 1500K. Even at Tg = 1200K the efficiency is greater than 0.55. To obtain these
large efficiencies means that most of the incident radiation is reflected back to the
emitter, as the large reflectance values shown in Figure 4.23b indicate. Note also that
the total absorptance is less than 0.04 for all values of Tg.
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Total reflectance, p
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Comparing the filter efficiencies of the three filters (embedded metal, plasma, and
interference-plasma) one would conclude that the interference-plasma filter is superior.
However, the plasma portion of the interference-plasma filter uses a fictitious
semiconductor material with an optimistic mobility of p = 1000 cm®V 'sec”'. Whereas,
the embedded metal filter consists of real materials. If p is reduced, then absorptance

will increase and efficiency will decrease for the interference-plasma filter.

For
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p =500 cmZV’lsec’l, Ne = 0.55 and for p = 100 cmZV’lcm’l, Nne=0.18 at Tz = 1500K.
This compares to 1; = 0.49 at Tg = 1500K for the embedded metal filter. In addition,
the interference-plasma filter is a much more complex structure, consisting of 34 layers,
whereas the embedded metal filter contains only 7 layers.

There are major issues with the fabrication of all interference type filters. Two of
these issues are precision growth and adherence of the various layers. Whether the
filters discussed in this chapter can be successfully fabricated is a question that cannot
be easily answered and is beyond the scope of this text. However, there is a vast
amount of literature on the growth of thin films such as references [21-23].

4.6 Resonant Array Filters

A periodic distribution of small openings in a highly reflecting material such as
gold is a simple description of a resonant array filter. The characteristic dimension and
spacing of the openings are less than the wavelength of the incident radiation.

In the early 1960’s, metallic meshes with a thickness smaller than the wavelength
were used as filters in the far infrared. Ulrich [24,25] predicted the performance of
these filters with a semi-empirical theory. He found that the measured transmittance
could be fitted with the transmittance calculated for an equivalent transmission line.
This work was extended by several other researchers (for example, references [26-28]).
In the following sections, the transmission line theory is developed and applied to the
resonant array filter. Such filters, which have transmission bands in the near infrared,
are being developed for TPV applications [29].

A complete explanation for a resonant array filter requires a solution to equation
(1.9) with appropriate boundary conditions. This is a difficult problem to solve
analytically. For a single hole in a metallic film where the wavelength, A, is greater
than the hole diameter, d, the transmittance scales [30] as (d/A)*. Therefore, the
transmittance should be small for a metallic film with a periodic distribution of
openings when d/A < 1. However, when an electromagnetic wave is incident on a
metallic film with a periodic pattern of openings, oscillating currents or surface waves
are induced in the film. These oscillating or surface waves then emit radiation, which
has a maximum at a resonance condition A = p, where p is the period of the opening
distribution. In this case the metallic film behaves like an inductor. Therefore, Ulrich
[24] modeled metallic mesh filters in the far infrared with a transmission line shunted
by an impedance that represents the metallic mesh. Thus, the transmission line voltage
reflectance and transmittance yield the optical transmittance and reflectance of the
metallic mesh.

Complementary to an inductive metallic mesh resonant array filter is a capacitive
resonant array filter [24,25]. In this case, a periodic metallic array is deposited on a
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dielectric substrate. The capacitive array acts as a band rejection filter. In other words,
at the resonant condition, A = p, the capacitive array is highly reflecting.

Recent theoretical and experimental research [31-33] has been conducted with
metallic films on dielectric substrates containing a periodic pattern of sub-wavelength
holes or slits. This work has been done in the visible and near infrared and has yielded
an explanation for the optical properties of these films. For narrow slits [33] the
transmission process occurs by two different mechanisms. For very thin films, surface
electromagnetic waves (surface plasmons) are produced as a result of the periodic
distribution of the slits when radiation at the resonant wavelength is incident. At the
resonant wavelength, which is determined by the period of the slit distribution and the
index of refraction of the substrate, the surface waves on each side of the film are
coupled. The surface waves on the substrate side of film then radiate to produce large
transmittance.

For thick films, the slits act as waveguides. At the resonant wavelength incident
light induces currents that flow parallel to the slit walls, having different directions on
the two opposite sides of the slits. At the substrate these waves then account for the
large transmittance. Unlike the surface wave case, the resonant wavelength is not
sensitive to the substrate index of refraction.

Recent research [33] has used an exact solution to equation (1.9) to explain the
optical performance of these filters. However, as stated earlier, the transmission line
model is presented here to obtain the optical properties.

4.6.1 Transmission Line Theory

In a media of permittivity, €, transverse electromagnetic waves are produced
between current carrying conductors. Such a configuration is called a transmission line.
Probably the most common example of a transmission line is a coaxial cable. A coaxial
cable consists of a center conductor surrounded by an outer coaxial conductor with a
dielectric material between the two conductors. All the necessary results required to
analyze a resonant array filter can be obtained by considering the transmission line
shown in Figure 4.24. It consists of two infinite parallel conductors with a media of
constant electric permittivity, €, and magnetic permeability, u, between them. A
current of magnitude, I(z) flows in the +z direction in the top conductor and the same
magnitude current flows in the —z direction in the bottom conductor.
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- — 1

g1t

-— I(z)

Figure 4.24.—Transmission line consisting of two infinite parallel conductors with a
media of electric permittivity, €, and magnetic permeability, i, between the
conductors.

In the media between the conductors, there is no space change or current. As a
result, the electric and magnetic fields must satisfy the wave equation [equation (1.29)].
For the transverse guided waves, assume the following solutions.

E(x,z)=E*(x)e*) (4.166)
H(x,z)=H? (x)e™ (4.167)
The negative sign in the exponent is for a wave moving in the +z direction and the

positive sign for a wave moving in the —z direction. For a wave moving in the +z

direction, E] and H_ apply, and for a wave moving in the —z direction, E_ and H_

apply.
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Notice that these solutions differ from the plane wave solutions in Chapter 1
[equation (1.106)] where the wave amplitudes E; and H: are constants. For the
guided waves, the amplitude varies in the x direction. The electric field has only an x

component for the region between the conductors. As a result, Coulomb’s Law
[equation (1.3)], yields the following result.

VoD = eveb = e 28 2 0 (4.168)
X
Thus, the wave equation is the following.
O’E O’E
=pue 4.169
57 Mo (4.169)
Substituting equation (4.166) for E yields the following dispersion relation.
k=oJue=2=n2 (4.170)
\2 c,

1

Similar to plane waves, v, = is the phase velocity of the wave and n is the index

7]

. c
of refraction, n= —= .
Vo

For equations (4.166) and (4.168) to be satisfied, E,(x) = constant. Thus, the
potential, V(z), is the following,

d d
V(z)= jEi (x,z)dx = j Bl ™dx = vyl ™) (4.171)

o o

where V; =E;d.

Using Faraday’s Law [equation (1.2)] and equations (4.166) and (4.167), the
following result is obtained,

E_Lon_ Cl_uy (4.172)
H k n
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where Z, is the impedance of the media between the conductors. It is the reciprocal of
the optical admittance [equation (1.35)]. The positive sign refers to a wave moving in
the +z direction and the negative sign refers to a wave moving in the —z direction.

Now consider the capacitance and inductance of the transmission line. The
capacitance is defined as follows,

@)
Ml
<o

(4.173)

where Q is the charge (coulombs) on either of the conductors. From the boundary
condition on the normal electric field at a surface [equation (1.43)], the following is
obtained,

eAE =q (4.174)

where AE is the change in the electric field across the conductor and q is the surface
charge density (coul/cm?). Also the boundary condition on the tangential magnetic
field at a surface [equation (1.48)] yields the following,

AH=1] (4.175)

where AH is the change in the tangential magnetic field across the conductor and J is
the current flowing in the conductor per unit length in the y direction.
The capacitance for the infinitesimal length dz is the following.

J

qdy
dC==—dz (4.176)
Y

Using equations (4.174), (4.172), and (4.175), the capacitance per unit length in the z
direction is the following,

(4.177)
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where I(amps) is the current flowing in either conductor. The positive sign applies for
the wave moving in the +z direction and the negative sign applies for the wave moving
in the —z direction.

The inductance of the transmission line for an infinitesimal length dz is the
following.

dL = d—l‘b (4.178)

The magnetic flux, d¢, contained between the conductors is

d d
dp=dz J‘de =pudz J‘de (4.179)

o o

Substituting equation (4.172) for H yields the following result for the inductance per
unit length.

d
a0 _, u J'dez_i_ (4.180)

The ratio of equations (4.180) and (4.177) yields the following key transmission line
result.

dL

_— 2 2
dz _ B (V) _(V)_n
s (V) (V). sy

dz

The ratio of the potential, V, to the current, I, is the characteristic impedance of the
transmission line. Thus,

%: +7 (4.182)

where the positive sign refers to the wave moving in the +z direction and the negative
sign refers to the wave moving in the —z direction. Using equation (4.171) in (4.182),
the following result is obtained for the current.
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1(z) = V7°ej<“"*‘”> (4.183a)
1(z) = —%e“w‘*kz) (4.183b)

Equation (4.183a) applies for a wave moving in the +direction and equation (4.183b)
applies for a wave moving in the —z direction.

Equations (4.171) and (4.183) are the voltage and current solutions for a
transmission line that are required to determine the optical properties of a resonant
array filter. In the next section, these solutions are applied to the equivalent electrical
circuit for a resonant array filter.

4.6.2 Transmission Line Equivalent Circuit for Resonant

Array Filter
—» 1, —» I
- Z. l _ Z.
Z n Z Z ny
Ig
-] -], .
z=§ z

Figure 4.25.—Equivalent circuit for resonant array filter.

As discussed earlier, the resonant array filter can be modeled by a transmission line
that is shunted by an impedance, Zy, representative of the filter. Thus, the equivalent
circuit for the filter is shown in Figure 4.25. To the left of Z; the transmission line has
impedance Z;. This impedance represents the dielectric media that contains the
incident radiation. Referring to equation (4.172), the impedance can be written as

V4 . . . o
Z, =—= where Z, is the impedance of a vacuum. To the right of Z; the transmission
n,

0

line has impedance Z, =—=>
n
2

In this case, Z, represents the dielectric media that

contains the transmitted radiation.
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In media 1 there is both an incident wave and a reflected wave. Thus, using
equations (4.171) and (4.183), the voltage and current in media 1 are the following.

V, (2) = Ve 4 yeler) (4.184)
V+ j(ot=k;z V7 j(ot+k,z
II(Z):Z—"]eJ(“" . )—7‘”6( ) (4.185)

1 1

In media 2 there is only a transmitted wave that originates at z = §. Therefore, the
voltage and current are the following.

V, (2) = Vielore )] z>¢ (4.186)
L,(2)= %e{“‘*kz(ﬁ” z2¢ (4.187)
2

At z = £ the voltage must be continuous. As a result,
—ikE — +jkE _ —jo
Vie M+ Vv et =V =Z e ™ (4.188)
where Z; is the voltage across Z;. Also, at z = § current continuity must exist so that,

L (i) =1, (‘2)*’ I

V_;r]e—jkli _Ee—jklg _ V_Jz+ Ife—jmt (4.189)
Z Z

1 1 2

Z Z
Combining equations (4.188) and (4.189) and using Z, =—= and Z,=—=, the

1 nZ

following result is obtained for the voltage transmission coefficient, t.

v 2n, (?j
t=—2 = v/ ik (4.190)
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This is also the electric field transmission coefficient [see equation (4.171)]. As a
result, using equation (4.67), the filter transmittance is the following,
n,E’, ()
TEL(‘J:I]_%[‘[* (4.191)

nE; (Egl )*

n,

where * denotes the complex conjugate. The impedance can be split into real

(resistance), Ry and imaginary (reactance), Xy, parts so that Z; = Ry + jX;. Therefore,
substitution of equation (4.190) in (4.191) yields the filter transmittance.

e NGO

= . : (4.192)
{1 +(n, +n2)(§fﬂ +(n, +n, )2 ()Z(fj

Similar to the transmittance, the reflectance can be obtained from solving equations

\Y/
4.188) for —
( ) v

(problem 4.16).

+
ol

e va(vo) {1+(n2—nl)§f}2+(n2_n1)2[)z(sz

p125+ N v sz sz
E°1(E°‘) Vo (V"‘) {1+(n2+nl)zf} +(n2+n1)2 (ij

©

(4.193)

©

Notice that the symbol for reflectance has the subscript 12, since this is the reflectance
when the incident radiation is in media 1. From equation (4.193) it can be seen that
P12 # P21, Where po; is the reflectance if the incident radiation is in media 2. Equation
(4.192) shows that the transmittance is the same in both directions. Using equations
(4.192) and (4.193), the absorptance can be calculated.

(4.194)
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Thus, if the filter impedance is only reactance (Ry = 0) there is no absorptance. This is

similar to an electrical circuit that has no I’R resistance loss if R = 0.

Equations (4.192) through (4.194) give the optical properties in terms of the filter

resistance, R¢, and reactance, Xy For a metallic mesh like that shown in Figure 4.26,

where the mesh thickness is much less than the wavelength, resistance and reactance

results are given in [28].

A Tr1r 1l

N

Figure 4.26.—Metallic mesh filter with period, p, and

hole spacing, s, and thickness, d.

-1
X
_f:_Bln COSeCTC_S ﬁ_L
zZ. A 2] A A,

=

c lone,c, p _ 289 p

N

_w A 4s fios c{—

A>d
> A>p>s

(4.195)

(4.196)

Appearing in equations (4.195) and (4.196) are the gird period, p, and the mesh

spacing, s, the permittivity of vacuum, &, the vacuum speed of light, c,, the

conductivity of the metal, 5, and the wavelength, A. As equation (4.195) shows, when
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A = A, the reactance, Z—‘—) oo . This is the resonant condition for the filter. The

©

resonant wavelength of the mesh, A,, is the following,

2 2
by = /&2“2 (4.197)

where A, is the resonant wavelength for a metallic mesh in a vacuum. For this case

Ulrich [25] found that A, = p. Therefore, the resonant condition can be approximated

2 2
hy %P /nlzﬂ (4.198)

At resonance the transmittance is a maximum. Equation (4.192) yields the following

as follows.

X
result when Z—f >0,

o

4
Tyax = ——2 fork =2, (4.199)
(n, +n,)

This is just the transmissivity that occurs for normal incidence at an interface between
two dielectrics with indices of refraction n; and n, [equation (1.111)].

4.6.3 Metallic Mesh Filter
Consider a metallic mesh filter like that shown in Figure 4.26. The starting point to
design a filter is the resonant wavelength condition [equation (4.198)]. Maximum
transmittance occurs at the resonant wavelength, A,. As a result, for a bandpass filter
with a center wavelength, A,, equation (4.198) determines the period, p, of the filter.
Consider a bandpass filter in vacuum centered at A, = 1.5um consisting of a metallic
film on a sapphire substrate. For vacuum n; = 1 and for sapphire, n, = 1.75. As a

result, equation (4.198) yields p = 1.05um. Assume that the spacing, s=2.

2
Therefore, s = 0.53um.
Figure 4.27 shows the transmittance reflectance and absorptance for this filter
using a gold conductivity of 6 = 4.55 x 10°chm 'em'. Equations (4.192) through
(4.196) are used to make the calculations. Large reflectance (> 0.9) for A > A; and low
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absorptance are major virtues of this filter. The transmission bandwidth is larger than
the embedded metal interference filter (Figure 4.11) or the interference-plasma filter
(Figure 4.22).

\ 7

0.6{"\

0.4

Transmittance, T
or

Reflectance, p
or

Absorptance, o

4 6
Wavelength, L pm

Figure 4.27 - Optical properties in vacuum of resonant array

bandpass filter consisting of a gold film( 0=4.55x10° ohm'lcm'l)
on a sapphire substrate(n2=1 .75). Center wavelength of filter,

kf=1 .Sum so that hole period, p=1.05 um. Assumed hole

spacing, s=p/2. T p o— — —

This bandwidth can be reduced by increasing the ratio S This is illustrated in Figure
p

4.28, where the transmittance is shown for three values of S (0.25, 0.5, 0.75) for the
p
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same filter design as in Figure 4.27.

Wwith >
p

Chapter 4

= 0.75 the bandwidth becomes

comparable to the bandwidth of the embedded metal and interference-plasma filters.

0.8

e
foN

Transmittance, T

oo p

6

Wavelength, A um

8 10

Figure 4.28 - Effect of hole spacing, s on the transmittance,

T, in vacuum for a resonant array gold(c$=4.55x105 ohm'lcm'l)
film on a sapphire substrate(n2=1 .75). Hole period,

p=1.05 um(kf=1.5 pm).
s/p=.75

s/p=.5

o//P_.ZS

with > = 0.75, the hole size, h = p —s = 0.25p. Thus, if p = lum, then h = 0.25um.
p

Producing a metal film with holes this small in a regular pattern with a period, p » 1um
is a formidable fabrication problem. One method for making the array film is to



Optical Filters for TPV 273

fabricate a silicon stencil using ion-bean lithography. Then, using this stencil to mask a
gold film the array pattern is etched with a proton beam[29].

The resonant array in Figure 4.26 consists of square holes. However, most
resonant array filters in the mid to far infrared have wused cross-shaped
openings [27,34,35]. In this case it has been found experimentally [34,35] that the
resonant condition can be approximated as follows,

2
2 (4.200)

where L is the length of each arm of the cross. Comparing equation (4.200) with
equation (4.198), 2L has replaced the period p in the resonant condition. The
bandwidth for the cross configuration depends upon the ratio of the cross thickness to
the spacing distance of the crosses [35]; whereas for the square hole configuration the

bandwidth depends upon the ratio s (Figure 4.28).
p

For TPV applications [29] in the near infrared, the cross configuration is being
developed. So far, in the TPV resonant array filter research, peak transmission has
been less than 0.7[36] for narrow bandwidth filters. This compares to theoretical
maximums greater than 0.9 (Figure 4.28).

Now consider the film efficiency and total transmittance, reflectance, and
absorptance of the resonant array filter of Figure 4.26. Assume a constant emitter
emittance, gg, and the spectral properties shown in Figure 4.27. Then use equations
(4.4) through (4.7) to calculate the total optical properties. These results are shown in
Figure 4.29. Compare the efficiencies of the embedded metal interference filter (Figure
4.10a) and the interference-plasma filter (Figure 4.23a) with the resonant array filter
efficiency. The resonant array filter has a greater efficiency than the embedded metal
interference filter but a smaller efficiency than the plasma-interference filter.
Remember, however, that these are theoretical results. The real efficiency of the filter
will be strongly dependent upon the fabrication process.
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Figure 4.29a) - Filter efficiency, n o of resonant array filter of
Fig. 4.27 for constant emitter emittance, € Limit wavelength

for filter efficiency calculation, %g=1 Oum.
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Figure 4.29b) - Total filter reflectance, p - of resonant array filter
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4.7 Spectral Control Using a Back Surface Reflector (BSR)

Probably the simplest method of spectral control is the use of a highly reflecting
surface, such as gold, behind the PV array. The back surface reflector (BSR) reflects
the photons not absorbed by the PV array back toward the emitter in a TPV system.
For the BSR method to be successful, the PV material must have low absorptance for
photon energies less than the PV material bandgap energy, E,. These are the photon
energies that cannot be converted to electrical energy by the PV array and must be
reflected back to the emitter for an efficient system. As a result, the BSR method is
only applicable to PV cells that are fabricated on non-absorbing substrates.

In a conventional PV cell the substrate serves as an electrical contact and must,
therefore, have large electrical conductivity. For a semiconductor, large electrical
conductivity is achieved by adding charge carriers (electrons or holes), which is called
doping and is discussed in Chapter 5. However, the added charge carriers results in
free carrier absorptance. In section 4.4.1, the Drude model is applied to doped
semiconductors to obtain an index of refraction that has an imaginary part, n;. Thus, the
semiconductor is absorptive [equation (1.41)].

One method for eliminating the use of a conducting substrate is to make electrical
contact to the PV array on the front surface. Thus, an insulating substrate can be used
that has small absorptance. This scheme is used in the so-called monolithic
interconnected module (MIM) device [37, 38].

4.7.1 Efficiency of a Back Surface Reflector (BSR) for Spectral Control
The filter efficiency expression given by equation (4.4) does not apply when a BSR
is used for spectral control. However, the general definition given by equation (4.1)
still applies if the word “filter” is replaced by “PV array” in the denominator and the
word “transmitted” is replaced by “incident” in the numerator of equation (4.1).
Therefore, the BSR efficiency is the following,

Ay

J‘qid%

Mpsr =0 (4.201)
Jaar- o

where q; is the incident radiation flux and q, is the radiation flux reflected back toward
the emitter. The incident radiation is given by equation (4.3). However, to determine
Jo, a radiation transfer analysis must be performed.
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In Chapter 6 radiation transfer theory is presented and applied to a TPV system.
One of the results [equation (6.22)] can be used to calculate the reflected flux, q,, for
the BSR model shown in Figure 4.30.

— Back surface

PV material ™, ]/ reflector (BSR)

,,:\...,»7'\,
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Figure 4.30.—Model used to calculate efficiency of
back surface reflector (BSR) for spectral control.

The PV cell consists of several layers of different materials deposited on a substrate.
However, the model lumps the optical properties of the PV cell into three quantities:
Ry, the reflectivity at the vacuum-PV interface; R.g, the reflectivity at the PV-BSR
interface; and t., the internal transmittance of the PV material. From equation (6.22)
the following is obtained for q,,

RCB (1 - Roc )2 ti
q, =q;| R, "I RR (4.202a)
ocTcBre
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where the internal transmittance, t, is given by equation (6.21),
t, =2E,(K.d) =2E,(x,) (4.202b)

where E3(x) is the third order exponential integral [equation (3.16)], K, is the extinction
coefficient of the PV material of thickness, d, and optical depth k. = K.d.
Substituting equation (4.202) in (4.201) yields the following.

A

g

J.qid%

o (4.203)

Mesk = = R C(1_R V'
t —
Iqi l_Rac - < C( OC2) d>\‘
1_RocRthc

For an efficient PV cell, all the photons with energy greater than the bandgap energy,

h
E, = % , will be absorbed. As a result, for 0 <A < A,, t. = 0. Also, for an efficient
g

PV ecell, R, «1. Asaresult, equation (4.203) can be approximated as follows.

e

'[Qi da

sk ~ 7 — (4.204)
I q.d+ jqi [1-R,t2 |dn
o A

2

Notice that ngsg depends upon l—Rthf, which must be small if npgg is to be large.
However, since R;g < 1 and t. < 1, the product chtf does not approach 1 unless t. ~ 1

and Rz = 1. Thus, for A, < A < oo, the PV material must be nearly transparent (t. = 1)
and the reflectivity at the PV-BSR interface must be large (R ~ 1) in order for nggr to
be large. The radiation that is incident and then is reflected back to the emitter passes
through the PV material twice. As a result, the t. term is raised to the second power.

If equation (4.3) is used for q; in equation (4.204) and constant emitter emittance,
€g, 1s assumed, then mpgr is the following.
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Ay

J-eb (7“’ T )dk € = constant
T]BSR = lg = - tc = 0 f()l” 0 < )\. < }\‘g (4205)
Ieb (A, T, )dr+ I[l—Rthi]eb (A, T, )dn R, <1

o Ay

Although R¢s and t. depend upon A, assume they are constant for A, < A < 0. As a
result,

Fo—)»gTE Fo—?»gTE

=Ry t2[1-F, 1 | T 1-4RE (x, )1-F, x|

(4.206)

MNpsr =

where F, ; ; is defined by equation (1.137).

Figure 4.31 shows mpsg as a function of the dimensionless bandgap energy,
E h

e =% , for k. = 0.01 and several values of R.g. In most cases, the range of
kT, kAT

g

E
dimensionless bandgap energies is 4 <—=<6. As Figure 4.31 indicates, for this
E
£, the efficiency decreases rapidly with increasing —>. The rate of
E E

range of

E
decrease increases as R.g decreases. In order to achieve npsg > 0.6 for — =~ 6, the
E

reflectivity at the substrate-BSR interface must be greater than 0.9.
The results in Figure 4.31 are calculated using a small value of the optical depth,

E
K. = 0.01. In Figure 4.32, the dependence of nggr on ¥, is shown for — =5 at
E

several values of R.g. As R p increases, the efficiency becomes more sensitive to the
optical depth. To achieve ngsg > 0.6 requires Rz > 0.9 for k. = 0.04. If k. =0.01, then
TNgsr > 0.6 can be attained for R.g = 0.8.
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Back surface reflector(BSR) efficiency N,

N

NI
N

] ] ] ]
0 2 4 6 8 10
Dimensionless bandgap energy, Eg/kTE=th/kkgTE

Figure 4.31 Effect of reflectivity at substrate-BSR
interface, RC . back surface reflector(BSR) efficiency,

Nasr for optical depth of PV material, KC=.01. Results

assume &, RCB and K are independent of wavelength, A.
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0.9 T T T T

Back surface reflector(BSR) efficiency N,

| | |
0 0.02 0.04 0.06 0.08 0.1
Optical depth of PV material, KC=KCd

0.3 !

Figure 4.32 Dependence of back surface reflector(BSR) efficiency,

Nper O0 the optical depth of PV material, KC=KCd for dimensionless

bandgap energy, Eg/kTE=5 at several values of the reflectivity at the
substrate-BSR interface, RCB. Where KC is the extinction coefficient

and d is the thickness of the PV material. Results assume emitter
emittance, € R B and ¥ o are independent of wavelength, A.
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4.8 Summary

Spectral control by reflecting photons with energy, E < E,, where E, is the bandgap
energy of the PV array, back to the emitter is discussed in this chapter. In particular,
five different filters plus a back surface reflector (BSR) on the PV array are considered.
The chapter begins by defining a filter efficiency, ng, [equation (4.1)] and then proceeds
to develop the theoretical tools necessary to calculate the optical performance of each
of the six methods of spectral control.

For multi-layer interference filters, a matrix theory has been developed. Results
for the transmitted and reflected electric and magnetic fields are derived in matrix form
by satisfying boundary conditions at the interfaces between layers. The final matrix
results that relate incident fields to transmitted fields are given by equations (4.58)
through (4.60). These results for the electric and magnetic fields can then be used to
calculate the optical properties [equations (4.66), (4.69), (4.70)].

The equivalent layer procedure for designing an interference filter has been
presented [equations (4.114) through (4.116)]. It has been used to design an all-
dielectric interference filter and also a dielectric interference filter with an embedded
metal. The all-dielectric filter suffers from low reflectance for long wavelengths,
whereas, the addition of a metallic layer produces large reflectance at the long
wavelengths.

So-called plasma filters, which are made from metals and doped semiconductors,
has been treated using the Drude model. This model is used to determine the dielectric
constant, € [equations (4.137) and (4.141)] and the index of refraction, n [equations
(4.139) and (4.140)]. The optical properties of the plasma filter are calculated using
equations (4.91) and (4.92). The virtue of a plasma filter is large reflectance for long
wavelengths. However, plasma filters also have significant absorptance. By combining
a dielectric interference filter with a plasma filter, large transmittance within a
prescribed wavelength band can be obtained as well as large reflectance in the long
wavelength region (Figure 4.22).

Interference filters have fabrication issues. Two significant ones are precision
growth and adherence of the various layers.

Resonant array filters consist of a metallic film with a periodic pattern with period,
p, of small holes or crosses with characteristic dimension, L. The condition of p < A
and L < A makes fabrication of these filters difficult. A transmission line theory has
been presented for calculating the optical properties.

A back surface reflector (BSR) on the PV array is the simplest spectral control
method. However, a non-absorbing substrate for the PV array is required to make a
BSR feasible. High efficiency requires large reflectivity at the substrate-BSR interface
(Reg > 0.9) and small optical depth of the PV material (k. < 0.01).
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The theoretical filters for spectral control discussed in this chapter are all
candidates for TPV application. Remember, however, it is the fabrication process that
will determine if experimental performance can be attained that matches the theoretical
performance presented here.
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Problems

4.1 Derive the matrix relation for ]::(H) and }AI(H) in terms of Ei and ﬁi given by
equation (4.57).

42  Show that the reflectance defined in terms of the tangential fields E! and
I:ZL_ and the reflectance defined in terms of the total fields E; and E‘O_ are
equal for a multi-layer filter.

43  Show that the transmittance, t, defined in terms of the total fields E! , and
E. and the transmittance, 1, defined in terms of the tangential fields E,,
and Eof are related as follows for a multi-layer filter,

tcosb,,,, =Tcos,
where 6, is the angle of incidence for the incident light and 0,,., is the angle of
the transmitted light.

4.4 For N 2 x 2 matrices of the following form,

A _ a;] a;Z h i i
L= ) where a,, =a,,

"olal al
21 22

show that

a a
22 12
AAy A, =
aZ] all

where

a4y ay

a a
AAA,. A { ! ”}
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4.5
4.6

4.7

Using equations (4.74) and (4.76) obtain the result given by equation (4.77).
For a single, non-absorptive film with index of refraction, n;, and thickness, d,
on a non-absorptive substrate with index of refraction, n,, where n; < n,, the

reflectance, p, into a vacuum (n, = 1) at normal incidence (6, = 0) has a

- d m . . . .
minimum for n, — = " where m is an odd integer and d is the film thickness

and A is the wavelength (see Figure 4.3). Show that if n, % = ? , where m is

an odd, integer, that p=0if n, =/nn, .
Show that for a single non-absorptive film with index of refraction, n;, on a
non-absorptive substrate with index of refraction, n,, that the reflectance, for p
polarization into a non-absorptive medium with index of refraction, n,,
vanishes (p = 0) for the following conditions.

27n,d cos 6
a) ¢]=%:mn m=0,1,2,3,...

n,

[ 2 2
n0+n2

for the angle of incidence, 6,, sin6, =

Forn,= 1 and n, = 1.5, calculate 0,,.

_ 2nndcosO, =

b) o =———=—m m=1,3,5,7
1 b b 2 b
A 2
and
) Vb* —4ac-b
cos” g, =———
2a
where
.2 6.2
a=1n, —n,n,
_ 2 4 2 2
b=1-n;, —2n; n;, (l —ncl)
2
_ 2.2 2
C__noln21(1_nol)
n n n
— o — _ 0 _ 2
n, = ’ n,=—, n, =—
1’1] n2 nl

Forn,=1,n,=2, and n, = 1.5, calculate 0,,.
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4.8

4.9

4.10

4.11

4.12

4.13

Chapter 4

For a single non-absorptive film of index of refraction, n;, and thickness, d, on

a non-absorptive substrate of index of refraction, n,, show that the reflectance,

p, into a non-absorptive medium of index of refraction, n,, vanishes (p = 0) for
2mn,dcos 6

all phase thicknesses, ¢, :T]for p polarization if n; = n,

n . . .
andtan0, =—%, where 0, is the angle of incidence at the film-medium
n

interface. In this case, 0, is just the Brewster angle, which is the angle of
incidence for a single interface that yields p = 0 for p polarization and p # 0
for s polarization.

Consider a multi-layer interference filter of m non-absorptive (n; = 0) layers,
where m is an odd integer and alternating layers have the same index of
refraction (n; = n3; =ns = ..., n, = ng = ng = ...). For the phase thickness,

0, = % , for all layers, where N is an odd integer, show that the reflectance is

given by equation (4.111).

A multi-layer bandpass interference filter uses the layer groups [HLH] and
[LHL] where H indicates a high index of refraction material, nyg, and L a low
index of refraction material, n.. Using Figure 4.7, estimate the design

wavelengths, A, for the [HLH] and [LHL] groups if D _ 3 and the center

L
wavelength of the filter is A, = 1.5um.
Calculate the thicknesses for normal incidence (6, = 0) of each of the layers of
the [HLH] and [LHL] groups that make up the interference filter given by
equation (4.123). The indices of refraction of n, = 1.35 and ny; = 2.4.
For good conductors at long wavelengths, such as gold and copper, the index
of refraction can be approximated as purely imaginary, n = - jn;. If n; = - jn;;
for a film on a non-absorptive substrate show that the reflectance is given by
equation (4.104).
Show that the filter efficiency, m; defined by equation (4.4) can be

approximated as follows,
T Tir

L Tep + 0y :l—pﬂ

if the ratio of the power transmitted in the wavelength region A, < A < oo to the
total incident power is much less than ter. Where t¢r, psr and oy are given by
equations (4.5) through (4.7) and A, is the wavelength corresponding to the
PV array bandgap energy, E,
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4.14

4.15

4.16

4.17

4.18

Use the Drude model results for the dielectric constant € [equations (4.135),
(4.137), (4.141)] to obtain the vacuum normal reflectivity, R, for the two
limiting cases, ® — 0 (A — o) and ® — o (A —0).

Derive the result given by equation (4.153),

dR N 2R 2e

do  1-np |0 A®

where o = (o;, +Aw.

Determine the reflectance, p [equation (4.193)], for a resonant array filter by

solving equations (4.188) and (4.189) for X": and using the definition of

ol
—v;l (V;l )* ,and Z;= Ry +ij.
Vi (V)

A major fabrication problem for a resonant array filter is the very small sized

reflectance, p,, =

periodic pattern required. The period, p, and spacing, s, must be smaller than
the wavelength, A. For the metallic mesh filter of Figure 4.27, a sapphire
substrate (n, = 1.75) is used. If a magnesium fluoride substrate (n, = 1.35) is
used, how much larger would p and the maximum transmittance, Tyax, be than
p and tyax for the sapphire substrate used?

Using equation (4.205) derive the efficiency, ngsg, for a back surface reflector
(BSR) in terms of the F,,r function [equation (1.137)] for the case where

(l—RCgtz) is a constant for A, <A <A, and Rt} <1 for A, <A <oo. Use

the result given in problem 1.14 for Fo-AT to calculate mgsg for

h h
U, =—2 =5 and u, = -2 when Rl =09 for Ay < A < Ao
© T, AT,

Compare this result for ngsg to the result for ngsg when Rthz =09 for

Ag < A < oo [equation (4.206)] and u, = 5. What conclusion can be made based
upon this comparison?
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Chapter 5
Photovoltaic Cells

In a TPV system, the PV array is the major component since it converts the thermal
radiation into electrical energy. In 1839, the photovoltaic effect was discovered by
Becquerel [1] who observed that a voltage was produced by the action of light on an
electrode in an electrolyte solution. Modern photovoltaic research began in 1954 when
Chopin, et. al. [2] reported 6% conversion efficiency for a silicon PV cell under solar
illumination. Since then there has been a numerous amount of solar PV research. Much
of this solar PV research has been reported in the Proceedings of IEEE Photovoltaics
Specialists Conferences that began in 1962. Many books have also been written on PV
fundamentals and applications. Several are listed in references [3] through [8].

The solar PV research has concentrated on semiconductors such as silicon, Si, and
gallium arsenide, GaAs, all of which have large (> 1eV) bandgap energies. However,
TPV applications require low bandgap semiconductors. Therefore, most of TPV
photovoltaic research has concentrated on semiconductors such as gallium antimonide,
GaSb, indium gallium arsenide, InGaAs, indium gallium arsenic antimonide,
InGaAsSb, and indium arsenic antimony phosphide, InAsSbP.

As already mentioned, the fundamentals of solar photovoltaics are covered in many
textbooks. Therefore, the emphasis of this chapter will be to develop the material
necessary to calculate the PV array performance in a TPV system. The chapter begins
with a discussion of the solid state theory that explains the energy band structure of

semiconductors.

5.1 Symbols

a absorption coefficient, cm™

A, ideality factor

A, total PV array area, cm’

A area of a single cell in the PV array, cm’

A;, active area of a single cell in the PV array, cm®

e

b, & b; parameters in approximation of second order exponential integral
E, (X)z b,e™

Co vacuum speed of light (2.9979 x 10" cm/sec)

e electron charge, (1.602 x 10™° Coul)

electron or photon energy, J
E, bandgap energy, eV
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FF PV cell fill factor

G generation rate of electron-hole pairs, pairs/cm’sec
I current, A

I, PV cell short circuit current, A

h Plank’s constant (6.624 x 10* J-sec)

h h/2w

J current density, A/cm’

Js dark saturation current density, A/cm’

J current density per wavelength, A/cm’nm

JE maximum possible photon produced current density, eq. (5.161)
T short circuit current, A/cm?

Jon photon produced current density, A/cm’

kg Boltzmann constant (1.3805 x 107* J/K)

L diffusion length, cm

m’ effective mass, kg

m, electron mass, (9.107 x 107" kg)

n electron density, cm™, or index of refraction

n; intrinsic carrier density, ,n> =np cm™

Na density of acceptor dopant, cm™

N, effective density of states in the conduction band, cm™
Np density of donor dopant, cm™

Ny effective density of states in the valence band, cm™
p hole density, cm™

PEL PV cell output power density, W/cm?
PrL PV cell output power, W

R, reflectivity at PV cell surface
R, recombination rate of electron-hole pairs, pairs/cm’ sec
R, series resistance, ohms
Ran shunt resistance, ohms
S surface recombination velocity, cm/sec
S, spectral response, A/W
v thermal speed F , cm/sec
m
\% voltage, V
Voo PV cell open circuit voltage, V
Vum PV cell voltage at maximum power output, V
B optical depth
€ emitter spectral emittance

¢ surface recombination parameter
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A wavelength, nm

n efficiency

u mobility, Coul sec/kg or cm*/V

p reflectance

T average collision time, sec

T lifetime, sec

Subscripts

d refers to depletion region of p-n junction

n refers to electrons or region of p-n junction where electrons are the majority
charge carrier

p refers to holes or region of p-n junction where holes are the majority charge

carrier
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5.2 Energy Bands (Kronig-Penney Model) and Current
in Semiconductors

In Chapter 4, the Drude model is used to approximate electron motion in metals
and highly doped semiconductors where electrons are essentially free. However, for
most crystalline semiconductors, electrons are not free but are influenced by the ion
cores that are located in a periodic fashion at the lattice points of the crystal. The
periodic nature of a crystal lattice results in a band structure for electron energies.
There are regions of nearly continuous electron energies separated by regions where
there are no allowed electron energies. Quantum mechanics is required to show how
this occurs. So in keeping with the self contained aim of this text the necessary
quantum mechanics to present the Kronig-Penney [10] model for a periodic structure is
given in Appendix E.

V(X)

-b 0 a a+b >X

Figure 5.1.—One-dimensional model for crystal with periodic
potential of height V and width b and period a+b.

The model is restricted to a single space dimension, x, but the results apply to three
dimensions as well. Consider the one-dimensional periodic structure shown in Figure
5.1. The ion cores are represented by the periodic rectangular potential of height, V,,
and width, b, with a period, a + b. The one-dimensional form of the Schrédinger
equation [equation (E — 5)] for the wave function, (x, t), that describes the system is

the following,
d’y 2m

dx? " K

[E-V(x)]y=0 (5.1)
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. h .
where E is the electron energy, m, the electron mass, and % = p where h is the Planck
n

Constant. To satisfy the periodic potential, V(x) = V[x + (a + b)] the wave function
must be of the so-called Bloch form[10],

v (x)=e"u(x) (5.2)

where u(x) = u[x + (a + b)] is a periodic function. The term ¢ is the wave function for
a free electron [equation (E — 8)]. Thus, the periodic potential that represents the effect
of the ion cares results in the system wave function being the free electron wave
function modified by the periodic function u(x).

Using equation (5.2) in (5.1) will lead to a relationship between the wave number k
and the energy, E. This is the desired result since it will show that for certain values of
k there are discontinuities in the energy, which are the forbidden energy bands for a
semiconductor.

Substituting equation (5.2) in (5.1) yields the following,

2 2m_V
d u+2jkd_u_ kz_a2+me—(x) u=0 (53)
h2

dx? dx
where for convenience, a is defined as follows.

2m.E
o= I;l‘; (5.4)

In the region 0 < x < a, V(x) = 0 so that equation (5.3) becomes the following.

d*u . du
dle +2Jkd—xl—(k2 —o Ju, =0 (5.5)

In the regions —-b < x < 0 and a < x < a + b, the potential is V(x) = V,. Therefore, in
those regions the following equation applies,

2
d'u, 12k du,

— . (K =B Ju, =0 (5.6)

where for convenience, B is defined as follows.
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2m, (E—V,
B (h2 :) (5.7)

The solutions to equations (5.5) and (5.7) are plane waves of the following form.

u, (x)=Ae'“ ™ 4 Be 0<x<a (5.8)
— i) —i(B+i)x -b<x<0
u, (x)=Ce +De C<x<ath (5.9)

The constants A, B, C, and D are determined by satisfying boundary conditions. The
boundary conditions are that the wave function and its first derivative must be
continuous at x = —b, x = 0, and x = a. Also, the periodic condition, u(x) = u[x + (a +
b)] must be satisfied so that the boundary conditions are the following.

u, (a)=u, (-b) (5.10a)
u, (0): u, (O) (5.10b)
du | _du, (5.10¢)
dX x=a dX x=—b '
du| _du, (5.10d)
dx|._, dx|._, '

Using equations (5.8) and (5.9) in equations (5.10) yields the following.
Ac@ R 4 B i@k _ el _ il _ g (5.11a)
A+B-C-D=0 (5.11b)
A(o-k)“ ™ —B(a+k)e ™ —CB-k)e " +DE+k) =0 (5.11c)

A(a-k)-B(a+k)-C(B-k)+D(B+k)=0 (5.11d)
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Equations (5.11) are a set of linear homogeneous equations for the constant A, B, C,
and D. Only if the determinant, DET, of the coefficients of A, B, C, and D is zero, can
a nontrivial solution be obtained [11].

1 1 -1 -1
& o - B* ﬁ+
DET = eja,a €7ja*a _ e*jﬁ,b _ eJ'Bf+b =0 (512)

jo_a —jo,a —-iB_b iB.b
o€ —o.e’™" —Be B,e™

Where,
o, =a+k o =a-k (5.13)
B, =PB+k B_.=pB-k (5.14)

By expanding this determinant, the relation between the wave number, k, and the
energy, E, is obtained. Expanding DET on the first row in equation (5.12) results in the
following [11].

DET = 4af [erkb 4+ J - (oc + B)Z [ej(“’ﬁﬁ*b) + e’j(a*”ﬁ’b)}

- - (5.15)
+(B _ a)2 |:e—J(<x+a—lLb) + e](a,a—ﬁ,b)] -0

Using equations (5.13) and (5.14) and the definition cosx = E(ej" +e'J") in equation

(5.15) results in the following.
DET = 40chos[k(a +b)J ~(au+B) cos(ca+Ppb)+(B—a) cos(ca—pb)=0  (5.16)
Using the identity, cos (x + y) =cosxcosyF¥sinxsiny, yields the final result.

o’ +p°

cos [k (a+b)} =- sin oiasin Bb + cos aa cos b (5.17)
Remember that o~ +E and B~E-V, . Thus,if V,>E, then B is purely imaginary.

Assume V, is a delta function such that as V, — o, b — 0, and the product bV, is
finite. This is a reasonable approximation because as an electron comes very close to
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an ion core it will be repelled by the electrons surrounding the positive nucleus, thus

2m, (Vﬂ - E)
h2

following if the identities sin jx = j sin hx, and cos jx = coshx are used.

resulting in V — oo. Thus, if =] , equation (5.17) becomes the

Ve PmEY (| 2w (V,-E)
cos[k(a+b)]——2\/E(T_E) [ o ] h[b — ]

2 V —-E
+cos[a 2m2°E Jcosh [b4 /L")}
fi h

Now take the limits V, — o and b — 0 as bV, remains finite.

2 E
— Yo Ginh|b —me(\g’ ) —>l\/V7° sinh| Vb, |2 VoD
2,JE(V, —E) h 2\E n

1 [V, | [2mb(V,b) 1[ 2mcb(Vcb)J%+ 519

(5.18)

= +_
2V E /5 3! /5
2 b(V.b \Y 2
:lVobf r2n° 1+m° (2" )+ :Lb‘} IZHC
2 nE RY/] 2 VAE

2 V -E
cosh[b %")]—)cosh(\@ 2111;;—2\70sz1 (5.20)

Therefore, equation (5.18) becomes the following,

. 2m.E
— sin| a e
coska =cos| a m; +P (5.21)
\" 7 . \/2meE

where

p_ M (V,b)

. (5.22)
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Figure 5.2 Dimensionless energy, E, as a function of the product of
wave number, k, and period, a, for Kronig-Penney model of a
semiconductor showing forbidden energy bands at ka=n, 2, 37,
P=37/2 in eq. (5.24). Dashed line is dimensioless energy for a
free electron.

Equation (5.21) is the relationship between the energy, E, and the wave number, k.

Now define a dimensionless energy, E .

esl]
Il

Ty (5.23)
(Zmea2 ]

Therefore, equation (5.21) becomes
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Psin TE\/E

wE

coska = cos n\/ﬁ + (5.24)

For certain values of E, the right hand side of equation (5.24) will be greater than 1 or
less than —1. In that case, in order to satisfy the equation k will be imaginary.
However, only real values of k are possible. As a result, the values of E where the
right hand side of the equation is greater than 1 or less than —1 are forbidden. This is
illustrated in Figure 5.2 where the forbidden energy bands occur at ka = &, 2x, 3,
4m,... Also shown by the dashed line in Figure 5.2 is the dimensionless energy for a
free electron, which is a given by equation (E — 9). The periodic behavior of the
potential results in the electron energy having forbidden regions compared to the free
electron continuous energy dependence upon k.

The allowed energy bands are either conduction bands or valence bands. In a
conduction band, there are vacant energy states that an electron can move into if
accelerated to higher energy by an external force such as an electric field. Thus, the
electrons are essentially free in a conduction band. However, in a valence band all the
energy states are occupied. Thus, if an external force is applied to an electron, there are
no vacant energy states for the electron to move into within that valence band. If this
valence band is separated from an empty higher energy conduction band by a forbidden
energy band (the bandgap energy) of sufficient magnitude, then there are no available
energy states for the electron to move into and no electron motion is possible. Such a
material is an insulator. If the bandgap energy, E,, is small (E, ~ 1eV), then electrons
can be thermally or optically excited into the empty conduction band where there are
available energy states. Thus, a current can flow in such a material, which is called a
semiconductor. A conductor, such as a metal, has a conduction band that is partially
filled with electrons or the conduction band overlaps (E, < 0) the valence band so that
there are available energy states for electrons.

In a semiconductor, both electrons and holes contribute to the current conduction
process. When an electron is excited from an energy level in the filled valence band it
leaves a vacant energy state which has a +e charge called a hole, where e is the
magnitude of the electron charge. When an electric field is applied, as electrons are
excited into the conduction band there will be vacant energy states in the valence band
for the positively charged holes to move and thus produce a hole current in the valence
band. Holes are not real particles, but are a means of representing current flow in a
partially filled valence band. When an electric field is applied to a semiconductor the
current flows in the same direction as the positively charged holes and in the opposite
direction of negatively charged electrons.

An interesting question about current conduction in a semiconductor is the
following. What is the amount of current delivered to the outside circuit when an
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electron-hole pair is created, as for example, by absorption of a photon? When the
electron-hole pair is created, it delivers a charge, e, to the external circuit, not 2e, as one
might expect. Current flow is defined as the passage of charge through a complete
circuit. Thus, when a electron-hole pair is created, the total path is partly traveled by
the electron and partly by the hole (electrons and holes move in opposite directions).
Thus, only a charge equal to, e, travels the total semiconductor length.

For a free electron, the momentum is given by p = hk [equation (E — 11)].
Analogous to the free electron case, the k vector for a semiconductor is called the
crystalline momentum. For a free electron, the motion is determined by Newton’s

Second Law, @ =F
dt

ext 2

where F.,; is an external force, such as an electric field. What is

the equation of motion for an electron or hole in a semiconductor where the motion is
affected by the potential of the ion cores? To determine the equation of motion in this
case consider the following derivation. The incremental change in energy, dE, of an
electron is equal to the work done on the electron by the external electric field, €,

dE = —e€+dX = —e€-vdt (5.25)
where V is the electron velocity and t is time. Also,

dE=2Ea +2E ak = 2E gk = v, Eedk (5.26)
kT, Y Tk

z

It can be shown [12] that for a particle moving in a periodic potential, the average
velocity is the following.

V= %VkE (5.27)

Combining equations (5.25) through (5.27)

dE =V, Eedk = -V, E«&dt
h
B} (5.28)

Also, from equations (5.27) and (5.26)



302 Chapter 5

Q:linE:le [d_E):le %-VkE (5.29)
dt ndt 7 dt) n dt

Now substitute equation (5.28) in (5.29) to obtain the following,

&1 .
d—: == Vi (B, E) =~ (e, V. E (5.30)

which can be written in tensor notion as follows.

dv, 1 0°E eg,
—t=-= eg, =——
dt A akek, my,

(5.31)

. dv . . .
This is analogous to Newton’s Second Law where I is the acceleration, and the right

hand side of equation (5.31) is the ratio of the force to the mass where
1 0’E
m;, k" ok,ok,

nij

1
32

(5.32)

and my; is the effective mass of the electron.

If the energy is an isotropic function of k so that E depends upon only a single

component of k , such as in the Kronig-Penney model, then

1 108°E
R (5.33)

n

A similar result for the effective mass applies to holes as well. Thus the electron or
hole motion in a semiconductor satisfies a modified Newton’s Second Law. The effect
of the crystalline potential on the electron and hole motion is accounted for by the
effective mass. It is the effective mass that is used to determine the electron and hole
mobility and diffusion constants. This is discussed further when the electron and hole
transport equations are presented.

5.3 Density of Electrons and Holes and Mass Action Law
In the previous section it has been shown that a semiconductor has a bandgap
structure of allowable energies. Within the conduction, band the electron energies are a
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continuous function of the wave vector, k. Similarly, within the valence band hole
energies are continuous. Now calculate the density of electrons and holes that exist for

equilibrium conditions.

1l — T [
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Figure 5.3 Fermi-Dirac distribution for various values of the

ratio of the Fermi energy, E s to the thermal energy, kT.

In a conduction band, the electron energy is a continuous function of the wave
vector or crystalline momentum, k. At equilibriumm the probability that an energy
state will be occupied is given by the Fermi-Dirac distribution function. The Fermi-
Dirac distribution applies to particles (called fermions) that obey the Pauli exclusion
principle; no two quantum-mechanical particles of half-integral spin can occupy the
same quantum state simultaneously. Examples of fermions are electrons, protons, and
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neutrons. The Fermi-Dirac distribution, which is a result derived using equilibrium
statistical mechanics [12], is the following,

F(E)=—— - 1
E-E, E (E
exp +1 exp| ——| —-1]|+1
kT kT E,

where E; is the Fermi energy, T is the temperature, and kg is the Botzmann constant.

(5.34a)

f f

. . E
Figure 5.3 shows f(E) as a function of — for several values of For large
f B B

(T — 0) the probability for the occupation of a state with E < E¢ is one and zero for

E,
E > E;. As —L decreases, the occupation probability for E > E; increases while the
B

occupation probability decreases for E < E;. For kgT — oo the occupation probability is
¥, for all energies. If E—E, > kT, then f(E) can be approximated by the Maxwell-

Boltzmann distribution.

k,T

f(E)zexp|:—E_Ef} E-E, >k,T (5.34b)
B

The Fermi-Dirac distribution applies to electrons in a conduction band. A hole in a
valence band signifies an empty energy state. Therefore, if the probability that a
particular energy state is occupied by an electron is 0.4, the probability that it is empty
(occupied by a hole) is 0.6. Thus, the Fermi-Dirac distribution for holes is the
following.

1-f(E)= ———2— (5.35a)

For holes, the range of energies is —0 < E < E; where E, is the energy at the top of the
valence band and E, < E;. Thus, for E, —E > kT, equation (5.35a) is the following.

E.-E
l—f(E)zexp{— IZT } E,—E>k,T (5.35b)

B
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Because only a single fermion can occupy a given quantum state, the Fermi energy
depends upon the fermion density. At T =0, where f(E) = 1 for E < E¢ and f(E) = 0, for
E > Ey, each fermion occupies a single energy state beginning at E = 0 with the last
fermion being at the Fermi energy, Es.

The Fermi-Dirac distribution gives the occupation probability for a particular
energy state. In order to calculate the electron or hole density, the number of energy
states available must be known; this is called the density of states, D(E). Thus, the
density of electrons for an infinitesimal energy band dE is

dn=f(E)D(E)dE (5.36)

The density of states function is derived in Appendix E [equation (E — 23)]. The
electron energy in equation (5.36) is measured with respect to the energy at the bottom
of the conduction band, E.. Therefore, E in equation (E — 23) must be replaced by
E — E. to determine D(E) that is used in equation (5.36). For semiconductors, such as
PV cells, that operate near room temperature, E, —E; >k, T so that f(E) can be

approximated by equation (5.34b). Thus,

dn=y,/E-E, exp{— Ek_if}dE (5.37)
B
where,
AV
2m
y:4n( hznj (5.38)

and m; is the electron effective mass. Equation (5.37) must be integrated from E, to

the energy at the top of the conduction band in order to calculate the electron density.
However, extending the integration to infinity will introduce only a small error since
the exponential term in equation (5.37) is very small for large E. Therefore,

r E-E
nzyJ:/E—EC exp{— - Tf}dE (5.39)
B
E,

E-E
Let x = ¢ . Therefore,
B
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nZ%Y\/n(kBTf exp{ (EE )} J’\FG “dx (5.40)

The integral has the value Tn , so that

(Ec B Ef)
n=N_exp| ———= (5.41)
k,T
where
. %
2mm k., T
N, = Z(h—"sz (5.42)

is called the effective density of states in the conduction band. At room temperature
N, = 2.8 x 10cm™ for silicon. In a similar manner, the density of holes, p, in the
valence band can be derived (problem 5.2),

_ (Ef _Ev)
p=N, exp[—T (5.43)

B

where Ny is called the effective density of states in the valence band,

3
2nm kT Z
Ny =2 0 (5.44)

where m; is the effective mass of the holes. At room temperature Ny = 1.04 x 10'°cm™

for silicon.

Remember, equations (5.41) and (5.43) apply for equilibrium conditions. They
will not apply where an applied electric field exists or where incident radiation is
present. To maintain charge neutrality in an intrinsic semiconductor, n = p = n;, where
n; is the intrinsic charge carrier density. An intrinsic semiconductor has no
intentionally introduced dopants that can add electrons or holes to the conduction and
valence bands. By equating equations (5.41) and (5.44) an expression for the intrinsic
Fermi energy, E;, is obtained.
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E.-E, E.-E
N, exp{— . '}sz exp{— : V}
k,T K, T

E :Mﬁﬂln[&j: Bt ST h{m;J

(5.45)

N 2

At room temperature, the last term in equation (5.45) is much smaller than the first
term. As a result, the intrinsic Fermi energy lies nearly in the middle of the bandgap
energy, E, = E. —Ey.

The intrinsic carrier density, n;, is obtained by taking the product of equations
(5.41) and (5.43).

n’ =np (5.46)

n’ = N_N, exp _E
i c 'V kT

B

E
n, =,/N. N, exp{— = }

2k, T

(5.47)

Equation (5.46) is called the mass action law. It applies to both intrinsic and extrinsic
semiconductors for equilibrium conditions. An extrinsic semiconductor contains
dopants that contribute either electrons to the conduction band or holes to the valence
band. A semiconductor that contains a dopant that contributes electrons to the
conduction band is called an n-type semiconductor and the dopant is called a donor. A
semiconductor that contains a dopant that contributes holes to the valence band is called
a p-type semiconductor. Since the dopant accepts an electron, thus creating a hole in
the valence band, it is called an acceptor.

For an n-type semiconductor, the donor dopant can be easily ionized at room
temperature. Therefore, the electron density that it contributes to the conduction band
is just equal to the donor density, Np. Similarly, for a p-type semiconductor, the hole
density that the acceptor dopant contributes is equal to the acceptor density, N,. It is
possible to dope a semiconductor with both donors and acceptors. Thus, for
equilibrium conditions, charge neutrality requires that the total density of negative
charges (electrons + ionized acceptors) equals the total density of positive charges
(holes + ionized donors).

n+N, =p+N (5.48)
A D
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For an n-type semiconductor at room temperature, N > p, and N, = 0, so that

n=p+N, =N, n-type (5.49)

and for a p-type semiconductor at room temperature, N, >>n, and Np = 0, so that

p=n+N, =N, p-type (5.50)

As equations (5.41) and (5.43) indicate, n and p densities increase exponentially as the
temperature increases. Therefore, for high temperature n>N_; and p>N,.

Therefore, n = p and a doped semiconductor behaves like an intrinsic semiconductor at
high temperature.

Combining equations (5.41) and (5.49) leads to an expression for E; - E; in terms of
Np, N, and T for an n-type semiconductor when the donor is fully ionized.

N
E,-E, :kBTln(N°J (5.51)

D

Similarly, combining equations (5.43) and (5.50) leads to an expression for E¢ — Ey for
a p-type semiconductor when the acceptor is fully ionized.

N
E, -E, =k,Tln {N—Vj (5.52)

A

Thus, as equation (5.51) shows, the Fermi energy, Ey, will move closer to the energy at
the bottom of the conduction band, E., as the donor density, Np, increases for an n-type
semiconductor. Also, as equation (5.52) shows, the Fermi energy moves closer to the
energy at the top of the valence band, Ey, as the acceptor density, N,, increases for a p-
type semiconductor.

Figure 5.4 reviews the conditions that exist at room temperature for the three types
of semiconductors: intrinsic (Figure 5.4a), n-type (Figure 5.4b), and p-type (Figure
5.4c). The first part is a schematic energy band diagram. The second part is the density
of states, D(E), for electrons in the conduction band and holes in valence band.
Similarly, the third part is the Fermi-Dirac distribution, F(E), for electrons and holes.
The last part is the product D(E)F(E), the electron and hole density as a function of
energy.
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n=nj

p=nj

F(E)
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np=n2i
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n(E), p(E), and Ny,

Figure 5.4.—Schematic band diagram, density of states, Fermi-Dirac distribution and
charge carrier densities for the three types of semiconductors at room temperature.
(a) Intrinsic semiconductor. (b) n-type semiconductor. (c) p-type semiconductor.

For each type semiconductor at room temperature, the electrons all have energies

close to the conduction band energy, E..

In a similar manner, the holes all have

energies close to the valence band energy, Ey. Also, charge neutrality requires n = p for
an intrinsic semiconductor, n = p + Np for an n-type semiconductor, and p =n + Ny for

a p-type semiconductor. In addition, the mass action law requires np=n’ for all

semiconductors.
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5.4 Transport Equations

In the previous section, the electron and hole densities and the mass action law are
derived using the Fermi-Dirac distribution function that applies for equilibrium
conditions. However, to determine the performance of a PV cell, the non-equilibrium
situation that occurs when incident photons create electrons and holes must be
considered. Creation of the electrons and holes results in a non-equilibrium current
flow. Transport equations give the dependence of the current on the electric field and
density gradients of electrons and holes.

Derivation of the transport equations for the electrons and holes begins with the
Boltzmann Equation [12]. The Boltzmann Equation determines the non-equilibrium
distribution function that replaces the Fermi-Dirac equilibrium distribution function. A
procedure known as the method of moments [12], applied to the Boltzmann Equation,
yields the transport equations. Two important approximations are made when using the
Boltzmann Equation: first, it assumes that both position and momentum can be
specified simultaneously; this is a violation of the Heisenberg Uncertainty Principle.
Therefore, the Boltzmann Equation is not valid when quantum mechanical effects are
evident. Second, it neglects the effect of external forces, such as an electric field, on
collisions that the electrons and holes have with the crystal lattice, impurity atoms, or
each other. In other words, it is assumed that negligible acceleration, caused by an
external force, occurs during the time of collision.

The first moment of the Boltzmann Equation yields the continuity equation. For
electrons it is the following.

M 195 —G-Re (5.53)
ot e

And for holes, it is the following,
a—P+lv-3p =G-Re (5.54)
ot e

where the electron and hole current densities and total current density are defined as

follows,
J =—env, (5.55a)
J,=epv, (5.55b)
J=7 +] (5.55¢)
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where e is the magnitude of the electron charge, and v, and v, are the average

velocities of the electrons and holes. The G term is the generation rate of electrons and
holes. In a PV cell electrons and holes are generated in pairs by the incident photons
and by thermal excitation. The Re term is the recombination rate for electrons and
holes. Generation and recombination rates will be discussed in the next section.

Taking the second moment of the Boltzmann equation yields the so-called drift-
diffusion equations for electrons and holes.

a, - -

T, étn +J, =ep,ne+eD Vn (5.56)
ar, - -

TDE+ J, =ep,pe—eD Vp (5.57)

Where 1, and T, are average collision times for electrons and holes, p, and p, are
electron and hole mobilities, D, and D, are electron and hole diffusion coefficients, and
€ is the electric field.

H, =2 (5.58a)
mn
T
M, =—2 (5.58b)
P
k,T
D, =p & (5.58¢)
(&
k,T
D, =p, - (5.58d)
€

The r% terms in equations (5.56) and (5.57) can usually be neglected since the

average collision times are very small (10" — 10" sec). The current terms
proportional to the electric field, € are called the drift currents and the current terms
proportional to Vn and Vp are called diffusion currents.
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The four equations (5.53), (5.54), (5.56), and (5.57) contain five unknown
quantities, n, p, jn , jp, and €, that are functions of the semiconductor mobilities and

diffusion coefficients. Coulomb’s Law [equation (1.3)] completes the system of
equations for the five unknowns,

e(p+N, —n—N,)

€

s

V-§ =

(5.59)

where ¢_ is the electric permittivity of the semiconductor.

The key parameter in the drift-diffusion equations is the mobility, which is
proportional to the average collision time. The average collision time is determined by
the scattering mechanisms for electrons and holes. For intrinsic or lightly doped
semiconductors, the most probable scattering mechanism results from thermal
vibrations (acoustic phonons) of the crystal lattice. Since the lattice vibrations (phonon
density) and electron and hole thermal speed increase with temperature, the collision
frequency, v, which is the inverse of the collision time, 1, also increases with
temperature. For phonon collisions [13]

1 . J .
=V honon ~ (m kBTf phonon collisions (5.60a)

T phonon
For doped semiconductors, scattering of electrons and holes by the ionized dopants
becomes significant. In this case, the Coulomb force, which is inversely proportional to
the square of the distance between the collision pairs, determines the collision
frequency. This is the same scattering mechanism that determines the collision
frequency in a fully ionized plasma. In this case, the collision frequency is directly
proportional to the dopant density, N. The electron and hole thermal speed increase

with temperature implies an increase in collision frequency. However, the —-
r

dependence of the Coulomb force results in the collision frequency decreasing with
increasing temperature [13].

1

=V gopant ~ Nm'™/2 (kBT)i% dopant collisions (5.60b)

Tdcpam

Notice that the phonon collision frequency increases with temperature whereas the
dopant collision frequency decreases with temperature. Also, the phonon collision
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frequency increases with increasing effective mass, whereas the dopant collision
frequency decreases with increasing effective mass.

Other scattering mechanisms such as optical phonon scattering [13] can also be
significant. The total average collision frequency, v, is the sum of the individual
collision frequencies.

T i i K

Thus, the mobilities defined by equations (5.58a) and (5.58D) are the following.

TSN (5.62a)
Ty
c 1 (5.62b)

Electron mobilities are greater than hole mobilities since the effective mass for
electrons is smaller than hole effective mass. At room temperature electron mobilities

cm’

2
are the order of [103 j and hole mobilities are the order of (102 ij .

V —sec V —sec

5.5 Generation and Recombination of Electrons and Holes

5.5.1 Generation of Electrons and Holes

Generation of electrons and holes by the absorption of photons is the essential step
in producing a photovoltaic current. A photon with energy hv > E,, where E, is the
bandgap energy, can excite an electron from the valence band into the conduction band.
As a result, a hole is left in the valence band. The resulting electron-hole pair results in
electron and hole currents. At the same time that electrons and holes are being
generated, they are also recombining. Obviously, it is desirable to have a small
recombination rate.

The intensity, i, of radiation in a material where emission and scattering can be

h
neglected is given by equation (1.144). Since each photon has energy hv = ;‘) , the

photon flux, ¢y is the following,
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i(v,s) A(0) Loy
b (x,s)=—(hv)=—lfc ) (5.63)

o

photons

where ¢pn(A,s) has the dimensions, , a(A) is the

sec-area - wavelength - steradian

absorption coefficient and, s, is the distance in the direction of the radiation. The
intensity that enters the material, i(A,0), is the product of incident intensity, i;(A), and
(1 = R,) where R, is the reflectivity. Therefore, assuming each photon with energy,

ph

hv > E, produces an electron-hole pair, the rate of decrease, — , is the generation

s
rate of electron-hole pairs per sec per volume per steradian at wavelength, A. Thus at
wavelength A, the generation rate of electron-hole pairs is the following,

2, (V)

6(s.1)= [0-r)%

he,

a(Lh)e ™ do A< —2 (5.64)

[a]

where o is the solid angle. Remember, the intensity depends upon the direction, s. For
a PV cell illuminated by the sun the direction is perpendicular to the surface of the PV
cell. However, in a TPV application, where the emitter is very close to the PV cell, the

incident radiation arrives at all incident angles from 0 to 3

Assume that the intensity varies only in the x direction (the direction perpendicular
to the PV cell surface) and that the intensity is isotropic (independent of angle).
Therefore, x = s cos and do = sinBdOdy so that the generation rate at x is the
following.

2n
A (A &
G(x,x):%)a(k) I J.(l—RC)e 0 sin 0d0dy e (569
° y=0 6

The reflectivity, R., depends upon 0 and the indices of refraction. To produce the
largest possible generation rate, R, must be a minimum. A minimum value for R, is
obtained by applying an anti-reflecting film to the PV cell surface. This can be a single
film with an index of refraction, n;, that is less than the index of refraction of the PV

material, n.. As discussed in Section 4.3.5, the reflectivity is zero if n, =./n n_, fora

4n,dcos 6,

m

series of wavelengths A = Where m is an odd integer, d is the film
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2
thickness, cos6, = 1—(n° j sin’ 0, ,n, =1 (vacuum) and 6, is the angle of incidence
n,

at the vacuum-film interface.
In order to simplify the integration in equation (5.65), assume R, is independent of
0. However, the upper integration limit, 6y, on the 0 integral is determined by Snell’s

Law, n, sing =n_sin0,,. This applies for both the anti-reflecting film case or when

no anti-reflecting film is used. Defining a new variable u = cos6, equation (5.65)
becomes the following,

G(x,x)=2a(k)(1—Rc)mih(cko)k J'eauxdu
= za(x)(l—Rc)qi}%?‘[Ez (ax)-uyE, {%H (5.66a)

. he
R, independent of 6, i, (7\.) isotropic, A < E—°
g

n()

2
where u,, =cosf,, = l—(—} , Ex(x) is the second order exponential integral
nC
(Appendix A), and q;(A) = mij(A) is the incident radiation power per unit area per unit
wavelength when i;(1) is isotropic [equation (1.114)].
If all the incident radiation is at zero angle of incidence, as in the case of a solar PV
cell, then the generation rate is the following,

G(x,k)za(k)(l—Ri)qi}(lL)eax 0, =0,) < o (5.66b)
CQ

>
o | &

where R is the reflectivity for normal incidence.
The absorption coefficient, a()A), increases rapidly from nearly zero for
he,

=hv <E, to values in the range of 10* — 10° cm™ for hv > E,. Such large values

for a(A) mean that the PV cell thickness, x, will be small [E5(1) = 0.15] in order to
absorb all of the incident light when hv > E,.

How large the absorption coefficient is depends upon the type of semiconductor.
The largest values for a(A) occur for so-called direct bandgap semiconductors. In a
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direct bandgap semiconductor, the minimum of the electron energy, E., in the
conduction band occurs at the same value of the crystalline momentum, k.(E.) = ky(Ey)
as the maximum of the hole energy, Ey, in the valence band. As a result, during the
formation of an electron-hole pair by absorption of a photon of energy hv = E, = E. -
Ey, both energy and momentum are conserved. For a so-called indirect bandgap
semiconductor, E. and Ey occur at different values of crystalline momentum, k. As as
result, during the formation of an electron-hole pair by absorption of a photon of energy
hv = E, = E; — Ey, energy and momentum will be conserved only by absorbing or
emitting a phonon. Thus, conservation of energy requires hv = E, + E,,, where +E, is
the energy of an emitted phonon and —E, is the energy of an absorbed phonon.
Similarly, conservation of momentum requires k. — ky = k, where k; is the phonon
momentum. Absorption coefficients for indirect bandgap semiconductors for hv = E,
are on the order of a factor of 10 less than for direct bandgap semiconductors. Thus,
indirect bandgap PV cells will be nearly a factor of 10 thicker than direct bandgap cells.
Silicon and germanium are the most common indirect bandgap semiconductors.
Gallium arsenide (GaAs), indium phosphide (InP) and the low bandgap energy TPV
cell semiconductors InGaAs, GaSb, InGaAsSb, and InAsSbP are all direct bandgap
semiconductors.

A theoretical calculation [14] of the absorption coefficient for a direct bandgap
semiconductor yields the following result,

) I 1 s
a(h)=a, (E—Egyzam/hco {X_X_J E,<E<0,0<A<),  (5.67)
g

where a, is a constant, E is the photon energy, and E, is the bandgap energy. In

1
cm (e\/)y2 .

equation (5.67) applies when a photon with E > E, excites an electron directly from the

reference [5], a, is given as 2x10* The absorption coefficient given by

valence band into the conduction band resulting in the production of an electron-hole
pair. In addition, photons with energy, E < E, can also be absorbed by exciting
electrons or holes to higher energy levels within the conduction and valence bands.
This so-called free carrier absorption can become significant for large free carrier
concentrations.

5.5.2 Recombination of Electrons and Holes
At equilibrium, the generation rate, G, and the recombination rate, Re, are equal

and the mass action law pn=n is maintained. However, if electron-hole pairs are
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being generated by incident radiation, the equilibrium condition no longer exists and
G #Re.

The most probable recombination process in a direct bandgap semiconductor
occurs between an electron at or near the bottom of the conduction band and a hole at
or near the top of the valence band. Since both the electron and hole have the same
momentum, k, a large probability for recombination will occur. In this case, the
recombination rate, Re, is proportional to the electron and hole densities,

1

Re =Pnp 5
cm’ sec

(5.68a)

3

where B is a proportionality constant with the units When charge carriers

(electrons and holes) are injected by incident radiation, th:rC densities increase from the
equilibrium values n, and p, by the amounts An =n —n, and Ap = p — p,. Therefore,
Re =pB(n, +An)(p, +Ap) (5.68b)
To maintain charge neutrality An = Ap = 5. As a result,
Re=B[n,p, +3(n, +p,)+d | (5.69)
At equilibrium, the generation rate, Gy, and recombination rate, Rey,, are equal.
G, =Re, =fn,p, (5.70)
Therefore, equation (5.69) can be written as follows.

Re=Re, +B[3(n, +p,)+5 | (5.71)

Thus, the net recombination rate or the recombination rate resulting from the departure
from equilibrium is the following.

Re,, =Re—Re, =B[3(n, +p, )+ | (5.72)

For low-level injection & < (n, +p, ) and
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Re, = BS(nO +p0) (5.73)
For an n-type semiconductor, n, > p, , and using & = p, — Pno = Do — Do

Py =Py _ 0, 70,

Re , = = - n-type (5.74)
T, T,
where
T = ! (5.75)
" Bn, '

is called the lifetime of the excess minority carriers, in this case the holes. Similarly for
a p-type semiconductor, p, > n_, and

Re , = - - p-type (5.76)
Tl’l Tﬂ
where
, 1
T, =— (5.77)
Bp,.

is the lifetime of the minority carrier electrons. Thus, the recombination rate depends
upon the lifetime of the minority carriers; these lifetimes are inversely proportional to
the majority carrier density.

The recombination rates given by equations (5.74) and (5.76) apply to direct
bandgap semiconductors. Since an electron at or near the bottom of the conduction
band and a hole at or near the top of the valence band have different crystalline
momentum for indirect bandgap semiconductors, a direct recombination is not possible.
As a result, the dominant recombination process is an indirect transition via localized
energy states in the forbidden energy band. These energy states result from impurities
and lattice defects. For indirect recombination at low-level carrier injection, the
recombination rate [13] is similar to equations (5.74) and (5.76),

Re,, = Lo Pu n-type (5.78)
T
p
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where 1 is the minority carrier (hole) lifetime. For p-type
Re =22 p-type (5.79)

where 1t is the minority carrier (electron) lifetime. In the case of indirect

recombination, the lifetime is inversely proportional to the density of impurities and
lattice defects that make up so-called recombination centers.

The recombination mechanisms described occur in the bulk of the semiconductor.
However, significant recombination, known as surface recombination, also occurs at
surfaces of a semiconductor. Surface recombination occurs because the abrupt
discontinuity in the crystal lattice at the surface creates a large number of localized
energy states or recombination centers. For low carrier injection, the rate per unit area
and unit time that carriers recombine on the surface, is the following [13],

Re, =§, (ps - pno) n-type (5.80)

Re, =S, (n,-n,,) p-type (5.81)

where S, for minority carrier holes, and S, for minority carrier electrons, have velocity
units and are called surface recombination velocities. The subscript s denotes
conditions at the surface. Surface recombination velocities are directly proportional to
the number of recombination centers per unit area on the surface. Notice that the
surface recombination rates are per unit of surface area while the bulk recombination
rates are per unit volume.

Surface recombination is a boundary condition upon the minority carrier diffusion

current. At a surface in a p-type semiconductor |Dnt-Vnp| =S, (np —npo) where t isa

unit vector normal to the surface. Similarly, for an n-type semiconductor at a surface

=S, (P, — Py ) - Recombination velocities range from 10052 10 10022

|Dpt-Vpn
sec sec

All the recombination rates discussed are obtained using the low minority carrier
injection approximation (injected minority carrier density much less than the
equilibrium majority carrier density). However, in a TPV application at high emitter
temperature the photon flux may be large enough that the injected minority carrier
density is no longer small compared to the equilibrium majority carrier density.
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5.6 p-n Junction

p n
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Figure 5.5.—Formation of a p-n junction. (a) Isolated uniformly
doped p and n semiconductors and associated energy band
diagrams. (b) p-n junction at equilibrium and associated
energy band diagram.

To this point, the discussion has been concerned with the general properties of
semiconductors. However, the primary subject of this chapter is a semiconductor
device, namely the photovoltaic cell. The basis for most semiconductor devices is the
p-n junction, which forms between p and n-type semiconductors. A p-n junction can be
formed in a p-type semiconductor by diffusing an n-type donor dopant into the p
semiconductor. Similarly, a p-n junction can be formed in an n-type semiconductor by
diffusing a p-type acceptor into the n semiconductor.
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Figure 5.5 illustrates what happens when a junction is formed between p and n-
type semiconductors. When the semiconductors are isolated, as in Figure 5.5a, the
Fermi level, Ey, of the uniformly doped p-type semiconductor lies near the top of the
valence band energy, Ey. Similarly, the Fermi level of the uniformly doped n-type
material lies close to the bottom of the conduction band, E.. When the two materials
are joined the large carrier density gradients (Vn and Vp) cause carrier diffusion. Holes
from the p-type material diffuse into the n-type material leaving behind negative
acceptor ions, N, near the junction. At the same time, electrons diffuse from the n-
type material into the p-type material leaving behind positive donor ions, Np, near the
junction. Thus, an electric field is produced in the direction of the p-type material as
shown in Figure 5.5b. As a result of the junction formation, the energy band diagram is
as shown in Figure 5.5b. The Fermi energy, E; remains constant throughout the
junction for steady state, equilibrium conditions as can be shown as follows.

At steady state, equilibrium conditions the net current flow for electrons and holes
must be zero. Hence, the electrons that diffuse from n to p, are balanced by electrons
that drift from p to n. Similarly, holes that diffuse from p to n are balanced by holes
that drift n to p. For electrons from equation (5.56),

J,=ep,e+p k;TVn=0 (5.82a)
where equation (5.59a) is used for D,. Hence,

g =k, T (5.82b)
n

where —e€ is the force acting on the electron. The force is also equal to minus the
gradient in the potential energy of the electrons in the conduction band, E,.

—e§ =-VE, =-VE, (5.83)

Since the force is the same for all electrons in the conduction band VE, = VE,, where E,

is the energy at the bottom of the conduction band. Now use equation (5.41) to
\Y o . . .

calculate —— . Substituting that result and equation (5.83) in equation (5.82) produces
n

the following result.

VE, =0 (5.84)
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Therefore, E¢ is a constant. The same result can be obtained based upon the hole

current condition, jp =0 (problem 5.4).

Because of the electric field, €, there is an electric potential difference across the
junction. This potential difference, Vy, is called the built-in potential. For steady state
conditions or no magnetic field, Faraday’s Law [equation (1.2)] allows the electric field
to be defined as,

§=-VV (5.85)

where V is the electric potential. From equations (5.83) and (5.85) the following is
obtained.

V=-= (5.86)

Thus, referring to Figure 5.5b the built-in potential, V4, is the following,
eV,=E.-E -E -E,=E,-E -E, (5.87)

where E, is the bandgap energy, E; = E;— Ey and E, = E. — E;. E, is given by equation
(5.51). Therefore,

N N NN
eV, =E, —kBTln(N—VJ—kBTln[NC J:Eg —kBTln{NV

A D

- ] (5.88)

A-"D

Also, E, can be expressed in terms of n;, Ny, N;, and kgT by using equation (5.47).
Hence, V5 can also be written as follows.

k,T. (NN
V, = Z h{%j (5.89)

1

As equation (5.88) indicates, p-n junctions in semiconductors with the largest bandgap
energies and the highest doping levels have the largest built-in potentials. For Si, V,
ranges from 0.4 to 1 eV, and for GaAs, V, ranges from 1 to 1.4 eV in going from

dopant levels from 10" to 10"%cm™

. It is the electric field resulting from the built-in
potential that sweeps minority carriers produced by incident radiation across the

junction in a PV cell. Minority electrons in the p region are injected into the n region,
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and minority holes in the n region are injected into the p region. These minority
electron and hole currents make up the total current that is supplied to the load.

The region around the junction is called the space charge region or depletion
region. It this region that fixed positively charged donor and negatively charged
acceptor ions produce the space charge electric field. Nearly all mobile charge carrier
electrons and holes are depleted from this region.

5.7 Current-Voltage Relation for an Ideal Junction in the Dark

— ] J -——
T T T T
v p | | n p | | n vV
T 11 I N : 1"
N —Xp X n T =t —Xp Xn [
ol
n,p |

n,p

)

Figure 5.6.—p-n junction charge carrier distribution and current distribution under
forward and reverse bias. (a) Forward bias. (b) Reverse bias.
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Consider how a p-n junction, as shown in Figure 5.6, behaves if an electric
potential is applied. If a potential V¢ is applied to the p side of the junction, as shown in
Figure 5.64, it is called forward bias. If a potential V, is applied to the n side of the
junction, as shown in Figure 5.6b, it is called reverse bias. For the forward bias
condition, the net potential across the junction will be V, — V. The applied V¢ reduces
the built-in electric field, which reduces the drift currents of electrons and holes. Thus,
the balance between diffusion current and drift current existing at equilibrium is
disturbed. As a result, holes from the p side diffuse into the n side and electrons diffuse
from the n side into the p side. Thus, minority carrier injection occurs. Minority
electrons are injected into the p side, and minority holes are injected into the n side.
This results in a current flow from the p side to the n side. Under reverse bias, V,, the
potential across the junction increases to V; +V,, from V,, under equilibrium conditions.
The resulting increased electric field increases the electron and hole drift currents
moving from the n side to the p side so that they exceed the electron and hole diffusion
currents moving in the opposite direction. As a result, reverse bias produces a small
reverse current moving from the n to the p side.

5.7.1 Assumptions for Ideal p-n Junction

Making use of several assumptions for a p-n junction, the transport equations yield
the ideal current-voltage or Shockley equation. The ideal p-n junction assumptions are
the following:

1) One-dimensional, steady state transport equations apply with no carrier

generation (G = 0) and constant mobilities and lifetimes.

2) Depletion region has abrupt boundaries and no electric field and equilibrium
conditions exist outside these boundaries.

3) Within the depletion region, the diffusion and drift currents for both electrons
and holes are approximately equal.

4) There are low injected minority densities p, and n, compared to majority
carrier densities, n,, ® Np and p,, ® Na, which remain unchanged at the
depletion region boundaries.

5) No generation or recombination in depletion region so that electron current
density, J,, and hole current density, J,, remain constant through the depletion
region.

Consider the consequences of assumptions 1) and 3). If the electron diffusion
current is balanced by the electron drift current, then equation (5.82b) applies. Using
equation (5.85) in equation (5.82b) produces the following result for the one-
dimensional case.

o4V _kydn | pdinn
dx n dx dx

(5.90)
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Hence,

Vo=Va n(x, )
j dV=V, -V, =k,T j Inn :kB—Tm{—“(X") }
° “(’XF) ¢ B (_Xp)

where V,, is the built-in potential and V, is the applied potential across the junction.
Also, as shown in Figure 5.6, x = X, and x = X, are the boundaries of the depletions
region. Therefore,

eVy eV,
n(x,) _ oty t

——FY=¢C B

n(x,)

(5.91)

At X = Xy, 0(X,) = Np + pu(Xs). However, from approximation 4), p, (xn )<< N, , so

that n(x,) = n,, # Np. Also, from equation (5.89)

eV,

Nallo _ har (5.92)

2
i

n

Substitute equation (5.92) in equation (5.91), using the conditions n(x,) = Np and the
law of mass action for the equilibrium region far from the junction,

n} =p,n~N,n_ yields the following.

eV,
n (—xp )E n, (—xp ): npoekj (5.93)

Note that the subscript p denotes the region in the p-type material and that the subscript
po denotes the region in the p-type material far from the junction where equilibrium
exists. Similarly, the subscripts n and no refer to n-type material.

Starting with jp =0 and in a manner similar to that used to obtain equation (5.93),

the following result for the injected hole density at the junction boundary in the n-type
semiconductor is obtained (problem 5.5).

p(x,)=p, (x,)=Ppne™ (5.94)




326 Chapter 5

Equations (5.93) and (5.94) are sometimes referred to as the law of the junction. They
show that the injected minority carrier densities at the junction boundaries are
exponentially dependent upon the applied potential, V,. As a result, since eV, > kgT
for room temperature conditions, pn(X,) and ny(-X,) are much greater than their
equilibrium values, pyo, and ny,.

5.7.2 Current-Voltage Relation for Infinite Neutral Regions
The law of the junction equations is the boundary conditions on the minority
carrier densities at the p-n junction boundaries. They are used in the solution of the
transport equations.  Substituting the electron and hole drift-diffusion equations
[equations (5.56) and (5.57)] into their respective continuity equations [equations (5.53)
and (5.54)] under assumption 1) yields the following.

2
Dni(—r;+unsj—2+unn%:Re (5.95)

-pe—-p,p—=Re (5.96)

If equation (5.95) is multiplied by pp,,, and equation (5.96) is multiplied by np,,, and the

(&

resulting equations are added using the result p = D, then the following results.

B

D D 2 2
—r pdr21+ndlz+ i (pd—n—n@j =Re (5.97)
pD,+nD, [ dx dx* k,TU dx  dx

Now apply equation (5.97) to the p region of the p-n junction shown in Figure 5.6.
From assumption 4) for x <-x,, n, <p_ =p, =N, . Also in the region x < -x, charge

neutrality exists and the electric field vanishes. In addition, the departure from

equilibrium for carrier densities, n, — n,, and p, — p,, Will be of the same order of
2 2
d'n, ~ d’p,
x* X’

magnitude. As a result,

With these approximations, the transport

equation in the p neutral region reduces to the transport equation for the minority
electrons,

d’n, n,—n,
e =Re= = X <X, (5.98)
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where equation (5.79) has been used for the recombination rate.
Applying equation (5.97) to the neutral region of the n-type semiconductor (x > x,,)
using the same approximations, yields the transport equation for minority holes,

2

, d Pr _ Re=Po"Pu x> x (5.99)
dx r;

D

where equation (5.78) has been used for the recombination rate.

The solutions to equations (5.98) and (5.99) with appropriate boundary conditions
yields the minority carrier density distributions in the neutral regions of the p-n
junction. From the minority carrier density distributions, the minority carrier diffusion
currents can be calculated at the depletion region boundaries (x = -X, and x = x,). By
assumption 5) the electron and hole currents are constant through the depletion region.
Hence, the sum of the minority electron diffusion current at x = -x, and the minority
hole current at x = x, yields the total current, which is constant throughout the
semiconductor.

The boundary conditions at x = -x, and x = x, are given by equations (5.93) and
(5.94). If the lengths of the p and n neutral regions are large, compared to the width of
the depletion region, then the boundary condition at X — o is p, = Ppo, and x = -0 is
n, = n,,. However, for a PV cell the top and bottom surfaces are close to the junction.
As a result, surface recombination is important and the minority carrier diffusion into
the surfaces is given by the surface recombination rates [equations (5.80) and (5.81)].

dn
In this case at x = {,, (surface of p region where d—p >0)
X

=8,[n,(~¢,)-n,, ] (5.100)

d
and at x = £, (surface of n region where (f“ <0)
X

d
—Dp% =S, [P, (£,)~Pu ] (5.101)

x=/{,

Let N, = pn — Pno» and P, = n, — n,,. As a result, since n,, and p,, are constants,
equations (5.98) and (5.99) are the following.
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d’N, N,
?—D T, =0 XS—Xp (5102)
d’p P
= X>x, (5.103)
dx D T,

These are linear, second order, homogenous differential equations with constant
coefficients. Solutions are the sum of two exponential terms of the following form

[11],

N, =A e"" +Be™" x <—Xx (5.104)
P, =A ™ +B,e™ X > X (5.105)

where A and B are constants and the a’s and B’s are roots of the characteristic

equations.
1 1
o’ - ~-=0=> a=+
Dp’tp Dpr
1 1
p* - =0 => B==
D, T, D, 1,
Hence,
E et
N, =Ae" +B.e X <X, (5.1006)
P =Ae-+Bel XX, (5.107)
where

N S A S
L,=D,t, = Z T :\/n’i T, T, (5.108)
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and

L,=D,1 = \/kBT u,t = \/kB:F T,T) (5.109)
e m;
are called the diffusion lengths: L, for the minority holes in the n region and L, for the
minority electrons in the p region.

The constants A and B are determined by using the boundary conditions. First
consider the case where the neutral regions are long. Thus, for x — -00, N, — 0 so that
B, must be zero Similarly, for x — o, P, — 0 so that A, must be zero. Also, at x = -
Xp» Np(-X;) 1s given by equation (5.93).

eVa Xp
kT _ L,
n, [e —l]—Ape (5.110)

Similarly at x = x,, Py(x,) is given by equation (5.94) and

QA X
D,. [ekBT —1] =Be " (5.111)

Using equations (5.110) and (5.111) for A, and B, in equations (5.106) and (5.107)
yields the following results.

<V, (x+xp)
kgT L,

N,=n,—-n =n_|e™ —l|e X <X, (5.112)
i 7(X7xn)

Pn =Ps _pno:pno[ekBT_lJe ke XZXn (5113)

Using equations (5.112) and (5.113) to calculate the minority diffusion currents at
X = -X, and X = x, yields the current-voltage relation or Shockley equation for an ideal
p-n junction,
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i
=Js[ekBT —1] (5.114)

dp,

dn
J=e|D —L +D
" dx |,

dx

where J; is called the saturation current density.

en D e T
J =2 p"° - = Ve, v, [ (5.115)
L, T, T, T, T,

KT
m*

and v= is the thermal speed. For an efficient PV cell, the saturation current

must be small. As a result the minority carrier lifetimes, t’, must be large compared to

the average collision times, t.

5.7.3 Current-Voltage Relation for Finite Neutral Regions

Note that the saturation current density in equation (5.115) is independent of the
dimensions of the semiconductor. However, if the assumption that the neutral regions
are long does not apply, then dimensions will enter the current-voltage relation. In that
case the boundary conditions given by equations (5.100) and (5.101) must be applied.
Again, the solutions for the minority carrier densities are given by equations (5.106)
and (5.107). Applying the boundary condition at x = —{, given by equation (5.100) to
equation (5.106) yields the following.

dn
P _
nd—x —Sn[np(—fp)—npo}

Y X Y 5 (5.116)

»lAe ' —Be |=S [A e +Be" }
Also, at x = —x,, the boundary condition is given by equation (5.93)
eV,
N, (—xp) =1, (—xp)—np0 =n, (ek ! 1]
(5.117)
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Equations (5.116) and (5.117) can be solved for A, and B, so that

% ) | (5.118)
[1+S]“)L“je L +[I—S“L“]e Lo

As aresult, the electron diffusion current at x = x,, is the following,

d
I, (—xp ): eD, dr;p

eV,
=], [ekBT —1} (5.119)

where

('p’xp) ’(/p”‘p)
1+S“L“ e b - I—S“L“ e
en, D, D, D,
I, == =y D~ (5.120a)
’ [1+S"L“Je b +(1—S“L“je b
Dn DH
l — { -
SuLy cosh( P Xp]+sinh[ P XPJ
enpoDn n n n
J (5.120D)

is the electron saturation current density. Solving the hole transport equation [equation
(5.103)] in the n region with the boundary conditions given by equations (5.94 and
(5.101) yields the following result for the hole diffusion current at x = x,.

eV,
1, (xn):—erC:iﬁ =1, [ekBT —1} (5.121)
X X=X,
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(/ —x") 7(1 —X, )
[1 + Sk Je b —[1— Soby je b
ep. D D D
J =P > u (5.122a)
sp L S L (/ —xn) S L —(/ —X )
’ 1+ 2P le b 4]1-2Ple b
D, D,
SL _ _
b P pcosh[ “L X“J-i—sinh[ “L X“j
e
> = p]“j : S - : d (5.122b)
’ P psinh[ “_X“J+cosh( n_ “]
P LP LP

Thus, the total current density is the following.

eV,
T=(1,+1, ){e“ﬁT —1} (5.123)

Comparing equations (5.114) and (5.123), the addition of surface recombination
and finite dimensions changes only the saturation current. If the neutral regions are
large (I, = oo and 1, — oo) then the saturation current Jg, + J, reduces to the result given
by equation (5.115). The surface recombination parameter, ¢, in equations (5.120) and
(5.122) can be written as follows,

L ! ’ * ’ ’
¢Es_zs\ﬁ:s ev__g|m ng\ﬁ (5.124)
D D pk,T k;Tt v\=t

_ kT . oy .
where V=,|—=— is the thermal speed. Thus, the surface recombination parameter is
m
: 7 en, D, ep, D, L T
proportional to ,[— . If and are written in terms of —, then
T L, L, T

dimensionless current densities J,, or J can be defined as follows,

T = Tsn Y (l +0, )e“p — (l — 0, )e‘“p
en, v, T (149, )e" +(1-¢,)e ™

(5.125)

sn
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J o= o )e” (5.126)
+

where

TP (5.127)

and

e (5.128)

are the dimensionless widths of the neutral regions in the p and n type semiconductors.
For an efficient PV cell, u, and u, should be less than one. In that case, minority
electrons in the p region generated by incident photon absorption will have a high
probability of being injected into the n region by the built-in potential. Similarly,
minority holes in the n region have a high probability of being injected into the p
region.

- - ’ T
In Figure 5.7, J, and J, are plotted as functions of % and -2 for U =u, =1

T, T,

wnn
w2

and == =-2=0.01,1. The dimensionless saturation current densities decrease rapidly
Y
n p

’

oy .1 - - . .S
with increasing —. Also, J,, and J are nearly independent of the speed ratio, —.
T v

Thus, an important parameter for controlling the saturation current density is the ratio
of minority carrier lifetime to minority carrier average collision time.

For large values of r (¢>1), equations (5.125) and (5.126) become the
T

following.

T, = [ecothu, >0 for = o (5.129)
‘cn

- T T
Jp =.|5-cothu, -0 for = —>o0 (5.130)
\, T
p
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Dimensionless saturation current density

o
an Jsp

Chapter 5

| | |

0 0.5 1 1.5 2
Ratio of minority carrier lifetime to average collision time

T/t ort /t
n n P P

Figure 5.7 Dependence of dimensionless saturation current densities
of an ideal p-n junction on the ratio of minority carrier lifetime
to minority carrier average collision time for the ratio of neutral

region width to diffusion length, (£ —x )L, =(/, —x,)/L, = 1, and two
ratios of recombination velocity to thermal speed, S/ V. Solid
line, S HNH=S p/Vp=.01 and S nNn=S p7§/p=1 for dashed line.[

For small values of — (¢ < 1), equations (5.125) and (5.126) are the following.
T

(5.131a)

’

- T T
Jo =,/ tanhu, —o  for =0

‘CH Tl‘l
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_ T T
Jo = /—‘: tanhu, — oo for - =0 (5.131b)
T, T

p

Just as in the case for infinite neutral regions [equation (5.115)], the lowest saturation

. . T
current densities are obtained for large values of —.
T

i p'/r p)”2
o
e

12
) " or

jsn(r n/rn

Product of dimensionless saturation current density and
square root of the ratio of the lifetime to collision time

] J J
0 0 0.5 1 1.5 2

Ratio of neutral region length to minority carrier diffusion length
up:Xp/Ln oru = (l—xn)/Lp

Figure 5.8 Dependence of the dimensionless saturation current
densities of an ideal p-n junction on the dimensionless neutral
region lengths for several values of the surface recombination
parameter, $=SL/D
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The dimensionless length of the neutral regions, u, and u, are important in
L= - C N - /r' - }T'
determining J, and J, . This is illustrated in Figure 5.8, where J, | and J £
T T
n P

are shown as functions of u, and u, for several values of ¢, and ¢,. Notice that the
minority electron and hole saturation current densities are decreasing functions of u,
and u, if ¢, > 1 or ¢, > 1, and increasing functions of u, or u, if ¢, < 1 or ¢,<1. Also, in
all cases, for large u, or u, the sum of the saturation current densities are equal to the
result given by equation (5.115), which applies for infinite neutral regions. Obviously,
to obtain the smallest possible saturation current density, the surface recombination
velocity parameters, ¢, and ¢, and the neutral region length, u, and u, must be small.

o T T, .
~1,if =>1 and = >1 and if u,>land

T, T,

As Figures 5.7 and 5.8 show J, = I,

P

u,>1. Therefore, in this case J, ~en Vv, and J, ~ep,V, . Using the mass action law

[equation (5.46)] and n,, = Np, ppo = Na, the following relation results for the saturation
current density.

* E
I=J +J =~e NN, kB*T l+—NA m: exp| ——
S P N, m; N, \'m; kT

* % V 4
“\(m ; " 1.16x10°E
Js=1.46x1013[ﬁJ[—PJ Nl {HNA m"}exp{——g}
A

(5.132)

T

T(K), N, (em™), E, (eV)

Thus, the saturation current density is exponentially dependent upon the bandgap
energy, E,. This strong dependence on E, means that the low bandgap energy TPV
cells have significant saturation current densities, a detrimental effect.

5.7.4 Depletion Region Contribution to Current
and High-Injection Effects

In obtaining the ideal current-voltage relation, it has been assumed that
recombination does not occur in the depletion region so that electron and hole currents
are constant through the depletion region. However, in reality recombination does
occur in the depletion region so that there is a recombination contribution to the current
from the depletion region. It is also possible for electrons and holes to “tunnel” through
the depletion region by moving from the conduction band or valence band to energy
states within the bandgap. From these energy states, the electrons and holes can tunnel
into the opposite band or recombine thus resulting in a contribution to the current. The
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energy states within the bandgap result from impurities and lattice defects. Generally,
recombination will be the major contributor to current generation in the depletion
region.

In the case of reverse basis, where the applied potential adds to the built-in
potential, the electric field will be large. As a result, free carrier electrons and holes are
swept out of the depletion region before they can recombine. In forward basis,
however, the density of electrons and holes will exceed their equilibrium values. Thus,
they attempt to return to their equilibrium values by recombining. In this case, it can be
shown that the current density generated in the depletion region, J4, is the following.

eV,

J, ~ne*T (5.133)

Where n; is the intrinsic carrier density [equation (5.47)], which is exponentially
dependent upon the bandgap energy, E,. In previously derived current-voltage relations

V.
[equations (5.114) and (5.123)], the current is proportional to exp{i %} '

B

The low injected minority carrier density assumption has been used in deriving the
current-voltage relations. However, in a TPV application at large emitter temperature,
minority carrier densities may become comparable to the majority carrier densities; this
is called high injection.

Consider the neutral regions of the p-n junction for high injection. The transport
equations for minority carriers in the p and n neutral regions are the same as in the low
injection case. The only differences are the boundary conditions at boundaries of the
neutral regions and the depletion region [equations (5.93) and (5.94)]. If the low
injection assumption is not made, then equations (5.91) and (5.92) can be combined to
yield the following result for minority electrons at the boundary between the p neutral
region and the depletion region, ny(—x,),

2 N
n, (—xp ): ﬁnn (x,)e"" (5.134)
A-"D

where n,(x,) = Np is the electron density at the boundary between the depletion region
and the n neutral region. If high injection occurs so that n,(—x,) = py(—Xp) = Na and
n,(X,) = Np, then equation (5.134) yields the following.

eV,

a

n,(-x,)~ne™*’ (5.135)
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ith this boundary condition, the solution for the electron diffusion current density at x
= —X, is the following,

T, (-x,)=1, {eszﬁT —1} (5.136)

where J,, is given by equation (5.120) with n,, replaced by n;. Similar to recombination
current in the depletion region [equation (5.133)], the current density is proportional to
eV, ev,

*%T rather than e**" as is the case for low injection. A similar result for the hole

(&
eV,
2kgT

diffusion current density at x = x, occurs if the boundary condition p, (x, )= n,e is

applied,

eV,

1 (x,)=71, {eZkBT —1} (5.137)

where Jg, is given by equation (5.122) with p,, replaced by ni. Thus, for the high
injection boundary condition, the current-voltage relation is the following.

eV,
T=(,+71, ){eZkBT —1} (5.138)

5.8 ldeality Factor and Empirical Current-Voltage Relation
of p-n Junction in the Dark
Under the ideal p-n junction assumptions, the current density is proportional to
eV,
e’ [equation (5.123)]. If depletions region recombination and high injection are

eV,
2k T

included, then the current density will be proportional to e To approximate all
these effects in the J vs. V, relation for a real p-n junction in the dark, the following

relation is used.

eV,
J=17, [erkﬂT —1] (5.139)
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The term A, is called the junction perfection factor or ideality factor and J,, is the
saturation current, which includes the effects of depletion region recombination and
high injection.

If the p-n junction behaves as an ideal junction, then A, = 1. If high injection and
depletion region recombination are dominate, then A, = 2. The ideality factor, A,, and
saturation current, J;, can be determined from experimental J vs. V, data taken in the

eV,

dark. For . ~>»1, nJ=nJ + Ae;(]a T so that the slope of InJ vs. V, yields the value

B oB

V.,
of A,. The value of J; is the asymptotic value of J for Ya 9.

B

5.9 Current-Voltage Relation for an Ideal p-n Junction
Under Hlumination
Now consider a p-n junction with incident radiation, q;(A), on the p side of the
junction. In this case, electron-hole pairs are generated throughout the semiconductor

he,

for photon energies, E = >E,, where E, is the bandgap energy. For the ideal p-n

junction in the dark, it is assumed there is no generation or recombination in the
depletion region. Therefore, the electron and hole currents are constant through the
depletion region. As a result, the total current density, J, is the sum of the minority
electron current density, J,, at the boundary between the p region and the depletion
region and the minority hole current density, J,, at the boundary between the depletion
region and the n region.

For the illuminated p-n junction, electron-hole pair production occurs in the
depletion region. In this case, the total current density, J, is calculated by taking the
sum of J, and J, at the p region-depletion region boundary or the sum of J, and J, at the
depletion region-n region boundary.

Except for assumption 5), the same approximations used to obtain the J-V, relation
[equation (5.114)] for the p-n junction in the dark are used to obtain the J-V, relation
for the illuminated case. To simplify the algebra in deriving a solution to the transport
equation, the origin of the coordinate system is located at the surface of the p region.
This is illustrated in Figure 5.9.
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Figure 5.9.—p-n junction with incident radiation, g;(A).
(a) Schematic of p-n junction. (b) Current distribution.

5.9.1 Electron Current Density in p Region
The transport equation for the minority electrons in the neutral p region now
includes the generation term given by equation (5.66a). The generation rate is the
number of electrons and holes produced per unit wavelength. Therefore, the minority
electron density appearing in the transport equation will be the electron density per unit
wavelength, which is denoted as n; . The total density is therefore n, = J. n dx. And

the transport equation is the following,

’
P _ P
n 2
dx T

21 '
d'n, n -nj

-2[1-R, (M)]a, (x)}”qici}”)

h

{Ez (a,%)-uyE, {EH (5.1400)
uM

’
n
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where Ry(A) is the reflectivity at the surface of the p region, a,(A) is the absorption

coefficient in the p region, and u,, =

2
n . . .
] where n, = 1 is the index of refraction

of vacuum and n,, is the index of refraction of the p region.
Rewrite equation (5.140a) as follows,

N N (x)F (x)[ (o) uE ( H (5.1400)

dx?> L2

n

where N/ =n -n', L =,/t,D, , and Fy() is the photon flux that enters the p

po?

region.

F,(M)=(-R )ML_Q) (5.141)

Equation (5.140b) is an inhomogenous, second order, linear differential equation with
constant coefficients. The solution consists of the sum of the solution to the
homogenous equation [equation (5.102)] and a particular solution, f(x).

N/ Ae +BeL +f(x) (5.142)

If the right hand side of equation (5.140b) (the inhomogenous part) is the sum of two
exponential functions of x, then the particular solution [11] is the following.

£(x)=Ce™ +C e (5.143)

It turns out that Ex(x) in equation (5.140b) can be approximated by a simple exponential
function (Appendix A).

E, (x)~ b,e™ (5.144)

In equation (5.140b) the incident radiation is isotropic. If the incident radiation is
normal, then b,=1/2 and, b;=1 in equation (5.144) and u,,=0

Uy

X
Using equation (5.144) for E,(a,x) and , E ( ] and substituting the trial solution
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—bja,x

=Ce "™ +Cpe " (5.145)

in equation (5.140b) yields the following equations for C; and C,.

2a Eb,
[( bL,) - }— )
2a Fb,
[(a bL,) —ul |- u,
Thus, the solution is the following.
—a,byx
—a blx ufv[e uy

:Ape +B,e s ()E, ()b, T, (5.146)

" (a b,L ) (apban )2 —uy

The contribution to the solution of the incident radiation is uncoupled from the in-the-
dark solution. Hence, for the perfect p-n junction, the current density is just the sum of
in-the-dark current density and the radiation caused current density. This becomes
evident in the following development.

The boundary conditions that must be applied to determine A, and B, are the

following.
eV,
NY (xp): n, (ekBT —1} at X =X, (5.147)
dN!
D, 1 5 =SN/ 0) at x=0 (5.148)
X =0

Substituting equation (5.146) in (5.148) yields the following,

M

(1-9,)A, -(1+¢,)B, =—6,, [ap (AM)bL, +¢n]+ep2 {Mﬂpn} (5.149)
u



Photovoltaic Cells 343

where,

2b,a, M) F, (1) _2b.T, (1-R, g, (x)a1

(a,bL,) -1 ke, [(apban Y —1]

0, (1)= (1) (5.150a)

2b,a, (A)TF () , 2b,(1-R,)Aq, (%)
= 2 Uy = 2
(L) —ui " he[(abr, ) u ]

0,2 ()

ula, (A)  (5.150b)

SL. S [¢
St 5.151
¢n Dn Vl’] Tn ( )
k,T
v, = (5.152)
mﬂ

Substituting equation (5.146) in (5.147) yields the following,

Xp X, *3pblxp
L7). _: — ' —apbix, Uym
A +Be " =y, +60,¢ -0,,¢ (5.153)
where,
i
v, =n', {ekBT —IJ (5.154)

Solving equations (5.149) and (5.153) for A, and B, and using those results in equation
(5.146) gives the following result for N’ (x),

N; (x) : {epl {(anILn +¢n)(e““’“ —ef("““)) +([1+¢n]e“ +[1—¢n]e“)eapb"‘“}

" 2DEN,

o0, K&wﬂe ) (1, ) e,]e)e ™ ]

uM
+y, [(1+¢n)e“ +(1—¢n)e’“J }—Gpleapb‘x +0,,e ™
(5.1552)
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1

L(x)= m{epl [(anILn +0, )sinh (ulD —u) +(coshu+¢, sinhu)e ™" }

Uy

b,L TPy
—szl(a"#+¢njsinh(up—u>+(c0shu+¢n sinhu)e " ]

a,byx

. b,
+v, [, sinhu+coshu] }—Gplea" " 4+0,,e "

(5.155b)
where,
u:Lin u, :E—: (5.156)
DEN, = %[(1 +6,)e" +(1-9,)e ™ | (5.157a)
DEN, =coshu, +¢, sinhu, (5.157b)

Hence, the electron diffusion current per unit wavelength, J! at x = x, is the following,

dN;
dx

| (xp): eD,

eV,
= {ek“T —1}J;n (5.158)

where I/ is the electron saturation current density without illumination and is given by

l =X
equation (5.120) where u, :(pL—p) , n),=n_,and Ji is the current density per

unit wavelength resulting from the incident photons. It is given in dimensionless form
by the following equations,

- T . 1 . v,
Jon Er :leB—ENp{Bi I [Bn +0, —([[3“ +¢, Jcoshu, +[B,9, +l]smhup)e b ]

3 Pty
——zuM 5 [B“ +¢n—[{ B, +¢n}coshu +{%+l}sinhu }e i H
Bn_uM Uy Uy ’ Uy ’

(5.159)
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I P, ~up (B 1) JETCRD
T = 2b,DEN {Bi [(B +0,)- (B, +1)(A+¢,)e " =B, -1)(1-9, )e " J

el (8o (oo ]

(5.159b)

where,
=bL,a (k) (5.160)

and

J, (V)= 2¢b,F, (1) = 2eb, (1—Rp)7“111i—(x) (5.161)
C

0

The parameter, [, is the optical depth based on the minority carrier electron diffusion
length, L,. The current density per unit wavelength, Jg, is the current density that would
result if every absorbed photon of wavelength, A, produced current. In other words, it
is the maximum possible current density that can be attained under illumination. Thus,

I<1.

In the following sections, expressions for the dimensionless photon generated
currents in the n region, Tc’m, and depletions region, I;, are developed. The sum,
T(;n +T;p +1J) is called the internal quantum efficiency and is discussed in detail in
Section 5.10.

X
As mentioned in Section 5.7, for an efficient PV cell, u o= L—p <1. Therefore, if

u, (B—“J_rl]
uM

(5.159b) can be approximated by power series. If only the linear term in u,, is retained,

|up ([3n + 11 <1, and <1, then the exponential terms and DEN;, in equation

then equation (5.159b) reduces to the following result.

X
,(-uy) usz—p<<l (5.162)
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Hence, the photon produced current is a linear function of ay(A) so that a large

absorption coefficient is desirable in this case. Note also that Tc’ln is independent of the
surface recombination parameter, ¢,, and the parameter, b;. Thus, for u <1 the

photon generated current is the same for both isotropic and normal incidence
radiation[see discussion following equation (5.144)].

o
)

o
o

N
~

region and parameter b,
Ing?1

1,'/ )

’/" /

e
o

electon diffusion current density in p neutral

[

Product of dimensionless photon produced minority

0
0 0.5 1 1.5 2 2.5 3
Ratio of p neutral region length to minority electron diffusion length
u =x /L
p p n

Figure 5.10a) - Effect of dimensionless neutral p region length,
xp/Ln on the photon produced minority electron diffusion current for

several values of Bn:banap(k) and q)n:SnLn/Dn:_l_

In general, there is an optimum value of u, for producing a maximum value of I;n .
This is illustrated in Figure 5.10, where blfl:q is shown as a function of u, for several

values of B3, when uy = 0. In part a), ¢, = 0.1, and in part b), ¢, = 1. Increasing f3,
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results in larger values for b,J; , as well as, smaller values for u, where the maximum

occurs. For B — oo, equation (5.159b) yields the following.

_ 12
limfén:;[l—uidz Iy .
B o0 b,DEN, b, (cosh u, +¢, sinh up)

(5.163)

Product of dimensionless photon produced minority
electon diffusion current density in p neutral
region and the parameter b,

0
0 0.5 1 1.5 2 2.5 3
Ratio of p neutral region length to minority electron diffusion length
u=x/L
p p n

Figure 5.10b) - Effect of dimensionless neutral p region length, x p/Ln

on the photon produced minority electron diffusion current for
several values of f =b L a (A\)and ¢ =S L /D =1.
n 1 np n nn n
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1

at u, = 0. As ¢, increases, J!

In this case, J;, has a maximum value of o

decreases (problem 5.8). Thus, large surface recombination velocity, S, is detrimental.

However, the value of u, for maximum Tc,m is not greatly affected.

Equation (5.159) applies for isotropic incident radiation, such as in a TPV system.
The dimensionless current when the incident radiation is at zero angle of incidence,
such as in a solar PV application, is obtained by setting b, = %2, b; = | [see equation
(5.144)], and uy; = 0 in equation (5.159).

T = DgN 5o {B +0, =[ (B, +9,)coshu, +(B;0, +1)sinhu, Je ™} (5.164a)
Where,
=L, (x) (5.164b)
and for B — oo,
lim J/, = ! (5.164c)

By

coshu_ +¢, sinhu,

Now compare J;, for isotropic incident radiation to the zero angle of incidence case for

A, (A
large B, and B! when the photon flux, (}11‘—() and the PV cell properties are the same.
CD

Under these conditions, equations (5.163) and (5.154c¢) yield the following result(b,= 2
for zero angle of incidence).

’
qn

isotropic (l B Rlp )Jc’m isotropic 1- Rlp 1- uli/[
- = = - (5.165a)
oo 2 (-r )T, 1-R, ] 2b,b,

’
qn

For efficient PV cells, R, and R, are small compared to 1. Therefore,

T —u?

N |:q i 1

A" lisotropic M (5.165b)
I 2b_b,
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Values of the constants b, and b; depend upon the exponential approximation used for

S . . . 3
E,(ax). The approximations in Appendix A [equations (A-13) and (A-14)] give b, = 7’

3 .
b, ==, orb,=0.9, b, = 1.8. Therefore, assuming u;, <1
2

!n . . —> 00
4" lisotropic 1 _ i or —1 for B]: (5 1 65C)
I 2bb, 9 3.24 By =

l
|

0,0

It is possible, therefore, that a PV cell in a TPV application, where the incident
radiation is isotropic, produces a significantly lower photon current density than when it
is used in a solar application, where the incident photon radiation is at zero angle of
incidence. In both cases, incident photon flux is assumed to be the same. However, as
mentioned in the discussion of equation (5.162), if u, <1, then the photon generated

current is the same for both isotropic and normal incidence radiation when the incident
photon flux is the same for both cases. Thus, depending upon the optical depth, 3,, and
the ratio of the neutral region length, X, to the minority carrier diffusion length, L,, the
photon produced current for a PV array in a TPV application may or may not be
affected by the isotropic nature of the incident radiation.

Before proceeding to calculate the photon generated minority hole current density
in the n region of the p-n junction, the solution to equation (5.140) when
Bn = bia,(M)L, = 1, or B, = uy, is considered. As equations (5.146) and (5.159) show,
there are singularities in the solutions for N; and J ;q when B, =1, or B, = uy. Thus

the particular solution given by equation (5.145) does not apply for B, = 1 or B, = uy.
—bja,x
If B, = 1 or B, = uy, the particular solution is of the form Coxe*b"””X or C/xe ™ [11].

Using those particular solutions for N, the results for J{ and J can be determined

(problem 5.7). Thus for 3, = 1 and uy = 0, the solution for I;n is the following.

T - 1 -u, -
"~ 2bDEN, {0-0,)e ™ sinhu, +(1+, )u, } (5.166)

5.9.2 Hole Current Density in n Region
Now consider the minority hole current density, J', in the n region. Again, if the

assumptions of section 5.7.1 are applied, the transport equation for minority holes in the
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n region is similar to equation (5.140). Also, p, is the hole density per unit of

wavelength and p, = J‘p;dk . The hole transport equation is,

d2pl p/ _p/
D —=-—"1—2_-G(A,x 5.167
p dXz T; ( ) ( )

where derivation of the generation term, G(A,X) is left as an exercise (problem 5.9). In

that derivation it is assumed that the p, n, and depletion regions all have the same index
of refraction, n.. Therefore, the generation rate is the following.

G(A,x)=2F, ()a, (k){Ez [(ap —ad)xp +(a,—a,)x, +a“xJ

-u Ezl(ap_ad)Xp-l-(ad_a")Xp +a‘i} X, <x</

M n
uM uM uM

(5.168)

where a4(A) is the absorption coefficient in the depletion region, a,(A) is the absorption

2
coefficient in the n region, u,, = 1—(11"] and F,(X) is given by equation (5.141).
n

Again, approximate the exponential integral, Ex(x) by equation (5.144). As a result, the
hole transport equation is the following,

dx* L’ D

p p

d’P’ P’ 2b F (A)a, (A bax

- = ——p( ) ( ){EXP[_bIXp (ap _ad)_blxn (ap -a, ):|e "
s (5.169)
b, b, v <
—u,,Exp _EXP (ap—ad)—axn (ap—an) e X, <x</
where P, =p; —p;,, and L =, /1D, is the diffusion length of holes in the n region.

Similar to the solution for N [equation (5.146)], the solution for P, is the following,

X X —bja,x

P =Ae" +Be " —0 e 40 e (5.170)
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where

2b,2E (L)a, (1)
nl — Bi -1

Exp[—blx]D (ap—ad )—blxn (ap—an )J (5.171a)

20,55, ()3, (),

o pTp
B_uM

ni2 =

{ = —(a, a)—l“(a —a} (5.171b)

B, =b,a, (ML, (5.171c)

The constants A, and B, are determined by the boundary conditions.
At x =x,,

eV,
PI(x,)=pi, [e —1] =7, (5.172)
and at x = {,
dp’
- il =S P/(/ 5.173
p dX — P ﬂ( ) ( )

Applying equation (5.173) to equation (5.170) yields the following.

u -ba B %
(1+6,)A,e" =(1-9,)B,e™ =0, (¢, =B, )e """ - nz[d)p—u—" e ™  (5.174)
M
Where
u]=£ (5.175)
L
P
and
SL S |t
=——F=— |+ 5.176
b, D v A ( )
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v, = (5.177)

Applying equation (5.172) to equation (5.170) yields the following result.

Xn —-bja, x,

Ae" +Be ™ -0 e 40 e ™M =y (5.178)

Solving equations (5.174) and (5.178) for A, and B, using those results in equation
(5.170), the solution for P! (x) is obtained,

e b )

L SR

(D\
=
i
~
—_—~
=
)
|
=
)
P
7~/
o
=
|
t-“x
< |2
|
o
/_‘\
|
‘><

—e (Bp—¢p)[e L:—e[uip}} [ (140, )+ (1=9, )]

*ﬁpu
—Bpu u,
-0, +0,,e™

(5.179)

P/(x)= DElN {Gnl [(cosh[u/ —u]+¢, sinh[u, —u])e’b‘“"x" —(Bp -0, )e’b'“"” sinh[u - I)i“ J]

P

—bja, x, —bja,/
: Uy Uy : Xn
-0, [(cosh[u6 —u]+(|)p sinh[u, —u])e —(Bp —(])p)e smh{u—Lp j]
—Bou
+y! [cosh(u(, —u)+¢, sinh(u, —u)}}—@n]eﬁpu +0, e

(5.179b)

where,

DEN, =coshu, +¢, sinhu, (5.180a)
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1 u u
DeN, = 1{{1+4,)e" +(1-4, )" ] 1500
and
u=_ (5.181)
Lp
uﬁf;x" :u]_iz (5.182)

Now calculate the hole diffusion current at the edge of the depletion region (x = x,),

v
S kgT '
=1, {e —1}Jqp

X=X,

dp, (5.183)

n

J'(x,)=-eD,

P dx

where J{ is the hole saturation current density without illumination and is given by

The photon produced hole

. 0, -
equation (5.122) where u, = “L 2y , and p;, =D,
p

current density is J;, and is given in dimensionless form by the following expressions.

B, exp[_blxp (ap a4 )J e Dita%n [(B iy —l)sinhu

7 e
® ] bDEN B2 —1
F 1 n P
—b,x
eXp|: ul L (ap —a, ):| —byagx, B0
+(Bp—¢p)(coshu“—efﬁpu“) - BZA—UZ uye ™ H%—l}sinhu“
P M M

~Bpun
+([3—p—¢pj[coshun —e " ]]
(5.184a)
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T Bp CXp _blxp(ap_ad) —bjagx —u U,
=gy o g e (0,0, )

_2(Bp - ¢p )eiﬁpu“ ]_

]
el uye {[Bp¢p+1](l—¢p)e“"

(5.184b)

The photon produced hole current density in the n region, J'

o » 18 significantly less than

the photon produced electron current density, T(; in the p region. This occurs because

most of the photon flux is absorbed in the p and depletion regions. The terms

exp[—blxp (ap—ad )Je’b‘ad"" and exp{_ilxp (ap —ad)}e "™ in equations (5.184a)
M

—biagx,

and (5.184b) account for the photon absorption in the p and depletion regions.

Just as in the case for N7, there are singularities in the solutions for P; at 8, =1,
and B, = uy. For B, = 1, the particular solution to equation (5.169) is of the form
C,xe "™* . Using that result and assuming uy = 0, P/ can be determined. Thus, the

following result for the dimensionless photon saturation current density (problem 5.10)
is obtained.

7 - Exp[—blxp (ap —an)—bladan
@ 2b,DEN

{cosh u, +¢,sinhu, — [l -u, (1 -0, )J e ™ }

B,=1u, =0 (5.185)

For a thick n region (u, — ), equation (5.184b) has the following asymptotic
value.

b exp{— ks (a —4y )} b
— — p "1 Xy
UII}EL _ T‘;p _ aan eXp|: 1[:134(_81'}3 a4 ):| efblaxn _ 1’;31\: u,e uy
p i
u, +1

(5.186)
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Obviously, if the dimensionless width of the n region, u,, becomes large the photon
produced hole current density is independent of the surface recombination parameter,
dp, as equation (5.186) indicates.

Under certain conditions, similar to the photon produced electron current density,

I:q in the p region, there is an optimum value of the neutral region length, u,, for
producing maximum T};q. This is illustrated in Figure 5.11 where
I;pbl exp[blxp (ap —a, )J e "™ is shown as a function of u, for uy = 0 and several

values of B, with ¢, = 0.1 in part a) and ¢, = 1 in part b).
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Figure 5.11a) - Effect of dimensionless neutral n region length
on the photon generated minority hole diffusion current

for um:0, several values of the optical depth, Bp:blL a ()

p n
and surface recombination parameter, ¢p=Spr/Dp=. I.



356 Chapter 5

As can be seen, for large B, and ¢, = 1, the photon produced hole current density has a
maximum value greater than the asymptotic value given by equation (5.186). However,

for B, <1 and ¢, = 0.1 and also for all B, when ¢, = 1, the maximum value of T;p is the

asymptotic value. It would, therefore, appear that a large (> 1) value of the neutral p
region length, u,, is desirable. However, u, > 1 for ¢, < 1 means the saturation current
density, Jg,, is near its maximum value (Figure 5.8). Whereas, the desired result is that
Jsp should be as small as possible.
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Figure 5.11b) - Effect of dimensionless neutral n region length
on the photon generated minority hole diffusion current
for um=0, several values of the optical depth, Bp=b1Lpan(k)

and surface recombination parameter,d)p:Spr/Dp:l.
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The results for J|, and J  have been derived for the case where the photons are
incident on the p side of the junction. Results for Ji and Ji when photons are
incident on the n side of the junction are obtained as follows. To obtain J , replace B,

by By, ¢n by 0y, R, by Ry, and u, by u,, in equation (5.159). To obtain J, , replace f3,

qn 2

by Bn, ¢, by ¢n, R, by R, and u, by u,, in equation (5.184).

5.9.3 Current Generation in Depletion Region
To obtain the total current, the current density generated in the depletion region
must be included along with the minority current densities at the depletion region
boundaries. In the depletion region, the electric field will accelerate electrons and holes
out of the region. Since the depletion region is narrow, it is reasonable to assume that
the electrons and holes leave the depletion region before they can recombine. As a
result, the steady state continuity equations for the electrons and holes are the

following.
1dJ
——L=-G(A,x 5.187a
e dx ( ) ( )
X, SX<X,
1 dJ;
—=G(A,x 5.187b
e dx ( ) ( )

Similar to equation (5.168), the generation rate in the depletion region is the following,

x <x<Xx (5.188)

where ay4(A) is the absorption coefficient for the depletion region. As stated earlier, to
determine the total current density, J', the sum of the electron, J;, and hole, J',

currents at X = X, or X = X,. are required. The currents J, at x = x,, and J| at x = x,

have already been calculated. Therefore, either equation (5.187a) can be solved to
obtain J' at x = x,. Or equation (5.187b) can be solved to obtain J ; at X = X,, in order

to obtain J' =17, (x,)+J (x,)=1T, (xp ) +1) (xp) . Consider the solution of equation
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(5.187a). The boundary condition to be satisfied is that at x = x,,

eV,
I =1 {ek'ﬁ —1}—]&1 , [equation (5.158)].

Using the approximation, E, (x) =b,e™" in equation (5.188) for G(A,x), equation
(5.187a) can be integrated.

(5.189)

Apply the boundary condition to obtain C. As a result, J| (x) is the following.

(bl

Va Bauy
VL (x) =1 {ekBT—l}JF 5+ S (1—e“””‘*(”"))—u§fb l—e ™

(5.190)
Thus, the electron current density per unit wavelength at x = x,, is the following,

eV,

7 (x,)=7, {ek”—l}—JF [T, +7:] (5.191)

where I; is the dimensionless photon produced current density per wavelength in the

depletion region,

1 m —bjagW
TF o 2| aPat (1 abiaaW ) 02 L uy 4 Uy
T = o (1=e")-ue [1 e J (5.192)
where W = x, — X,, is the width of the depletion region and B,u, = b;a,(A)x,. Just as in
the case of the photon produced hole current density in the n region, T(;p, the depletion

—Buup

region current density, J;, is small compared to Tc'm because ¢ " <1 and e ™ <1,

if Byu, > 1.
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5.9.4 Current-Voltage Relation
Now that J] (x,) [equation (5.191)] and J' (x,) [equation (5.183)] are known,

the current density per wavelength is the following.
eV,

r=(1, +J;p)[ekBT —1]—]F (T, +7,+T,) (5.193)

The total current density is obtained by integrating equation (5.193) over all
wavelengths,

eV,
J=1, [ekBT —1J—Jph (5.194)

where J,, is the total photon generated current density.

kg

I, = IJF [T, + T, + T, Ja (5.195a)

(W) =T [T+ T+ 7, ] (5.195b)

The upper limit on the integral in equation (5.195a), A, corresponds to the bandgap
energy, E,.

A, =—2 (5.196)

For A > A, the photons do not have sufficient energy to produce an electron-hole pair
sothat I/ (1) =1/ (A)=1T;(1)=0, for 1> %, Also,

Jo=Ja+J, (5.197)

], = jJ;ndx (5.198)
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Jo = jJ;pdk (5.199)

p —%p

where J;, is given by equation (5.120), where u, = , and J, is given by equation

(5.122), where u, = anjxn .

P

The A integration in equation (5.195) is complicated because the  parameters in
equation (5.159) for J' , and equation (5.184) for J', and equation (5.192) for J|,

qn 2 qp ?
depend upon the absorption coefficient, which is a function of wavelength. Therefore,
a numerical integration is required.

The total current density consists of the current density resulting from the potential,
V,, which is the first term in equation (5.194). This is the current density that occurs
for the unilluminated case and is called the dark current. The current density, J,, is the
photon produced current density and is in the opposite direction to the dark current. As
stated earlier, this separation of the total current density into two independent parts is a
property of the governing second order, linear differential equation [equation (5.140) or
5.168)] with constant coefficients. The solution consists of the homogeneous equation
solution, which produces the dark current result, and the particular solution, which
produces the photon generated current result.

In equation (5.194) the dark current is for the ideal p-n junction. However, for a
real p-n junction, the empirical J-V, relation [equation (5.139)] for the dark current
should be used. Thus, the current-voltage relation for an illuminated p-n junction is the
following.

eV,
J=1, {e’\“kBT - 1] —J (5.200)

The only difference between the current density-voltage relation for a p-n junction
in the dark [equation (5.123)] and under illumination [equation (5.194)] is the

.. . I . .
additional photon generated current term. In Figure 5.12, T is shown as a function of

s

eV

a

J J
AT for several values of Jih The unilluminated case is described by the JLh =0

o B s s
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J
curve. When Jih >0, a portion of the Ji curve occurs in the fourth guardant. In this

s s
quadrant, the current is moving in the opposite direction to the potential drop or in other
words, opposite to the electric field. Thus, work is being done and as a result, electrical
power output occurs. The usual way for presenting the current-voltage curve for a PV
cell is to plot —J as a function of V,. Thus, for a PV cell the J vs. V, result is presented
as shown in Figure 5.12b.
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Dimensionless potential

eV /A kT
Figure 5.12a) - Non-PV presentation of current-voltage relation
for ideal p-n junction with and without illumination at several

values of the ratio of the photon generated current density to
the saturation current density, jph/js.
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Figure 5.12b) - PV presentation of current-voltage relation for
ideal p-n junction with and without illumination at several
values of the ratio of the photon generated current density to
the saturation current density, jph/js.

5.10 Quantum Efficiency and Spectral Response
Two important and related quantities used to describe the performance of a PV cell
are the quantum efficiency, ng, and the spectral response, Sr. These wavelength
dependent quantities can be used to calculate the PV array power output and efficiency,
as shown in Section 5.12.
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In section 5.9.1, the quantity, Jp [equation (5.161)] is introduced. It is the
maximum possible current density that can be produced by the incident photon flux.

’

J . .
The ratio, JL“ , is the internal quantum efficiency,
F

S O *) (5.201)
N Jo e(1-R;)Aq (1)

where R; = R, if photons are incident on the n side of the junction, and R; = R,, is
photons are incident on the p side of the junction. Also, b, = %2 has been used in
equation (5.161). Equation (5.201) is called the internal quantum efficiency since it is
based upon the photon flux that enters the semiconductor. Obviously, ng(A) < 1. The
external quantum efficiency, ng, is based upon the photon flux that is incident on the

semiconductor.

he J', (A
o (1) = e

erq, (%) =(1=R;)ne (%) (5.202)

The spectral response, Sr, is defined as the ratio of the photon produced current
density per wavelength, J, , to the incident power density per wavelength, g;.

J' amps
Sr(r)=—2 P 5.203
r( ) q; (K) watt ( 2
Thus,
er eA
Sr(A)=—n, (L)=—(1-R. A 5.203b
H(4) = (1) (1R, (1) (52030

If every incident photon at wavelength A produced current, then mj (k)zl, and

Sr(L) ~ A.

As has been shown, the photon produced current density is made up of the photon
generated current density in the neutral regions and the depletion region; it is given by
equation (5.195b). Therefore,

ne(M) =T, +T+17; (5.204)
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where T‘;n is given by equation (5.159), Tép by equation (5.184), and J| by equation

(5.192). It is the absorption coefficient, a(A), that determines the wavelength
dependence of ng. The absorption coefficient appears in the parameters 3, and B, in
equations (5.159) and (5.184). If equation (5.67) is used to approximate the absorption
coefficient for a direct bandgap semiconductor, then the optical depth parameters are
the following,

gV Y
B, =b.L,a,,[E, (E——IJ =Bm(E——1J (5.205a)

=bLa \/7 % £, § (5.205b)
PU E :

where
=bL, a 1/ (5.206a)
B, =bL,a, /E, (5.206b)

Equations (5.205) assume that the absorption coefficient is the same in both the p and n
regions. Also assuming the absorption coefficient is the same in the depletion region

the quantum efficiency can be calculated as a function I for given values of Byo, Bpos
g

On, Gp, Up, Uy, and LE In Figure 5.13 the contribution to ng from each region of the

n

S . E A .
p-n junction is shown as a function of T ZK_' The values chosen for the various
g g

parameters are given in the figure caption. Part a) applies for a TPV cell where the
incident radiation is isotropic and b; = 1.5. Part b) applies for a solar cell where all the
incident radiation is at zero angle of incidence and b; = 1. Obviously, in this case, a
significant reduction in the quantum efficiency occurs for the TPV cell under isotropic
illumination. However, as pointed out earlier, if u, and u, are reduced, the quantum
efficiencies for the two radiation conditions are the same.
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Figure 5.13a) - Contribution to the internal quantum efficiency, Ny

of the top p region, j 'qn, the depletion region, j 'd, and the bottom n

region, j'qp of an illuminated p-n junction for isotropic intensity,

(b=1.5). Parameters are the following, up:.OS, u n:.l, w/L n:.001,
¢n=¢p=0, Bn0=50., Bp0=25.

It is the top region, in this case the p region, that is the major contributor to the
quantum efficiency even though its dimensionless thickness, u,, is less than the bottom
n region dimensionless thickness, u,. Reducing u, even further results in a slight
increase in 1q since the n region contribution increases. For the parameters used in
Figure 5.13, the depletion region contribution is negligible. Increasing the absorption
coefficient parameters B,, and B,, from those in Figure 5.13 results in a negligible
increase in 1gq.
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Figure 5.13b) - Contribution to the internal quantum efficiency, n o

of the top p region, j 'qn, the depletion region, j ' & and the bottom n
region, j 'qp of an illuminated p-n junction for normal incident
intensity (b 1=1.). Parameters are the following, up=.05 ,u n=.1,

wiL =001, ¢ =4 =0, B =50., B =25.
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Chapter 5

In Figure 5.13, the surface recombination parameters ¢, and ¢, are zero. However,
if surface recombination is important, there is a significant reduction in the quantum

efficiency. This is illustrated in Figure 5.14 where ¢,, = 10, and ¢, = 0. For

o> 0

there is a negligible affect on ng. The major cause of the reduction in 1 is the front

surface recombination.

As Figure 5.13 and Figure 5.14 show, the asymptotic value for ng is the asymptotic

value of T’

qn >

which is given by equation (5.163).
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Figure 5.14 Effect of front surface recombination on the internal
quantum efficiency, n o of p-n junction illuminated with isotropic

radiation, bl=1.5. Contributions from the p top region, j ,qn’ from

depletion region, j 'd and from bottom n region, j 'qp. All parameters

are the same as figure 5.13 except the front surface recombination
parameter which is (|)n=10.

. _ 1
l!:1m No =

= b, (coshup + ¢, sinh up)

(5.207)

Thus, for large values of the absorption coefficient (E— — 0 ), the quantum efficiency
g

depends upon only the top surface p region properties and the condition of the incident

intensity, which is determined by the value of b;.
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As discussed in Section 5.8, the current-voltage relation for a PV cell in the dark
depends upon the ideality factor, A,, and the saturation current density, J,. Both of
these parameters can be determined experimentally. For an illuminated PV cell, the
spectral response, Sr(A) can also be measured experimentally. The experimentally
measured parameters A,, J;, and Sr(L) along with two additional resistance parameters
that also can be determined experimentally, provide all the necessary information
required to compute the power output and efficiency of a PV cell. The resistances are
defined in the next section. Following that the power output and efficiency are
calculated in terms of these parameters.

5.11 Equivalent Circuit for PV Cells

Rs1 -1
| V
L1 1

LR AvANE

| lgg | Va2

Iph2 t ‘XZ ERshZ

t "
I
[
|
|
|ty |V
Ly T ‘SZ §Rshm
| ~h

Figure 5.15.—Electrical equivalent circuit for a photovoltaic array
of Nj series connected junctions including series, R, and shunt,
Rgp, resistances.
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So far, electrical resistance losses have been neglected in the discussion of PV cell
performance. However, for low bandgap energy TPV cells, IR resistance losses are
significant since photon generated current densities are large. Resistance losses result
from the finite conductivity of the semiconductor, the resistance associated with
contacts between the semiconductor and the metal electrical leads and shunt resistance
paths at the cell edges or along defects within the semiconductor. These resistance
losses can be accounted for by using an electrical equivalent circuit as shown in Figure
5.15.

For most TPV applications, a number of p-n junctions are connected in series to
form a PV array. This array is formed on a single piece of semiconductor material. An
example of such an array is the monolithic interconnected module (MIM) [15]. The
equivalent circuit in Figure 5.15 is a model of such an array consisting of N; junctions.

The photon generated current for each junction is represented by the current source
Lh = A.Jon, Where A, is the junction active area, and J, is the photon generated current
density. The active area is the total area, A, minus the area of the metal grids on the
top surface that conduct the current. The dark current for each junction, Iy, which is the
product of the dark current density [equation (5.139)] and the total junction area, A, is
given by the diode equation.

I =AJ | exp| =Y |1 (5.208)
Ak, T

Series resistance losses are represented by the series resistance, R,, and shunt resistance
losses are represented by the shunt resistance, Rg,.
Applying Kirchhoff’s voltage law to the current loop of the equivalent circuit

yields the following result.

N, N,
2\4 —ILZ:RSi ~V, =0 (5.20)
iml o1

Also, for current continuity,

V, V. Vi
[ =01, -1,———=1,,-1,———...=1 o, Loy, T (5.210)
’ 1{shl ’ RshZ ’ shNj
Now assume that all junctions are identical so that A, =A,=.. Ay =A,,

Rsl = RSZ = }{sNJ = Rs > Rshl = Rsh2 = }{shNJ = Rsh ’
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=A,, T=T,=.T =T,,and I, =1, =...1, =1,. Asa

i
NJ
result, 1, =1, =..1 =1;, and V=V, =V =V, so that ZVi =N,V, and

i=l1

Ny
ZRSi =N,R,. Using equation (5.208) for I, in equation (5.210) yields the following.

i=1

eV \"
[ =1, —-1]e -1|—— 5.211
L ph s |: Xp[AOkT] :I Rsh ( )

N, N,

Now use ZVi =N,V and ZRSi =N,R, in equation (5.209) to obtain an
i=1 i=1

expression for V and then substitute that expression in equation (5.211) to obtain the

current-voltage relation for the array.

R | R I V. o Vv
IFLzri;uﬂmeLR¢+1"—JL—— (5.212)
ST N N, (

Where V, is the dimensionless voltage, R is the dimensionless series resistance, and

I, is the saturation current.

V, = 5.213a
FOAK,T ( )
I =AJ (5.213b)
—  eRJI

R =Dss (5.213c¢)

Ak, T

— eR,I

L= (5.213d)
Ak, T

Equation (5.212) is the current-voltage relation used to describe an illuminated PV
array. In the next section it is used to calculate the PV array electrical output power and

efficiency. For a single junction (N; = 1), and if Ry = 0, Ry, = o0, and A, = A,, then
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equation (5.212) reduces to the current-voltage relation for a PV cell without resistance
losses given by equation (5.200).

The series resistance, R,, and shunt resistance, Ry, can be determined
experimentally. With the PV cell under illumination, measured values of I vs. V| can
be used to calculate R; and Ry,. And, as stated earlier, I} vs. V| data taken in the dark
can be used to obtain values for A, and J..

If Ry, — oo, then equation (5.212) can be rewritten as follows.

Voo
I =L‘“—exp[N—L+RSILj+1 R, — (5.214)

]

—— I
When I R, becomes significant in equation (5.214), both the ILh term and the

exponential term are large and their difference is much smaller. As a result, the
following approximation can be made.

I A
ph L
2 _exp| £ +R.I [~0 5.215
I p[NJ “j ( )

S

As aresult, equation (5.215) yields the following current voltage relation.
_ I \Y%
I R P e (5.216)
Rs Is NJ

— . . \Y%
Thus, for significant Ry the PV array behaves like a resistor (IZE) where the
resistance is a negative number. This is illustrated in Figure 5.16, where equation

1 _
(5.212) is shown for infinite Ry, Ny = 1, ILh =10°, and several values of R,. Ascan

be seen, even for rather small values of I_{S , the PV cell begins to behave like a
negative resistor.

In addition, the current for Vi = 0, which is called the short circuit current, I,
decreases as R; increases. An expression for the short circuit current is found by setting
V, =0 in equation (5.212).
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Figure 5.16 Effect of series resistance, R _on the current-voltage

relation of illuminated p-n junction for N j=1 , Iph /IS=106 and several

values of the dimensionless series resistance, §S=6RSIS/A0kBT. The

dashed lines are given by Equation (5.216) and the shunt resistance
is infinite.

_ R, [I _
I zﬁ{%—exp(Rs ISC)+1} (5.217a)
sh

[ =T R =0 (5.217b)
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As already mentioned, series resistance is a critical issue for low bandgap energy
TPV cells since the photon generated current density, J,,, is large. As a result, the
'R, loss is significant unless R, —0.

1
Il

N

7x10°

x10?

Dimensionless current, I /I

0 ! ! ! ! ! !
0 2 4 6 8 10 12 14

Dimensionless voltage, eVL/AOkBT

Figure 5.17 - Effect of shunt resistance, R o on the current-voltage
relation of illuminated p-n junction for Nj:l, Iph/IS:lO6 and several

values of the dimensionless shunt resistance, R Sh:eRSh IS/AOkBT.

The series resistance is zero.

Figure 5.17 shows the effect of shunt resistance, Ry, on the current-voltage relation

forRg=0,and N;=1. As I_{sh decreases, the voltage at I} = 0, which is called the open

- \Y . .
circuit voltage, V.., decreases. Eventually, the ——=—— term in equation (5.212)

(R,+Ry,)
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dominates, and the PV cell behaves like a resistor with negative resistance similar to the
case for large series resistance.

A relation for the dimensionless open circuit voltage, \_70 is found by setting

c

TL =0 in equation (5.212).

_ Vv _ |1 AV
vV, = z S=NR, [Iih—exp(N“ j+1} (5.218a)
o s J

Thus, V,, is independent of the series resistance. For R — oo, the term in brackets

must vanish. As a result,

oc

— I _
V., =N, 1{&‘“} R, —>© (5.218b)
I

S

To summarize, large series resistance reduces the short circuit current but does not
affect the open circuit voltage. Small shunt resistance reduces the open circuit voltage
but does not affect the short circuit current. Both large series resistance and small shunt
resistance reduce the PV cell efficiency.

5.12 PV Cell Efficiency and Power Output
Efficiency and power output are the two PV cell parameters required to calculate
the performance of a TPV system. The electrical power output is the product of the
voltage, Vi, and current, I, that is supplied to the load,

P, =V, (5.219)

where I; is a function of Vi. To determine the condition for maximum Pg;, the
standard maximization procedure is used. Namely, differentiate equation (5.219) with
respect to Vi and set the result equal to zero.

‘ﬂ)i:ﬁd_vzo (5.220)
dv, ~ dv dv,

It can be shown (problem 5.11) that v

L

>0 for all VL. As a result, to satisfy equation

(5.220)
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P,
Py = (5.221)
dv
for a maximum Pg;. Therefore, using equation (5.209) for Vi in equation (5.219) for
identical junctions yields the following result.

dp,, dI
=N,[(V-2[R,)—+I 5.222
N (V2R ) 522)

Using equation (5.211) for I, the equation for the voltage, Vy;, to obtain maximum
power is obtained after a great deal of algebra.

I — - I - _
[(1”2)[11‘“)—«/3\/ }e-w +7, Lﬂﬂ_ew }_[1+y2][VM +1]=0 (5.223a)

s s

— I
Equation (5.223a) can be written in terms of V_ by replacing (ILh+1 ) using equation

S

(5.218a),

\—/ Voo B \_] Voo -
[(1+Y2)[N;—{ +eNJJ—v3\_’M]e'VM+Y[NI"—{° +eN‘—eVM]—[1+Y2][\_’M+1]=O

(5.223b)
where
— V.
v, = CVm (5.224)
Ak, T
2eR 1 =
¥, = R = 2R, (5.225)
A kT
2R
i N 5.226
yz Rsh ! ( )
2A k., T(R.+R R, +R,
g, = ke ( s a)_ 2 (R+R,) (5.227)
N eIsRsh Rsh Rsh
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Once \_/M is obtained from the solution to equation (5.223), the power output, Pg can

be determined,
(5.228)

Py =Viuliy =N, (VM -RIy )ILM

EL

where V1 is obtained from equation (5.209) and Iy, is the load current when V = V.

From equation (5.211)

_ | V,
g =M= B eV M (5.229a)
Is s Rsh
Equation (5.229a) can be written in terms of \_/0C by using equation (5.218a).
— v —
— AV - . Vv
[y=—2—+e" +e' —=2 (5.229b)
NJRsh Rsh
Equation (5.228) can be rewritten as a function of V,, and I,,, as follows.
(5.230)

AokBT ILM NJ [\—,M —I_{STLM:|

_Py
P = A, T e A,

The quantity pg is the output power density in units of watts per cm” of PV array area,
where A, is the array total area. A dimensionless power density can be defined as

follows.
Ty ] (5.231)
The quantity T, is a function of V,, [equation (5.229)] and V,, is a function of —2-

and the three y parameters [equation (5.223)]. Thus, p; is a function of IL and the

three y parameters, which are functions of R, and R, .



Photovoltaic Cells 377

— I
Figure 5.18 shows the solution to equation (5.223) for V,, as a function of ILh on

S

a logarithmic scale for several values of R, with R, — o and Ny = 1. As can be seen

— I — —
V, is nearly a linear function of ln(lih) for R,= 0. For increasing R the PV cell

S
begins to behave as a negative resistor, as already noted in the discussion of Figure
5.16.

16 s

o B

ge for maximum power
P
SN
T
N
S
N
N\
= \

eVM/A kT
o

M

\
3

Dimensionless volta,

6 | |
10* 10° 10° 10’
Dimensionless photon generated current, Iph/lS

Figure 5.18 - Dimensionless voltage, V M for maximum power output
as a function of the dimensionless photon generated current, Iph/IS
for several values of the dimensionless series resistance, RS, with

shunt resistance, R, — o0, and N; = 1.
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For large series resistance, equation (5.216) applies so that (problem 5.12)

— N I,) V R, >10°
V., ~~—Lln| 2 | —= B 5.232
L h 523)

s

and

(5.233)

The shunt resistance has no effect on V,,, until R, <10°. For R, — 0, the last term

. . I . . .
in equation (5.212) becomes large and I—L can be approximated as a negative resistor,

just as the case for large I_{S .

—_—_ —

(5.234)

Thus, the dimensionless maximum power density is the following (problem 5.13).

N, (I P
J ph

>R
PeL 4[1 J sh

s

(5.235)

For a TPV system, the photovoltaic efficiency is defined as follows (see Section
6.5),

Mpy = -2 = Viuli (5.236)

where Py is the electrical power output and (_QC is the useful radiation incident on the
PV array. Assuming the incident flux, gi(A) is uniform over the array area A., then (30

is the following.
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Q. =A, j i(}»)dk (5.237)

. - . . he, = .
Since the upper limit on the integration is A, =—=>, Q, includes only photons that can
E
g

produce electron-hole pairs. For solar PV application, the efficiency is based upon all
incident photons. In that case, the upper limit on the integration is infinity. However,
in a TPV system, spectral control is employed to produce only incident photons that can
produce electron-hole pairs. Thus, the efficiency for producing these useful photons is
attributed to the method of spectral control, rather than the PV array (see Section 6.5).

In calculating Py, it is useful to define a quantity called the fill factor, FF, as
follows,

FF =Yl o (5.238)

ocsc

where V. is the open circuit voltage and I is the short circuit current. The maximum
possible value of Py occurs when Iy = I, for Vi y = V. or FF = 1. In that case the
I vs. Vi plot (Figures 5.16 and 5.17, for example) would be shaped like a rectangle
with I, the height, and V. the width. Thus, the value of FF approaches 1 as the shape
of the Iy vs. Vi plot becomes rectangular.

Using the definition of the fill factor, Py can be expressed as follows.

P, =FFV, I (5.239)

ocsc

Using equation (5.228), the fill factor can be expressed as follows.

FF = M (5.240)

The maximum load current, 1,,, is given by equation (5.229) and V,, is obtained from

I, _
the solution of equation (5.223). Both of these quantities are functions of ILh , R, and

S

R,, . The open circuit voltage, V,,, is given by equation (5.218) and the short circuit

c

and

s

— I —
current, I, is given by equation (5.217), which are also functions of Iih, R

S
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R,, . For most useful PV cells, Ry, is large so that the approximation R, — o can be

made. In that case \_/OC is given by equation (5.218b) and from equation (5.217a) for

Ry, >R,

s

| _
I =1Lh+1—exp(Rs L) R, >R, (5.241)

S

I _
Thus equation (5.241) is a transcendental equation for I as a function of 2 and R,.
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Figure 5.19 - Fill factor, FF, as a function of dimensionless
open circuit voltage, V_, for infinite shunt resistance, R .

ocC S
Nj=1 and various dimensionless series resistances, R .
Solid line is approximate result for R S:O given by

equataion (5.242).
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oc

I \Y
Since ILh +1= exp[ N j for Ry, — oo, all the quantities that appear in the equation
J

S

I - \Y -
for FF can be expressed as functions of =~ and R, or N—"‘ and R, . In solar PV

s J

applications, FF is generally given as a function of V.
In Figure 5.19 the fill factor, FF, is shown as a function of V,, for N; = 1. It has

been calculated using equation (5.240) where 1_ is obtained from the solution of

equation (5.241), \_/n from the solution of equation (5.223), and TLM from equation
(5.229b). As can be seen, the series resistance has a significant negative effect upon the

fill factor. For increasing \_/OC , the resistance loss term, ﬁs? in equation (5.240)

M >
becomes significant and the fill factor begins to decrease. As V., increases further, the
PV cell begins to behave as a negative resistor, and the fill factor reaches its asymptotic
value of % (problem 5.14). For ES =0, Ny;=1, and \_/0C > 5, the fill factor is closely

approximated by the following expression [5].

_ _ N, =
V,.—In(V, +0.72) _ _
FF = — .o, R, = (5.242)
Vv, +1 —
V. >5

Consider the low bandgap energy PV cells that are used for TPV applications. For
T = 300K, the dimensionless open circuit voltage is the following.

V,, =387 Voo
A

T =300K (5.243)

o

For TPV cells where 0.5 < E, < 0.75eV, the open circuit voltage range is approximately
0.2<V,<0.6V. Thus, at T=300K

=

.7£\—/ £23

<= T = 300K (5.244)
AO

> |

o

Since 1 < A, < 2, Figure 5.19 shows that for the lowest bandgap energy cells the fill
factor will not be affected by l_{S until l_{S >10"*. However, for the highest bandgap
energy cells, R, must be less than 107 in order to avoid a reduction from the R, =0

fill factor.



382 Chapter 5

Return to the PV efficiency as defined by equation (5.236). Using equation (5.238)
Npy becomes the following.

FFVOC SC
Npy = . (5.245)

As will be shown in Chapter 6, the incident flux, g;, can be written as follows,
q; (M) =g(M)eg (A)e, (A, T) (5.246)

where g < 1 is a function of the optical cavity geometry and optical properties. If the
optical properties of the cavity are independent of A, then g will also be independent of
A. The emitter spectral emittance is gg, and e, is the black body emissive power.
Assume g and g are constants in the range 0 <A < A,. Therefore,

Ay

Q, = A, g, J.eb (AT )dh = A geeo F,, 1 Ti (5.247)

o

Eg _ hCo
kT, kA, T,

where F,; ; is a function of the dimensionless bandgap energy u, =

and is given by equation (1.137). The emitter temperature is Tg, and oy, is the Stefan-
Boltzmann constant. Thus, the PV efficiency is the following.

Now = VLMILM _ AokBTIsTLMNJ (\_]M _ETLM)
v AchEGstofkgTE Té eAcggEGstofkgTE Tg

_ (5.248)
_ AokBTIs FFVOC Isc

4
eAc ggEGsto—ngE TE

— - L, - —
The quantities FF, V_, and I are functions of Iih, R,, and R, . Again assume

S

R, — o so that V,_ and 1 are given by equations (5.218b) and (5.241). The photon

generated current, Iy, is given in terms of the internal quantum efficiency, nq(A)
[equation (5.201)],
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Ay

€
I =Au— I(I—RC )Aneq,d (5.249)

o

where Ay, is the active area of a single junction in the array, and R, is the reflectivity.
Figures 5.13 and 5.14 show that ng is nearly a constant for 0 < A < A,. Therefore,
assuming Mg and R, as well and g and €g, are constants for 0 < A < A, then using
equation (5.246) for g;(A) the following results.

Ay

eA
L, :F“(I—Rc)gsEnQ J‘Xeb (A, T, )dr (5.250)
The integral can be written in terms of the dimensionless bandgap energy, u, = " f}
B E
so that equation (5.250) becomes the following,
15 eoy, 3
Iph :? K Ay, (1_Rc)g8EnQTEG(ug) (5.251)
B

where G(u,) is given by equation (2.22). Equation (5.251) and given values of ﬁs are

used to calculate FF, V

oc ?

and T in the numerator of the efficiency equation (5.248).

Consider the case where I_{S= 0. Therefore, I, = Iy, and the efficiency is the

following,
© ) _
J-u du Rsh—)oo
ev, e’ -1 R =0
1-R_)n,FF X 5.252
M =T R [k] " R,(1)ng (1) 2(k) ana O
Ie“ -1 du (7») constant for 0 <A < k

where equations (1.137) and (2.22) have been used for F, T and G(ug). Thus, if

l_{S = 0, there is no direct dependence of mpy upon the cavity parameters g and e.

Dependence upon g and &g occurs only through FF and V, that are functions of I,
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_ I
which, in turn, is a function of g and eg. Since V_ =ln[ﬂ+lj, Vo is a slowly

S

varying function of I,,. And since FF is a function of \Y

oc ?

FF will also be a slowly
varying function of I,. Therefore, if I_{S =0, the PV efficiency will be nearly

independent of g and eg. For the “perfect” PV cell, ng =1, FF = 1, eV, = N;E,, R = 0,

A A 1 . . .
and —=—2"_=_— In this case, npy [equation (5.252)] reduces to the maximum
A NJAJa NJ

possible TPV efficiency derived in Chapter 2 [equation (2.19)]. In that case npy is only
E

g

kT,

a function of the dimensionless bandgap energy, u, =

When ng, Re, g, and &g are constants for 0 < A < A,, the PV efficiency [equation

|
(5.248)], power density, pgr, and dimensionless photon generated current, I, =1Lh

s

[equation (5.251)] can be written as follows,

TLMNJ (\_/M _TLMES )

Mpy = A 0py w R (5.253)
Y du
e" -1
— PEL T \Vi T R

P = A = A, LyN; (VM - LMRs) (5.254)

_ I, I N
I, = IL:‘ = JL:‘ =By J.e“ - du (5.255)

where,
E
u, = £ (5.256)
kBTE
K, TI TI A _amp
Opy = LS“ =9.87x10’ 5—4J s cm? (5.257)
1seg£EGstEAc ggETEAc

T-K
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3
- l—f%no (1 —RC)—eggl‘i‘;S*’TE ~1.01x10° {‘::a an (1-R,)

c

T
J

s

Bov (5.258)

T

c

Notice that npy and pgp are directly proportional to the ideality factor, A,.
The following procedure calculates the efficiency and power density. For given

values of u, and Bpy, equation (5.255) produces Tph . Using that Tph and I_{S [equation
(5.213¢)] in equation (5.223a) gives V,, .

0.35 R L) L) L) l L) L) L) l L) L) L) l L) L) L) l L) ; L--
. E=1.12¢V, — — — -
N g_ .— .
5 0.3 =
2 [ -~ ]
[t
. 7 -
z s N
s 025
= i . —
R e :
§§> 0.2 L — ]
Q
=R ]
N :
2 - i
= 015
S [
g s 55eV -
= X ]
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Figure 5.20 - Photovoltaic efficiency, n__, as a function of emitter

PV

temperature, TE for bandgap energies, Eg=.55, 72 and 1.12 eV and

no series resistance(RS:O). The quantum efﬁciency,nQ, cell

reflectivity, Ri, emitter emittance, . and cavity parameter, g,

are assumed constant for E <E. ¢ g=.6, A /A (1-R)n =.8, N =1 and
g E ca ¢ i7'Q j

cell properties to calculate the saturation current density, js, given

in table 5.1.
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The dimensionless maximum load current, 1I,,, is then obtained from equation
(5.229a). Using these values for \_/M and TLM in equations (5.253) and (5.254) yields

nﬂ. To calculate opy and Ppy, the saturation current density, J;, which is an

o

g

exponential function of must be known. An approximate expression for J; is

B

given by equation (5.132).

5 i / I
Q | 4
S | ]
253 /
o £ B 7
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< = |
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X o i
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Figure 5.21 - Power density, p _ , as a function of emitter temperature, TE

EL
for three bandgap energies, Eg and the same conditions as Figure 5.20.

Eg=.55 eV E, =72eV — E, =1.12eV— — —
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Nev ng Pec

Using the procedure just described yields the results for shown in

Figures 5.20 and 5.21. These results are shown as a function of emitter temperature,
T, for three bandgap energies, E, = 0.55, 0.72, and 1.12 eV for a single junction
(Ny = 1), with no series resistance (R; = 0), and infinite shunt resistance (Ry, — ).

Other quantities used are the following; geg = 0.6,

temperature, T = 300K. The saturation current density, J;, has been calculated using

c

equation (5.132) for PV cell properties shown in Table 5.1.

i“a (1-R,)ng =0.8, and PV cell

Bandgap Energy Electron Effective Hole Effective Dopant Density Saturation Current
E, eV Mass, m, /m, Mass, m, /m, Nx=Np, cm™ Density, j, mA/cm’
0.55 InGaAs 0.041 0.45 10" 6.32
0.72 GaSb 0.042 0.36 10" 6.65x10”
1.12 Si 0.19 0.54 10" 1.25x10™"

Table 5.1 PV cell properties used in Figures 5.20 and 5.21. Saturation current densities
are calculated using equation 5.132.

Nev.

The first thing to notice is that increases with increasing bandgap energy, E,.

This occurs because the denominator of the PV efficiency definition [equation (5.236)]
includes only photons with energy E > E,. Therefore, for a fixed value of Tg, even
though the ratio of the integral terms in equation (5.252) decreases as E, increases, the
increase in open circuit voltage, V., and thus fill factor, FF, is greater than the decrease
in the integral quotient term. Even though npy increases with E, this does not mean that
the overall TPV efficiency will increase with E,. As already shown in Chapter 2, even
for the “perfect” PV, cell the overall TPV efficiency is strongly dependent upon the
quality of the spectral control. As shown in Chapter 2, to produce maximum overall

g

efficiency there is an optimum value of This optimum occurs because Mpy

E

E
increases with increasing ﬁ as the quality of the spectral control, (the cavity
E

g TIPV

efficiency, n.) decreases with increasing . The second important result is that

E o
increases with increasing Tg. This occurs for a given E, because the fraction of useful
photons (E > E,) increases with increasing Tg. Thus, the integral in equation (5.255)
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for ih increases; this results in increased values for 1, V. , and FF. However, if R, #

Cc ?
0 there will be an optimum Tg for maximum because as 1, increases, the ohmic loss

term IR, in equation (5.253) becomes significant and the efficiency parameter starts

to decrease with increasing Tk.

As pointed out earlier, when R; = 0, the PV efficiency is nearly independent of the
geometry parameter, g, and the spectral emittance eg. Therefore, the results in Figure
20 change very little for 0.4 < geg < 0.8. The efficiency drops less than 10% in going
from geg = 0.8 to geg = 0.4.

Although for a given T, the efficiency parameter, Zﬁ, increases with E, this is

o

not the case for the power density parameter, P Ag Figure 5.21 shows, Pa

0 o

decreases with increasing E, at the lowest temperatures. However, for Ty > 1700K,

pAi is greater for E, = 0.72¢V than for E, = 0.55¢V.

0

5.13 Summary

The chapter began with a presentation of the Kronig-Penney model to explain the
energy band structure of a semiconductor. In a conduction band, electrons are
essentially free to move under the action of an external electric field. In a valence band,
an electron has no vacant energy states to move into. However, in a semiconductor, the
valence band and the conduction band are separated by a relatively small bandgap
energy, E,. Thus, an electron can be thermally or optically, as in a photovoltaic cell,
excited into the conduction band. When the electron leaves the valence band, it leaves
a vacant energy state with a +e charge called a hole. As electrons are excited into the
conduction band, the vacated energy states allow for the holes to produce a hole current
in the valence band.

Quantum mechanics is required to determine the motion of electrons and holes in a
semiconductor. However, by introducing an effective mass for the electrons and holes,
their motion can be approximated by Newtonian mechanics. This leads to the so-called
transport equations.

The current density of the electrons in the conduction band and holes in the valence
band is determined by the transport equations. These are given by equations (5.53),
(5.54), (5.56), and (5.57). There are two parts to the current densities; drift current
resulting from the electric field and diffusion current produced by spatial gradients in
the electron and hole densities.
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Several macroscopic properties must be supplied to the transport equations. These
are the mobilities and lifetimes of the electrons and holes and the absorption coefficient
of the semiconductor. The mobilities determine the current densities while the lifetime
and absorption coefficient determine the recombination and generation rates of
electrons and holes.

The basis for a PV cell is the p-n junction. On the p side of the junction, a dopant
atom is added resulting in holes being the major charge carrier and electrons being the
minority charge carrier. On the n side of the junction a dopant atom resulting in
electrons being the major charge carrier and holes being the minority charge carrier.
By solving the transport equations with the proper boundary conditions for the minority
carriers in the neutral p and n regions of the junction, the current vs. voltage relation is
obtained. For the unilluminated case, this is given by equation (5.123), where the
current density, J, is an exponential function of the applied voltage, V,. This result does
no include recombination in the depletions region or high injection of carriers, which
may occur in TPV cells under high intensity illumination. To account for these effects,
an empirical current vs. voltage relation is used [equation (5.139)]. In this case the

exponential dependence is now A_a’ where A, is the ideality or junction perfection

factor.

When the p-n junction is illuminated, a photon produced current results that moves
in the opposite direction to the dark current resulting from V,. Therefore, the photon
produced current is moving against the applied electric field. As a result, electrical
power is produced when a load is connected across the junction. Under illumination,
solutions to the transport equations for the minority current densities separate into two
parts. One part is the current produced by an applied field in the dark and the second
part is the current produced by the incident photons that have energy greater than the
bandgap energy. Combining the empirical dark current relation and the photon
produced current yields the current-voltage relation for an illuminated p-n junction
[equation (5.200)].

Two related parameters used to evaluate PV cell performance are the quantum
efficiency and the spectral response. Internal quantum efficiency, ng(A), is the ratio of
the actual current density produced by incident photons of wavelength, A, to the
maximum possible current density that can be produced by the incident photons of
wavelength, A. The spectral response, Sr(L), is the ratio of the actual current density
produced by incident photons of wavelength, A, to the incident power density of

photons of wavelength, A. The units of Sr(\) are %

To include resistance losses and shorting losses that are neglected in the transport
equation solutions for the current-voltage relation, an equivalent circuit model for the
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PV cell is used (Figure 5.15). A series resistance, R, and a shunt resistance, Ry,
account for resistance and shorting losses. Combining the experimentally determined
values of Ry and Ry, the spectral response, ideality factor, and dark saturation current
yields the PV cell efficiency and output power density. Thus, the PV array
performance in a TPV system can be calculated using experimentally determined
parameters for any given incident spectral photon power density.

Application of the equivalent circuit model yields the following important results.
The series resistance reduces the short circuit current but does not affect the open
circuit voltage. Whereas, the shunt resistance reduces the open circuit voltage, but does
not affect the short circuit current. As the series resistance increases or the shunt
resistance decreases, the illuminated p-n junction behaves like a resistor with a negative
resistance. If there is negligible series resistance, the photovoltaic efficiency is nearly
independent of the optical properties of the optical cavity.

The transport equation solutions for an ideal p-n junction in the dark and under
illumination have yielded several important results. Several of these are listed below.

’

. . . T .
1) Dark saturation current density, J;, decreases rapidly as — — 1, where 1’ is
T

the minority carrier lifetime and t is the minority carrier average collision
’

. T
time. For — >1, J, decreases at a much lower rate.
T

2) Surface recombination of electrons and holes increases the dark saturation
current, J;, and decreases the photon produced current density. As a result, the
quantum efficiency is reduced.

3) An optimum value of the ratio of the neutral region length to minority carrier
diffusion length exists for maximum photon produced minority current
density. This maximum increases with increasing values of the optical depth,
La(A), where L is the minority carrier diffusion length and a(A) is the
absorption coefficient.

4) For E£ >1, where E is the photon energy and E, is the bandgap energy, the

g
quantum efficiency, nq, is nearly a constant.
The performance of a PV cell is strongly dependent upon the cell temperature. It is

E,
the dark saturation current density, which is proportional to exp[—ﬁj , that causes the

strong temperature dependence. Thus, for TPV systems, where E, is small, detrimental
large dark saturation currents exist. Also, in a TPV application, the incident radiation is
isotropic rather than at zero incidence angle as in a solar application. If the ratio of the
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neutral region length to minority carrier diffusion length is very small, the internal
quantum efficiency will be the same for isotropic and normal incident radiation.
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Chapter 5

Problems

5.1

52

53

54

5.5

5.6

5.7

Use the Kronig-Penney model [equation (5.24)] to estimate the bandgap
energy that occurs at k = 0 if P = g, a = 0.5nm, and m, = 0.19m,, where

m, =9.107 x 10"°kg is the rest mass of the electron. The values a = 0.534nm
and m, = 0.19m, are the lattice constant and electron effective mass for silicon,
which has a bandgap energy of 1.12eV.

Derive equation (5.43) for the equilibrium hole density for an intrinsic
semiconductor.

Using the electron and hole continuity equations, obtain the current continuity
equation,

% v.i=0
ot

where 6 = e(p-n) is the charge density.

For a p-n junction at equilibrium, the hole current, jp must vanish. Based on

jp =0, show that the Fermi-energy, E; remains a constant through the

junction.
Using the approximation that the hole diffusion and drift currents are equal

(.Tp =0) when a potential, V,, is applied across a p-n junction, derive equation

(5.94).
The electron saturation current for an ideal p-n junction in the dark is given by

(Zp _Xp)

n

equation (5.120). For u, = <1 retain only terms through the first

order in the series expansions of the exponential terms in equation (5.120) to

. . . . S L
obtain an expression for Jg. In this case, what is J,, when —= — 0 and

n

when S,Ly —>©?
D

Solve equation (5.140b) for N, when E, (ax)~be ™™, B, = bja,L, = 1, and
uy = 0 for the boundary conditions given by equations (5.147) and (5.148).
Using the solution for Ny(x), show that the photon produced electron diffusion

current density, an , at X = X, is the following,
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5.8

59

5.10

5.11

5.12

- 1 _
J ———(1-¢, )e " sinhu_ +(1+¢_ )u
qn 2b]DENp {( ¢n) p ( (I)ﬂ) P}
h X, S,L, L . .
where u =17 o, = D and DEN,, is given by equation (5.157b). Hint:

ax

A particular solution of the form N = C,xe ™™ applies for this case.

The dimensionless minority electron diffusion current, J'

nq >

resulting from

incident radiation on the p region of a perfect p-n junction is given by equation
(5.159b).  For B, = bjLya(h) > 1, u (B, —1)>1, and uy = 0 obtain an

S, L

n n

D

n

expression for J and show that J| ~decreases with increasing ¢, =

as

long as B, tanh u, > 1. Also, for B, > 1, u, (B—1)>1, and ¢, <1, show that
J.q 1s independent of ¢,.

Derive the generation rate G,(A,x) [equation (5.168)], for electron-hole pairs in
the n region of an ideal p-n junction where the radiation is incident on the p
side. Assume that the radiation intensity, i(A), is isotropic, that the reflectivity
at the p region surface, R,, is independent of direction, and that the indices of
refraction of the p, n, and depletion regions all have the same value, n.. The
absorption coefficient for the p neutral region, depletion region, and n neutral
region are a,, a4, and a,.

Solve equation (5.169) for P! (x) when B, = bja,L, = 1, and uy = 0 for the
boundary conditions given by equations (5.172) and (5.173). Using the

solution for P/ (x), calculate the hole diffusion current density, J;, at the

edge of the depletion region next to the n region and the dimensionless photon

produced hole current density, J_, at the depletion region edge.

v >0 for all V| for N;

L

Using equations (5.209) and (5.212), show that

identical p-n junctions in series.

For large dimensionless series resistance, R, >107, a PV cell has the
characteristics of a negative resistor with the current-voltage relation given by
equation (5.216).  Using equation (5.216) show that the maximum
dimensionless power density is given by equation (5.233).
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5.13

5.14

Chapter 5

For small shunt resistance, R, , and series resistance, R, =0, a PV cell has
the characteristics of a negative resistor with the current-voltage relation given
by equation (5.234). Using equation (5.234), show that the maximum
dimensionless power density is given by equation (5.235).

For infinite shunt resistance, Ry, — oo, and finite series resistance, Ry, a PV
cell begins to behave like a negative resistor as the dimensionless open circuit
voltage, V,_, becomes large. For these conditions show that the asymptotic
value of the fill factor, FF, is Y.
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Chapter 6
Governing Equations for Radiation Fluxes
in Optical Cavity

In the previous chapters, the primary components (emitter, filter, PV cells) of a
TPV system are considered. It is the optical properties of these components that
determine the TPV system performance. Knowing the optical properties of the
components allows the calculation of the efficiency and power output of the TPV
portion of the energy conversion system. However, it should be remembered that the
overall performance of a TPV energy conversion system will also depend upon the
efficiencies of the thermal energy source, the waste heat removal system, and the power
conditioning.

Chapter 6 develops the system of equations that must be solved in order to obtain
the radiation fluxes incident on the various components of the system. The general
TPV system considered consists of an emitter, a window, a filter, and PV cells. In
addition to the component optical properties, the component temperatures and
geometries are the other variables that determine the system performance. Thus, the
system of equations that determine the radiation fluxes depend upon the component
optical properties, geometry, and temperature.

The chapter begins by introducing the radiation transfer theory required to develop
the radiation flux equation. That theory is then applied to a general TPV system of
either a planar or cylindrical geometry. The definitions of the important efficiencies that
make up the overall system efficiency conclude Chapter 6.

It is appropriate at this time to introduce the symbol notation that will be used for
radiation energy fluxes. An energy flux per unit area per unit wavelength (watts/cm?
nm) is denoted by lower-case q. If q is integrated over wavelength, the result is denoted
by q (watts/nm). If q is integrated over area the result is denoted by Q (watts/nm).

Finally, if q is integrated over both area and wavelength it is denoted by Q (watts).

6.1 Symbols

A surface area, cm?

Co vacuum speed of light, 2.9979 x 10" cm/sec
€ blackbody emissive power, watts/cm® nm

E photon energy, j

E, PV cell bandgap energy, J
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Fj; view factor for radiation leaving element i and impinging on element J
E" view factor for radiation leaving element i that passes through elements 1 and
m and impinges on element J

h Plank’s constant, 6.62 x 10™* J-sec
radiation intensity, watts/cm” steradian nm

— =
%
o

PV cell short circuit current density, Amps/cm’
Boltzmann constant (1.38 x 10°** J/K)

index of refraction

reflectivity at interface between two media

- s &

internal transmission

—
o]

emitter temperature, K
radius

-

[t
[

dimensionless PV cell bandgap energy, E,/kTg
radiation energy flux at wavelength, A, watts/cm® nm
total radiation energy flux, watts/cm’

radiation power at wavelength, A, watts/nm

total radiation power, watts

absorptance

emittance

reflectance

AT O 2 40 ae

transmittance

Stefan-Boltzmann constant, 5.67 x 10% watts/cm? K*

2
o

e

solid angle, steradians
Subscripts

denotes PV cells or cavity or cylindrical geometry
denotes emitter

denotes filter

denotes planar geometry

=T S mAa

denotes window
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6.2 Radiation Transfer Theory

6.2.1 Radiation Transfer for Uniform Intensity

Figure 6.1.—Radiative transfer from arca A; to arca A;.

Consider the transfer of energy by radiation from area A; to area A; as shown in
Figure 6.1. The intensity of radiation leaving the infinitesimal area dA, is iy, which in
general is a function of location, X;, direction, 0;, temperature, T;, and wavelength, A.
If an absorbing medium that does not alter the direction of the radiation (as a lens
would, for example) exists between A; and A, then the radiation energy reaching area
dA; from the area dA, is the following.

dqu‘—>dA‘ = Tyl (ei XA T )COS eidAidwdAJ (6.1)

Where 7 is the transmittance of the medium between A; and A;, and do,, is the solid
angle subtended by dA; at dA,;.

(:osejdAj

dmdAJ -

(6.2)

Therefore,
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cos 0, cos 0.

dqu,-»dAJ =Ty (eiiii’}\”Ti) S? : dAdA, (6.3)

Assuming t; is a constant, the total radiative energy at wavelength, A, reaching A,
from A, is the following.

. cosB, cosO.
Q=1 Ijloi S—ZJdAjdAi (6.4)
A A

If i,; is independent of X, and 6;, then i,(A,T;) can be removed from the integrals.

In that case, Qj is just the product of tji,; and a geometrical factor, FjA;, where Fj; is the
view-factor or configuration-factor ([1], Chapter 7),

Qij = TijqoiFiin (6.5)

where the view-factor is defined as follows.

1 cos 0, cos Oj
E, :T I_[TdAjdAi (6.6)
A A A

Obviously, from the definition given by equation (6.6), the following is true.

AF. =AF. (6.7)

it T

Also, qo; is the radiative energy flux leaving A;, and since i, is assumed
independent of 6;,

%
Qi = IiOi cos0.dw=1,2n Icos 0,5in 0,d6; = mi,; watts / cm” nm (6.8)

o

Also, q,; is independent of X, since i,; is assumed independent of X;. View-factors

for many simple geometries are tabulated in Appendix B of [1]. For a complex
geometry, numerical integration of equation (6.6) is required.
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6.2.2 View-Factors for TPV Systems

Window PV cells
I I I Components
| I I can be circular
) | ) or rectangular
1 | |
J J J
-’ - -
” ” ”
/ // // '
Emitter Filter
(@
S PV cclls

/ — Filter
4

S Window

~— Emitter

(b)

Figure 6.2.—Basic TPV system geometries. (a) Planar.
(b) Concentric cylinder.

399

Two basic geometries are most likely for a TPV system. The first such geometry is

a planar one as shown in Figure 6.2a, where each of the components are circular or

rectangular disks aligned parallel to each other. The second geometry is a cylindrical

one, where each component is a concentric cylinder as shown in Figure 6.2b. Most

likely, the inner cylinder is the emitter and the outer cylinder contains the PV cells.

However, the reverse case, where the emitter is the outermost cylinder and the PV cells

are on the inner most cylinder, is also possible.



400 Chapter 6

(a)
b
h
1/2
2 2
2 (1+X )(1+Y) - [ x
F|2= ’n ) ) +X I+Y tan ——
XY 1+X* +Y Nz
+Y 1+X2tan"[ Y ]—Xtan"x—ymn"y
J1+x2
(b)

Figure 6.3.—View factors for TPV system geometries. (a) Parallel circular disks with
centers along the same normal. (b) Identical, parallel, directly opposed rectangles.
(c) Unequal, parallel, coaxial squares (ref. 4). (d) Two concentric cylinders of the same
length. (e) Differing-diameter coaxial disks blocked by a coaxial cylinder (ref. 2).

View-factors for circular and rectangular disks and concentric cylinders are shown
in Figure 6.3. Note that in the case of the cylindrical geometry, the concave inner
surface of the outer cylinder has a “self” view-factor, Fy,. Also, for a cylindrical TPV
system with transmitting elements such as a window, radiation from the concave side of
an outer cylinder is incident on both the convex and concave sides of an inner
transmitting element. In the planar geometry case, incident radiation on a transmitting
element from another element only occurs on the side of the transmitting element that
faces the radiating element.
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b/

1
I

L~
/

/’/
F 1 \ [X2 l+y
= n
27 el [x2(1-52)+ 2][X2(l+y)2+2]
ll2
+|:X2 y tan (1 l+y)tan —M-
) va X2 (1-y) +4

12 -
+[X2(1+y)2+4:| X (1+y)tan! (l+y X(l—y)tan'l—M
,} (1+y) X% (1+y) +4

Figure 6.3.—Continued. (¢} Uncqual, parallel, coaxial squares [4].

Consider the view-factor for the radiation leaving the concave side of the PV cells
in a cylindrical TPV system and incident on the concave side of the window, filter, or
PV cells as shown in Figure 6.2b. Since the filter is a transmitting element, a portion of
the radiation leaving the concave side of the PV cells can pass through the filter and
impinge upon the concave sides of the filter and PV cells. Also, a portion of the PV
cell radiation passes through both the filter and the window, impinging on the concave
sides of the window, filter, and PV cells.
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2 g2zi-1 L \/4zz+1,2sin_l“'(zz"l)“z,z(zz‘z)

1
Fyp =l-—+=tan 22—~ _ =
22 z  mz

L 2nz L L2+4(z2—1)
Caz2-2 nVaz? 42
~sin +— -1
22 2 L

where for any argument X:

“Lsintx <t
2 2

0<cos™lX<nm

Figure 6.3.—Continued. (d) Two concentric cylinders of the same length.

This is illustrated in Figure 6.4, where the view factors for the concave side of the
PV cells to the concave sides of the window, filter, and PV cells are given for radiation
that passes through the filter and window. The view-factor for the radiation leaving the
concave side of the PV cells that passes through both the filter and the window, and

impinges upon the concave side of the PV cells is denoted by F.' .
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b— — A, = n(a?—c2)

—CD T

Eaaln RRAN

— Ay =T(b2—c?)

AaFab =Abea = ; cos ‘E"l‘ 2

a
~yla? 02 412} ~4a? wan o +5% #42 + 200 ){ba - + b~ V-7
V(a:2 +5% +4% —Zab)(ba+cz _ ’bz _c2 ,—az —cz)

2
+%\/(az +c? +h2) —4a%c? cos™!

T2 2,2V 2.2 -1
+2 (b +c +h) 4b“c” cos

3\
I \}bz—-cz+\/a2 -c? _tan_l[\)bz-cz ]—-tan"l[ az—cz]
h

J

Figure 6.3.—Concluded. (e) Differing-diameter coaxial disks blocked by a coaxial
cylinder [2].

+2c¢ch|tan”

Similarly, F} denotes the view-factor for radiation that leaves the concave side of the

PV cells and impinges upon the concave side of the filter after passing through the filter
and window. Superscripts denote the elements through which the radiation passes and
the subscripts have the same meaning as explained in Section 6.2.1.
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do, =doy,, —do.g

F" =" =" =L _[dAcIcose,,dmc =

ow o ce [ 7

(4
A mcf
WZ‘ JdAc j cos 6,dw,,, — J.dAc j cos ecdwc5]=ch' -Fp
C
Ao W 4, @
similarly,

F{j‘- =F({;~ =Fop —ch:
Fﬁv =Fﬁ' =Fﬁ4" —Fﬂ:—"

Figure 6.4.—View factors for concave side of PV cells and filter to concave sides of
window, filter, and PV cells in cylindrical TPV system.

As illustrated in Figure 6.4, FY =FY =FY. In addition, these view-factors are

just the difference in view-factors for the PV cells to the convex side of the window,
F

cw' 2

and the view-factor for the PV cells to the convex side of the opaque emitter, F,. .

FfW = Fcftw = Fcfu\'v = ch' _F‘ ' (69)

cw cE
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The view-factors E,,. and E. are given by F,, in Figure 6.3c. The prime is used

to denote the convex side of an element. Similar to equation (6.9), the view-factors for
the PV cells to the concave side of the filter and PV cells for radiation leaving the PV
cells and passing through the filter is the following.

Fcff = Fcfc = Fcf' _FCW' (610)

Also, the view-factors for the concave side of the filter to the concave sides of the
window and filter for radiation passing through the window are the following.

Ffvvvv = Ffva =F, -Fg (6.11)

Remember that for the left hand side of equations (6.9), (6.10), and (6.11), the
superscripts denote the transmitting elements through which the radiation passes in
traveling between the elements given by the subscripts. Also, the inverse of view-

factor Fj"is F' and is given by equation (6.7).

6.2.3 Optical Properties of Components

To obtain the equations that govern the TPV system performance, it is necessary to
perform an energy balance on each of the elements in the system. Each of the elements
is characterized by the optical properties: emittance, €; absorptance, a; reflectance, p;
and transmittance,t. In general, these properties are functions of direction and
wavelength.

Interference effects are neglected in the following analysis so that the results do not
apply for interference filters, which are treated in Chapter 4. However, it is assumed
that the components behave in a diffuse manner so that the optical properties are
independent of direction and that the radiation field is also independent of direction.
The diffuse approximation is also used in deriving equation (6.5). For such TPV
system components as an interference filter, the assumption of diffuse behavior may be
a poor approximation. Also, as shown in Chapter 1 [equation (1.178)] for a diffuse
surface the hemispherical absorptance and emittance are equal.

a=¢g (6.12)
The optical properties are usually considered to be properties of the material

surface. However, as already shown in Chapter 3, the spectral emittance depends upon
the dimensions and bulk properties of the material as well. Consider the generic
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component as shown in Figure 6.5. The component has two interfaces (1-2 and 3-4)
with the surrounding media.

di3 = tq02
' qo4 = (IFR2)q;3

q.
. Qi2= tdo3

qo3 = Radyj3

t = Internal transmission
402 =(-R)q;; + Rz R = Reflectivity at 1-2 interface
go1 = Ryai + I-Ry)gpp 2 PR R; = Reflectivity at 3-4 interface

A

i(cos())
0
i(0)
L e S g
1-2 34
interface interface

Figure 6.5.—Optical model for a nonradiating TPV component.

The overall optical properties (p, T, o) of the element are determined by the reflectivity
at the two interfaces (R;, R,) and the internal transmission, t, of the material. In
general, R; and R, are functions of angle and the polarization of the radiation.
However, as already stated, it is assumed that the components behave in a diffuse
manner (no angle dependence). The reflectivities, R; and R,, depend upon the indexes
of refraction, n, of the material on either side of the interface, as well as, the interface



Gov. Equations for Rad. Fluxes in Opt. Cavity 407

condition (polished, rough, etc.). For the case of normal incidence (6 = 0) between two
dielectric materials, the reflectivity is given by equation (1.110).

n, +n,

R:(HI_HZJ (1.110)

Here n; and n, are the indices of refraction for the media on either side of the interface.
Equation (1.110) is used to approximate the interface reflectivities in the emittance
theory of Chapter 3.

For the case where the thickness, d > A, interference effects can be neglected.
Thus, the internal transmittance of the material, t, is obtained from the solution to the
radiative transfer equation [equation (1.143)]. For the case where the media is not
emitting and there is no scattering into the direction of propagation, the radiative
transfer equation becomes the following,

di

—=Ki 6.13
%K (6.13)

where K is the extinction coefficient and s is the distance in the direction of
propagation. The solution to equation (6.13) is the following,

i(s)=i(0)e™ (6.14)

where « is the optical depth.
K= jK(s’)ds’ (6.15)

Assuming K is independent of s yields the following.
i(s):i(O)e’Ks (6.16)

Since no angular dependence is assumed, the flux, q,, is the following.

%
q,= [do J.i(O)cosesinGdO =7i(0) (6.17)
o=0 b=0
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Similarly, at the right side of the component where s = d 5’ and using equation (6.16)

cos
the flux, qj, is the following.

2n % d % Kd
qQi; = jd(b J.l( Jcosesin 0d6 =i (0) Ie_c"se cos 0sin 6d0 (6.18)
cos0
$=0 $=0 o
Let x = cos0, therefore,
_kd
q,, = 27i(0) j xe * dx = 27i (0)E, (Kd) (6.19)
where E;(x) is the third order exponential integral.
1 X
E, (x) = Jue “dp (6.20)

o

In obtaining q and qj; it is assumed that the thickness, d, is small compared to the
dimensions perpendicular to d. Therefore, the integration limit on ¢ is 2 and on 0 is

g, in equations (6.17) and (6.18). Knowing q,, and q; (or qo; and qp), the total

internal transmission is determined.

tzhzqi:m} (Kd) (6.21)
q02 q03

Given the reflectivities R; and R, and the total internal transmission, t, the overall
optical properties (p, T, o) can be determined by making radiation energy balances at
the interfaces as shown in Figure 6.5. Diffuse radiation, g, is incident on interface 1-2.
A portion of qy; is reflected, R;q;;, and the remainder, (1 — R)qy;, is transmitted through
the interface. The radiation flux, q,;, leaving the 1-2 interface is made up of the
reflected incident radiation, R,q;;, plus the radiation transmitted through the interface,
(1 = Ry)qiz- Similar expressions apply for qo2, qo3, and qo4. The internal incident fluxes
are gi = tqe3, and qi3 = tqep. As a result, there are six equations for the six unknown q’s
in terms of the incident flux, q;;. If this system of equations is solved (problem 6.6), the
following results are obtained for radiation incident on the 1-2 interface.
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R,(1-R,)
o = o g RllZR) © 1)2 (6.22)
9i 1-RR,t
1-R,)(1-R
ced _(IZR)(I-R,)t zz)t (6.23)
i1 1-RR,t
9iit =901 — Y904 (I_Rl)(l_t)(l+tR2)
o, = —dol “Hod _q_ 5 o (6.24)
. qil . 1-RR,t?

Equation (6.24), when written as o, + p;; + T =1, is a statement of the conservation of
energy.

As can be seen by interchanging R; and R, in equations (6.22) and (6.24), p and o
depend upon the direction of the incident radiation. In other words, the overall
reflectance and absorptance for radiation incident on the left side is different from p and
o for radiation incident on the right side if R; # R,. As is expected, by interchanging R,
and R, in equation (6.23), the overall transmittance, t, is seen to be independent of the
direction of the incident radiation.

The results derived for p, o, and T assume diffuse radiation. However, the q fluxes
can be replaced by directionally depend intensities, i, and by a ray-tracing method [1],
the same results for p, a, and t are obtained. However, in that case p, o, and t are not
be the total hemispherical reflectance, absorptance, and transmittance, but are functions
of the incident angle. To obtain the overall total optical properties, solid angle
integrations of the product of the intensity and the angular depend properties must be
performed. Since equations (6.22) through (6.24) apply for both diffuse and specular
(angle dependence) radiation, the unsymmetrical behavior of p and o and the
symmetrical behavior of t discussed above applies for both diffuse and specular
radiation. For the case where R; # R,, equations (6.22) through (6.24) imply the
following,

Oy +P, =0y +Py, and T, =Ty, (6.25)

where subscript 12 denotes incident radiation on the 1-2 interface, and subscript 34
denotes incident radiation on the 3-4 interface in Figure 6.5.

Although equations (6.22) through (6.24) apply for both diffuse and specular
radiation, the total internal transmittance as given by equation (6.21) applies only for
diffuse radiation. In the case of specular radiation, the intensity, i(0), in equation (6.17)
and (6.18) is a function of 6 and must be included in the integrations in order to
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determine the total internal transmission. For transmission in a specific direction,
equation (6.16) yields the following for the internal transmission.

( d
_{cosej -
t(G) =—~_ 2 —¢ cosd (6.26)

As discussed in Chapter 3, by measuring p and T, the reflectivities, R; and R,, and
the internal transmission, T, can be determined. The first step in this process is to invert
equations (6.22) through (6.24) so that R;, R,, and t are written as functions of T and p,
which has two values depending upon which side the incident radiation occurs. For the
case where R; = R, (p independent of direction of incident radiation) the following
results are obtained (problem 6.7).

t%[\/ﬁ - BJ (6.27)

2p
R, =R, - (6.28)
2+T[~/52 +4 —[3]
Where
B= (=p) == pl _t (6.29)

6.2.4 Energy Balance on a Component of a TPV System
Remember that the radiative energy reaching A; from A;, given by equation (6.5),
assumes that i,; is uniform across A; and is also independent of 6;. As already stated, a
surface that emits and reflects independent of angle 0, is called a diffuse surface. If iy
is a function of X, and 0;, then it must be included in the integration of equation (6.4).

In that case, the integration yields a complicated function of A; and A; geometry, as
well as temperature, T;, and wavelength, A. However, if i, is uniform across A; and
independent of 0, then the rather simple expression given by equation (6.5) is obtained
for Q;. Also, note that Qj; is the radiation that reaches A; from A;. It is not the radiation
energy absorbed by A;.
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Ap— Ay Tom = €me6(PsTr) + P'mi Tim

Yim 1+ ,
Qim

- ——— Qiym= Am[(‘ﬁ)m'*'q.rmnﬂmqaﬂmq';n) - (Qir;l-'*'q'i;\)]
%0m = EmC6(ATem) + Pm Qim

Figure 6.6.—Energy balance on element m of area, A,.

Now consider a single element, m, of the system as shown in Figure 6.6. Radiation
on the left side (negative side) of the element is denoted without a prime, and radiation
on the right side (positive side) with a prime. The radiation energy qom and q  that
originate from each side of element m per unit area at wavelength A are the sum of the
emitted radiation and the reflected radiation. The transmitted radiation originates from
the other elements in the system and, therefore, is not included in qom and q/ . For

radiation leaving the negative side of the element,

Qom = €€ (% Ty ) + P (6.30)
and similarly, for the positive side the result is the following.

Qo = €08, (2T, ) 4P (6.31)

where &, and p,, are the spectral emittance and reflectance for the negative side and &/,
and p. are the corresponding quantities for the positive side. The quantity e,(A,Ty,) is

the blackbody emissive power. It is assumed that element m is at a uniform
temperature, Ty,

Using equations (6.30) and (6.31), an energy balance can be performed on element
m. The total energy supplied to element m is just the difference between the total
radiant energy leaving m and the total radiant energy incident on m. Assume the q’s
are uniform across the element. In order to use equation (6.5) for the q;’s, it is
necessary to make this approximation. Therefore, the total radiant energy leaving m is
the sum of the q,’s and the transmitted radiation integrated over all wavelengths and
multiplied by Ay,
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©

Qu =A, I [ Qo + o + T (A + 1L, ) AN (6.32)

o

Note that the emittance (absorptance) and reflectance may be different for each
side of m. However, transmittance, t,,, is the same for both sides.
Similarly, the total radiant energy incident on m is the following.

Qim = Am v'.I:qim + ql’m ] d}\‘ (633)

Therefore, using equations (6.24), (6.30), and (6.31), the energy supplied to m is
the following,

©

Gm = 60111 - Qim = Am J[(Snl + 8;11 ) eb (>\" Tm ) - (amqim + al’“qi,ﬂ'l ):| d?\’ (6343)

o

and since € = q,
Q. =A I[s (e, (M T,) =i )+ (e (AT, ) —dl, )]dk (6.34b)

Thus, see from equation (6.34a) that (_Qm is just the difference between the total
emitted energy and the total absorbed energy. If the absorbed energy is greater than the
emitted energy, then Q, < 0. In that case Q, is the amount of thermal energy that
must be removed from element m. For the window and filter, this is an absorptive
thermal energy loss, Q,, . For the PV cells, it is the sum of the electrical power
produced Q,, , and the absorption loss for the PV cells, Q,.. In the case of the
emitter, (_)m > 0, since energy is always being supplied.

Equations (6.34a) and (6.34b) are written in terms of the incident radiation, q;, and
q;,- They can also be expressed in terms of the outgoing radiation, g, and q/ , by

using equations (6.30) and (6.31) for qi, and q;,. In that case, using equations (6.12)
and (6.24), (_Qm becomes the following.
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©

Q= it {0 e () 0]

1 - Tnl - 8111
° (6.34c¢)
€ '
+—1_1_m o [(1 -1, )¢, (X,Tm)—qom]}dx

6.3 Radiation Energy Transfer in Planar TPV System

Quw Our
- / (_QLc
Que
~— qoE ' L
qif .
Qiw q'iw g 1 %
qie S
) or
Qow Tow dor doc
6 / PgL
. Emitter Window Filter PV cells

PgL = Total electrical power output, W
Qi = Total power input, W
Qrm = Total power loss for component m, W

Figure 6.7.—Schematic representation of general planar TPV system.

Consider a general planar TPV system consisting of an emitter, window, filter, and
PV cells shown schematically in Figure 6.7. The efficiency of the system is the
following.

: _ _QLE+6LS+6_LW+6LF+6LC
Q[h th

(6.35)

Where Py is the total electrical power output from the PV cells and Q, is the total

th
thermal power input to the emitter. The (_)L terms are the power losses in the system.
The term Q,, is the thermal loss from the emitter plus all losses that occur between the

source, Q,,, and the emitter. Q,, is the radiation that escapes between the components
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of the system. Q,,, is the absorption loss of the window. Q,, is the absorption loss of

the filter , and Q.. is absorption loss of the PV cells. In order to determine nr, all the

radiation fluxes shown in Figure 6.7 must first be calculated. To obtain these fluxes the
radiation transfer equations for the system must be solved. The radiation transfer
equations are obtained using the results of Section 6.2. Consider any of the four
components shown in Figure 6.7. Give that component the designation, m. The
radiation energy originating from the negative side of m per unit area at wavelength, A,
is the sum of the emitted radiation and the reflected radiation; it is given by equation
(6.30).

The radiation incident on the negative side of m per unit area at wavelength A is
Qim- If it is assumed that q;;, is uniform across m, then the total radiation at wavelength
A reaching m from all other elements to the left of m is obtained by using equation
(6.5).

m-1

Qim = Amqim = Ztnmq;nEllnAn m > 1 (636)
n-1

Ton = TootTosze T n<m-1 (6.37a)

T =1 n=m-1 (6.37b)

Note that in using equation (6.5), it has been assumed that o, is uniform across
element n. Also note that q/ radiation passes through the negative side of adjoining

elements.
Similarly, for the positive side, the results are the following,

N

Q= Anln = D TunuFun, (638)

n=m+l

where N is the total number of components in the system and 1, is defined by
equations (6.37a) and (6.37b). Again, in using equation (6.5) it has been assumed that
the q,’s are uniform across each element.

Using equation (6.7), equations (6.36) and (6.37) can be written as follows.

m—1

qim = Z Tnmq:)n an (639)

n=1
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N

B = D Tl Fr (6:40)

n=m-+1

If equation (6.30) is used for gy, in equation (6.39), and equation (6.31) is used for q;

in equation (6.40), the following results.

m—1

qom - pm Z‘Cnmq:man = 8meb (X”Tm ) = qm (}\" Tm) (641)

n-1

N

q:)m - pl,'n Z Tnmqonan = 8:‘neb (7\” ’Tm ) = ql,'n (7\" ’Tm) (642)

n=m-+1

Notice that two new terms, q,, and g/, , have been defined. They are the emissive
powers of element m. For each element of the system, equations (6.41) and (6.42) can
be applied. Thus, a system of 2N linear algebraic equations for the q,’s and the q’s
result. However, the temperature, T,,, of each element must be given in order to obtain
a solution. Once the q,’s are known, the q;’s can be determined using equations (6.30)
and (6.31).

For the planar TPV system of Figure 6.7, which contains four elements, there are
six equations to be solved for the q,’s (six rather than eight since qor= qir =q_ = q; =0).

Applying equations (6.41) and (6.42), the following six equations are obtained.

Qow ~ PwdeeFwe = dw (6.43)

Aot =P [ TwleFie + Alw F ] = 4 (6.44)

Goc —Pe [Tw T dieFer + Ty Fow +dicFer | = dc (6.45)
dbe — Pk [ow Few + TwdorFor + Ty T ducFoc | = 43 (6.46)
Ao — Pl [dorFr + 700 Fyve ] = ay (6.47)

Qor —PrdocFre =45 (6.48)
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The quantities q,w and q/; can be eliminated from the system of equations by

using (6.43) in (6.46), and equation (6.48) in (6.45) to yield the following.
[1=pipwFew Fue Jaie =Pk [dwFow + Ty Feror + Ty T Fecdoc ] = a0k (6.49)
[1 —piPcFrcFe ] Qoc —Pc [TWTfFCE’qc’:E + T Foy Qow + a5 Fey ] ={qc (6.50)

Now substitute (6.47) for q,, in (6.44) and (6.50) to eliminate q,, from the

system of equations.
(1= PP FueFow Jdor —pr [ TwFe@ie + Fav (Ql + P4 T ducFye ) | = 4 (6.51)

[1 —pipFrcFer —piyPeti By Fow: ] Yoc

(6.52)
—Pc [TWTfFCE’qu +Pw TeFweFew Qor + TeFewQw + For s ] =qc

Equations (6.49), (6.51), and (6.52) are three linear simultaneous equations for
q'g» qors and qoc. The filter term, qor, can be eliminated by multiplying equation (6.49)

by 1-pyp;FyFy», and equation (6.51) by pityFr, and adding the resulting two
equations. Then multiply equation (6.52) by 1-pyp;FyFy- . and multiply equation
(6.51) by pypctiFyiFoy» and add the results. Thus, the following two equations for

q/; and qoc are derived,

Qg —acqye =Sg (6.53)
—byqg +bcqye =Sc (6.54)
where
ay = (1= PPy Fe Fe ) (1= P F iy ) = PEp Ty B B (6.55)
ac = PpTw T | Frc + PP Fa (FerFye = FocFyr ) | (6.56)

by =Pty T, [FCE’ + Py P Fye (FCW’FfE’ — FyFerr ):' (6.57)
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b. = (l_p()vpfFW’fFfW’ )(l_p;pCFf’CFCf’)_p,WpCTt%FCW’FW’C (6.58)
Se =(1=PwpFueFaw )(aE +PEFewdw ) + P TwFer (PiFwaly +4d;)  (6.59)
S = (l_p:)vpfFW’fFfW’ )(qc +chqu;)+ PeTeFow (q’w +p’wa'fo) (6.60)

Equations (6.53) and (6.54) give q/; and qec in terms of the parameters a, b andS.

In turn, the a, b, and S parameters are functions of the component optical properties and
view-factors, and the radiation sources (qg, qw, qw, 96 df»> qc)- Since the optical

properties are functions of the wavelength, A, these equations must be solved at each A
to obtain q/; (k) and qoc(A). Therefore, only with the aid of a computer can the

general case be easily solved. However, assuming the optical properties are constants
within a limited number of wavelength ranges (or bands) greatly reduces the
complexity. A four-band model is used in [3].

6.4 Radiation Energy Transfer in Cylindrical TPV System

Figure 6.8 shows a general cylindrical TPV system consisting of the same four
elements as the planar system in Figure 6.7. The cylindrical geometry results in
additional view-factors not present in a planar system. As already mentioned, the
concave inner surface has a “self” view-factor. In addition, transmission through
adjoining elements allows radiation from the concave side of an element, o, to be
incident on an adjoining element’s concave side. Therefore, the simple results for qjy
and q), for a planar system given by equations (6.39) and (6.40) are no longer
applicable. However, the same relations [equations (6.30) and (6.31)] between o, and
qm and q/ and q;_ that apply for the planar geometry also apply for the cylindrical
geometry.

First, consider the window in Figure 6.8. Applying equation (6.5) to the concave
side and remembering that the emitter is opaque (tg = 0) results in the following
equation for gjy.

AyQiy = QpFewAp + Qe Fuw Ay + quofFﬂ“)\I/Af + TftwqocF(f‘,\\?:/AC (6.61)

Note that the prime denotes the convex side and the unprimed denotes the concave
side of an element. Also, in equation (6.61) view-factors with superscripts have been
introduced. These are the view-factors discussed in Section 6.2.2, between the concave
side of element i, and the concave side of element j, for radiation passing through
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elements m and n. The superscripted view-factors F., and Fy, are given by equations

. L A .
.9) and (6.11). e view-factor F,,, is given by —F,.., where . 1s given by
6.9) and (6.11). Th fi Fow b AW Fyp , where F. b

E
F,; in Figure 6.3d with r, = ry and r; = rg. Finally, Fyy is given by F», in Figure 6.3d,
where r, = ry and 1| = 1.

Pgr = Total electrical power output, W Qim = Radiative flux incident on concave

Qu = Total power input, W (negative) side of component m

QLm = Total power loss for component m, W qom = Radiative flux originating from concave
A,, =Surface area of component m, cm2 (negative) side of component m

qim = Radiative flux incident on convex
(positive) side of component m

J'om = Radiative flux originating from convex
(positive) side of component m

Figure 6.8.—Schematic representation of general cylindrical TPV system.
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Applying equations (6.7) and (6.30) to (6.61) yields the following equation for qow.
Qo (1= PP ) = Py (Al P + TG Fr + 7T @i Fie ) + (6.62)

Similarly, for the concave sides of the filter and PV cells, the following equations
are obtained.

ot [1 —Ps (Fff + By )J =

(6.63)
P By + T @ Fe + Ty Ao By + T (Bl + T Y )+,

doc [1 Pc (Fcc +1iFee + Ty Fee )] -

N (6.64)
Pc |:TWquoEFCE + quochw + qofF + Ty Trow Fow + Ty (F + TWFCf ):| Tqc

Now consider the convex sides of the filter, window, and emitter. Applying
equations (6.5) and (6.31) yields the following results.

q;f = p;quFfC + q; (6.65)
Qo = Pl (9o Fve + Te00cFyve ) +aly (6.66)
Qe = P (QowFew + TwlorFor + Ty T Focdoc ) + Q5 (6.67)

Equations (6.62) and (6.67) form a set of six linear algebraic equations for the
radiation fluxes qow, Qof, Goc, qop> dow > and gz . The system of six equations can be

reduced to two equations for the radiation flux leaving the emitter, q/., and the

radiation flux leaving the PV cells, q,c. The first step in this long and tedious process is
to eliminate qow, q. , and q; from the system of equations by substituting equations

(6.62) for q,w and (6.66) for q.,, in (6.63) to obtain the following equation for g as a

function of qoc and q;, .

' p
Yor [1 —d; - pwpfFfW’FW’f] =Pr |:Tw (Fﬂi’ + DW Fyp Fy jan
w

(6.68)
, T
(pWF Fy tc )qoc—i-Ffw,qW.|-_DW.Fﬂ":’/qv\,:|-|—qf

w
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oy =FL +17% [F;QV +]’;—WF§;FV‘;’§] (6.69)
w

d, =p, {F +17 [FW ]‘;W F&F&H (6.70)
W

Dy =1-pyFyy (6.71)

Now substitute equation (6.62) for quw, (6.65) for q.;, (6.66) for q, , and (6.68)
for qor in equation (6.64) to obtain one equation for q/, and q,c. A second equation for
q); and qoc is obtained by substituting equation (6.62) for q,w and (6.68) for g in
equation (6.67). Therefore, the following two simultaneous equations for q,c and q/;

are obtained,

aEq;E —acq,c =Sg (6.72)

—bpqi +bcque =S¢ (6.73)

where

PP /
ag :|:1_ ]E) - Fow By ’:|[1_pwpthW’FW'f -d;]-

(6.74)
! pW W pW W
PLP Ty F whwr || B+ FueFw
Dy,
= PpTy Ty { EC 1 d + pi’\/pthW' (FE’fFW’C —FocFyr ):| +
p w
[ prt df]FE'WFWC + (6.75)

w w

p PwP\
pf |:CW (FET +D_WFE'WF\§7Vf J +$FE'WFtW'FW'CF\§7Vf :I}
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bC = (1 - p’WpthW’FW’f - df ) (1 - pcp;Fcf'FfC ) -
Pc {p;)v T [FCW'FW'C (1 —d; ) TPr (FCW’FW’ch +FycFoy s )] + (6.76)
Cc [1 - p;)vpthW’FW’f - df ] + pr?Cwa}

W

' P
by =Pty T |:FCE’ (l _df)"'pwpwa'f (ch’FxE' -F ’FCE’)+ PFpce +D_WFWE'dw:| (6.77)

: . P
Sg = [1 = PP Fw Fyee _df]|:qE +D_EFE'WqW:|+

w

. (6.78)
’ p ! T
PETw {FET +D—WFEer$Vf [qf +p; [quw +D—WFqu H
w i w
S =[1=plypeFay Fur —d; ]| de +pe| Fopd) + 2L EY
c = Pw P ew Py t]| dc TPc| Fer Qe + D ewldw || T
- v (6.79)
’ [ p'T
PcTe {[ch' (1 _df)+ pfFﬂv’Cf:|qW + [Cf + pWFCW’FW’f]|:qf +#E¥Qw :|}
w
. =F +1 l:FéC +7 [Fg‘c” +g—WF§V’vF¢:§ H (6.80)
W
¢, =F +1, (FC“:“ +p—WFCﬂ\”NF\,foj (6.81)
DW
dy = Fcﬂy« (l_p:’\/pfFﬂV’FW’f _df)+pt‘Fﬂ‘Zl (p;chw'Fw'f + cf) (6.82)

The system of equations (6.72) and (6.73) for the cylindrical geometry reduces to
the planar geometry [equations (6.53) and (6.54)], using the condition that view-factors
between concave surfaces vanish (problem 6.9).

Just as in the case of the planar geometry, when the optical properties are functions
of wavelength, the radiation fluxes will also be functions of wavelength. Therefore, in

order to calculate the Q_ quantities required for the determination of the efficiency
[equation (6.35)], the equations for q/. and g,c must be solved at each wavelength. As

mentioned at the end of Section 6.3, such a large calculation requires a computer
solution.
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6.5 Efficiency of TPV Systems

6.5.1 Overall Efficiency
At the beginning of Section 6.3 [equation (6.35)], the TPV system efficiency, nr, is
defined. To evaluate the effect upon nr of the various parts of the system, split the
efficiency into three parts as follows,

Nr =MNuNeNpv (6.83)

where mng, is the thermal efficiency, m. is the cavity efficiency, and mpy is the
photovoltaic efficiency.

6.5.2 Thermal Efficiency
The thermal efficiency, g, accounts for conductive, convective, and radiative heat
loss from the emitter, plus any heat loss that occurs between the thermal source, Qh»

and the emitter

N, = ch__QLE :&

6.84
ch ch ( )

The net power leaving the emitter is (_)E and is obtained from equation (6.34c) by
including only the positive terms (primed quantities). Any negative going radiation
(unprimed quantities) is included in the loss term, (_)LE . Also, 1z = 0, since the emitter

is opaque.

Q= A L‘_%[sb (% T)-qy |dr (6.85)
E

0

6.5.3 Cavity Efficiency
The cavity efficiency, n.s, gives the fraction of useful radiation delivered to the PV
cells by the optical cavity, which consists of the emitter, window, and filter,

N, = (6.86)

2
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where C_QC is the useful power delivered to the PV array. It includes only photons with

h
sufficient energy to produce current in the PV array (k <A, = ECO J .
g

Ay

}\S
— 1
Q. =A, fqicdk =A, fp—[qoc —gce, (A, T, ) JdA (6.87)
C

Here A, is the PV array area.

6.5.4 Photovoltaic Efficiency
Finally, the photovoltaic efficiency is the following,

Npy = =2 (6.88)

where the electrical power output Py is computed in Chapter 5. The output power
density can be expressed in several ways, one of which is equation (5.239),

P, =FFV,I (5.239)

ocse

where the fill factor, FF, and open circuit potential, V,, are slowly varying functions of
the short circuit current, I, (see Chapter 5).

Once qoc(A) and qoe(A) are obtained by solving either equations (653) and (6.54)
for a planar system, or equations (6.72) and (6.73) for a cylindrical system, the
efficiencies, n¢ and npy can be calculated.

6.6 Summary

Chapter 6 develops the radiation transfer theory necessary to calculate the power
output and efficiency of a TPV energy converter. The major assumptions of the theory
are that the components of the TPV system behave in a diffuse manner and that the
radiation intensity is uniform over the surface of a component. With these assumptions,
the necessary quantities in the analysis are introduced:

1) View-factor or configuration factor, F;; [equation (6.6)].

2) Radiation flux leaving the surface of a component, q, [equations (6.30) and

(6.31)].

3) Energy supplied to a component, Q [equation (6.34)].

4) Radiation flux per wavelength incident on a component, Q [equation (6.5)].
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Using these quantities, equations for the radiation fluxes leaving the emitter, q,

and the PV array, q.c, are derived for both a planar geometry [equations (6.53) and
(6.54)] and a cylindrical geometry [equations (6.72) and (6.73)]. Finally, the following
efficiencies are introduced:

1) TPV system efficiency, nr = naMcnpev [equation (6.35)].

2) Thermal efficiency, 1, [equation (6.84)].

3) Cavity efficiency, nc [equation (6.86)].

4) Photovoltaic efficiency, npy [equation (6.88)].
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Problems

6.1 In calculating a view-factor, it is useful to split the double integration in
equation (6.6) into two parts. If A; is an infinitesimal area, then equation (6.6)
becomes the following,

F,

i~

1 J‘cos 0, cos, dA

2
T S !

AJ

where the subscript di denotes that i is an elemental area. Once Fg; is
calculated, then Fj; can be determined from the following equation.

)

1
F-- :I '[FdijdAi

i
A\

For a plane elemental area dA; parallel to a circular disk of radius r, and area
A, as shown, calculate F4j;. Using Fyj, calculate the view-factor for two
parallel circular disks as shown in Figure 6.3a.
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6.2

6.3

For two parallel circular disks of the same radius, R, separated a distance, h,
. R .
and with centers along the same normal, show that for large z = m the view-

factor can be approximated as follows.

1 1 1
F21=Flzzl——+——0[ J for z>1

z 27° 7’

Similarly, for two directly opposed square disks with sides of length, a, and
separated by a distance, h, show that for large x = %, the view-factor can be

approximated as follows.

F, =F, z1_£+£{2+£+ln(ij:|iz—0(i4j for x > 1
X T 4 V2 ) |x X

Compare the view-factors calculated using the approximate expressions with
the exact results (Figure 6.3) for x = 4 and 6 for the square disks. Also, make
the same calculation for circular disks with areas equal to the square disks

X . L
areas (z:—j. Based upon these results, which configuration is more

N
advantageous for a TPV system?

For two concentric cylinders of radii, r; and r, (r, > 1;), and length, £, show

that for L:£>>z:r—2 the view-factor F,; can be approximated by the

b b

following expression.
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6.4

6.5

6.6

6.7

6.8

6.9

6.10

Chapter 6

Compare the view-factors, Fy, and F,;, for parallel circular disks of the same
radius, Ry, with centers along the same normal and with the same distance

between them, h = R, — Ry, as concentric cylinders with radii, Ry, R, (R, > R;)

2

and length, €, where the disk surface area, nR,

and inner cylinder area,

. R l
2nR, L are equal. Make the comparison for z=—2=2 and L=—=8. Use
1 1

the results from problems 6.2 and 6.3 for F}, to show that to first order in i,
d

I-h

F12 disk r
FIZ cy 1 _ h \/5
VL

Make the same comparison as in problem 6.3; however, assume TtRfi =

2nR,(, rather than R} = 2nR,L.
With the aid of Figure 6.5, set up the six equations for the six unknown

bt
Rd Rl

where h, =

quantities, qo1, o2, o3> dos» Jiz» and ;3. Then solve for the reflectance, py,,
transmittance, t, and absorptance, o, defined as follows.

Py :h T:qi a, = i1 —901 — Y904
i it d;

Solve equations (6.22) through (6.24) for t and R for the case when Rj=R, =R
to obtain the results given by equations (6.27) through (6.28).

Making use of Figure 6.7 and equations (6.5), (6.30), and (6.31) derive
equations (6.64) and (6.67) for q,c and q . in a cylindrical geometry TPV
system.

Show that the equations for a planar TPV system [equations (6.53) and (6.54)]
can be obtained from the cylindrical geometry equations (6.72) and (6.73)
using the condition that view-factors between concave surfaces vanish.

Derive an equation for the window loss, GWL , from equation (6.34c) in terms

of q,; and q,c using equations (6.62), (6.66), and (6.68).
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Chapter 7
Radiation Losses in Optical Cavity

At this point it is appropriate to consider the factors that determine the efficient
utilization of the radiation that leaves the emitter. In other words, how much of the
emitted radiation that reaches PV cells can be converted to electrical energy? Radiation
leaving the emitter is lost in two ways. First, radiation can escape from the system by
“leaking” out between the components. This loss is controlled by the view-factors,
which depend upon the system geometry (planar or cylindrical). The second radiation
loss process is absorption. There are absorption losses for the window, filter, and any
other component lying between the emitter and PV cells. Radiation leakage is the main
topic of this chapter.

It is the cavity efficiency, n., defined by equation (6.86) that accounts for the
leakage and absorption losses. Also, the power, Q., in the definition of n. only

includes the radiation that can be converted to electrical energy by the PV cells.
Therefore, the cavity efficiency accounts for the effectiveness of the emitter-filter
combination in shaping the radiation spectrum to match the PV cell spectral response,
as well as, radiation leakage losses.

This chapter presents derivations of the cavity efficiency of both planar and
cylindrical geometry TPV system. End reflectors to prevent leakage of radiation from
the system are also included. Based on the derived cavity efficiencies the importance
of view-factors in preventing leakage of radiation is discussed.

7.1 Symbols

A area

ep(A,T) emissive power of blackbody [equation (1.120)]

F view-factor

Fosr  fraction of blackbody intensity or emissive power lying in region 0-AT
[equation (1.137)]

radiant energy per unit time per unit wavelength per unit area, W/cm’nm
radiant energy per unit time, W

spectral emittance

wavelength, pm

° >0 o8

spectral reflectance
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T spectral transmitance
Ne cavity efficiency [equation (6.86)]

Subscripts or Superscripts

b end reflector
C PV array

E emitter

f filter

% window

7.2 Cavity Efficiency for Planar Filter and Selective Emitter
TPV Systems without a Window

Consider the cavity efficiency, ., for a planar TPV system. To calculate (_)C and

Q, , the solution to the radiation flux equations for q/, and q . [equations (6.53) and

(6.54)] must first be obtained. To simplify the problem, several approximations can be
made. First, since the window, filter, and PV cells are at much lower temperatures than
the emitter, it is reasonable to neglect the emissive powers of the window (qw and qy, ),

filter (qr and q;), and PV cells (qc). Also, assume the window reflectances and
absorption are small (pw = py, = aw = 0) so that Ty = 1 and there is no window loss
(Q,y =0). Neglecting the emissive power of the window, filter, and PV cells and

assuming Ty = 1 (pw = py» = aw = 0) yields the following result for equations (6.53)
and (6.54).

(1 — PP Fee B ) Qe — P T Fcloe = €56, (7"9 Ty ) (7.1)
—PeTFep i + (1 —piPcFrcFer ) Qo =0 (7.2)

Solving for q/;, and q,c yields for following,

' 1-pipcFrcFy
=————~ > ¢le (AT 7.3
Qo DEN, E b( E) (7.3)
t.Fp
Qoc = MgEeb (}LﬂTE) 7.4

DEN

P
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where
DENp = (1 —PePy Fer B ) (1 —piPcFrcFer ) - p;EpCTtZ‘FCE’FE’C (7.5)

Now assume that the filter and PV cells are together so that F,. =F.. =1, and thus
F.. =F, and F; =F.. . Thisis a logical arrangement for a practical system since the

filter and PV cells, which must be cooled, can be handled by a single cooling system in
this arrangement. In addition, F,. =F.. =1 eliminates the radiation “leakage” between

the filter and PV cells. Therefore, if the filter and PV cells are together, then equations
(7.3) and (7.4) become the following.

’ l_p,p ’
H3 ZF;\IPCSE% (kaTE) (7.6)
PcT '
Qoc = ﬁl\;ngeb (7\‘5TE ) (7.7)
DENp = 1—p;~pc _p;s |:pc (T§ _pfp;")+ pf:|FE’CFCE’ (7.8)

Now using equation (7.6) in equation (6.85), and equation (7.7) in equation (6.87) the
following results are obtained.

— y 1_|:pf TPc (th _pfp:‘):| FE’CFCE’pCp;
Q. =A I epe, (A, Ty )dA (7.9)
E E : DENP E%b E
?\,g
— T ,
QC = ACFCE’ J‘ﬁsEeb ()\,,TE)(D\. (710)

p
0

As expected, the radiation leaving the emitter, Q,, is directly proportional to the
emitter emissive power, e.e, . And the useful radiation reaching the PV cells, QC, is

directly proportional to the product of the emitter emissive power, the filter
transmission, tr, and the view-factor the PV array has of the emitter, F....

Using equations (7.9) and (7.10), the cavity efficiency, 1., becomes the following.
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Ay

J. i epe, (A, T, )dA

DEN,
Ne = Foe 2 ° (7.11)
J‘ 1_|:pf *Pc (Tf _pfp; ):| FE’CFCE’ _pcp; Séeb (k,TE)dK

DEN

p
In obtaining equation (7.11) the relation A F.. = A F. is used. Also, it should be

remembered that equation (7.11) applies to a planar system with no window, negligible
filter and PV cell emissive powers, and with the filter and PV cells together
(Fc =F. =1). Asequation (7.11) shows, the cavity efficiency is directly proportional

to the view-factor the emitter has of the PV cells, F, ..
For a selective emitter system without a filter (t, =1, p, =p; =0), equation

(7.11) becomes the following.

Ay
J‘ exe, (A, Ty) "
1_pCp;EFE’CFCE’

[

N =Fe o Selective Emitter System  (7.12)

J{l_pCFECFCE} gre, (K,TE )dk

1-peppFecFee

Similarly, for a filter system with a blackbody emitter (e, =1, p, =0) equation (7.11)

becomes the following.

A

T
——L e (A, T, )dr
J‘|:1_p;pc:| b( E)

N =Foe — 0 ; ; ; Filter System (7.13)
I 1- |:pf +Pc (Tf ~P:Pr ):| FocFeg =pcps

1-pipc

e, (A, T, )dr

0

For 0 < A < A, it is necessary that pc = 0 in order to obtain large PV efficiency. As
already mentioned in Chapter 5, anti-reflection coatings are used to obtain pc = 0 for
0 <X <A, As aresult, equation (7.12) becomes the following.
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- - -1

1-p.F..F..
J{W}g;eb (LT, )d
N 1- PcPeFeckee

N, = Fpe | 1+ Selective Emitter System (7.14)

}”g
IS’Eeb(hTE)dk pe=0for 0SA <A,

o

For a selective emitter system, equation (7.14) shows, if e, =0 for A, <A < oo,
then the cavity efficiency is n, = F,.. This is the maximum possible cavity efficiency

for either a selective emitter or filter TPV system. The term in equation (7.14),

I_pCF—E’CFCE' <1 (7.15)
1=pcpsFecFee

presents another way to attain maximum m..  Obviously, if p.F..F.. =1 for
Ag < A < oo, then M, = F... Thus, if the PV cells can be made highly reflective
(pc = 1) for A, <A < oo, then the term given by equation (7.15) is minimized. The back
surface reflector (BSR) on the PV array discussed in Chapter 4 is one possible method
to achieve large pc. For now, neglect the advantage of reflecting PV cells. Because of
the inequality given by equation (7.15), the following result for n. applies.

1
N, = Fac 3
E l+if(ug)

Selective Emitter System (7.16)

In equation (7.16), €, is the total emitter emittance for 0 <A < A,, and &y, is the total

emitter emittance for A, < A < oo. The function f(u,), (problem 7.1) is the integrated
blackbody emissive power that lies in the range A, < A < oo divided by the integrated
blackbody emissive power in the range 0 < A < A, and is given in terms of the Fo,r

g

function of equation (1.137). The parameter, u, = , 1s the dimensionless PV cell

E

bandgap energy, which is a key parameter in determining the system efficiency.
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Ay

J‘sgeb (A, T, )dn
A S (7.17)

€
Eb Ay

jeb(k,TE)dk

e, = (7.18)

0

flu, )= = u, =—-= o 7.19
(ve)=+ o ETKT, KT, (7.19)

jeb (3T, )dn

o

The emittances &g, and e, are functions of Tg and A,. However, they are slowly

varying functions of Tg so that the major temperature dependence of n is through the
function f(u,). As shown in problem 7.1 for u, > 1, which is the case for TPV systems,
the function, f(uy), is the following.

X —mu

-1
nt e ™ 3 6 6
f(ug):E[Z - (uz+;u§+gug+ﬁﬂ -1 (7.20)

m=1

This is a monotonically increasing function of u,.
For a filter system to attain large n, the filter must have large transmittance, 1y, and
therefore, low reflectance, p, =p; =0, for 0 <X < A,. For A, < A < o where the PV

cells cannot produce useful power, the filter reflectance, pg must be large; therefore,
T ~ 0 in order to have large .. Therefore, for the filter system, make the following
approximations. For 0 < A < A, pc = 0, and p.F, F. <1, and for A, < A < oo,

1, < p,p}. With these approximations, equation (7.13) becomes the following,
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n.~F n

, Filter System (7.21)
Tt (ug )[1 - pfrfFE'cFCE']

where 1y, is the total transmittance of the filter for 0 <A <A, py is the total reflectance
of the left side (Figure 6.7) of the filter for A, <A <oo. The function f(u,), which also
appears in 1. for the selective emitter system [equation (7.16)] is given by equation
(7.19). Just as in the case of ¢, and ¢}, , T and py will be slowly varying functions of

TE and )\’g'

T =S (722)

Ieb(x,TE)dx

o

S

Pe = — (7.23)

jeb (1T, )d

A

g

.[pfeb (A, T, )dA

Compare 1, for the selective emitter [equation (7.16)] and filter systems [equation
(7.21)]. First, as already mentioned the maximum possible value for 1 is F;. for both
systems. Second, for the filter system, n, is directly proportional to the transmittance,
Tp. The selective emitter system does not suffer this transmittance loss. Third,
although e, , &, , T, and pp depend upon A, and Tg, the function f(u,), where

he, E,

u, = = , determines the main dependence of 1. for both systems on the PV
A KT, KTy

cell bandgap energy, E,, and the emitter temperature, Tg. Since f(u,) is a monotonically
increasing function of u,, 1 is a monotonically decreasing function of u,. Therefore, it
would appear that it is desirable to use the lowest bandgap energy PV cell. However, as
shown in Chapter 5, the PV efficiency, npy, decreases with decreasing E,. Therefore,

the overall efficiency, nr, will be a maximum for some optimum value of u = £

E

This feature has been demonstrated in Chapter 2 for an ideal TPV system. Finally, to
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attain large n, for the filter system requires that p,F..F.., —1. Thus, not only must
the filter reflectance, pi, — 1, but also the product of the view-factors, F..F... =1, to

attain large 1. In the case of a selective emitter system, this dependence upon the
view-factor product does not exist. To attain large 1 for the selective emitter system

. € .
requires only that —£~ — 0. The view-factor product dependence for the filter system
€pp

results because the long wavelength (A > A,) photons leaving the emitter that cannot be
converted to electrical energy must be reflected back to the emitter to attain large 1. In
the emission and reflection process, photons “leak” out of the system because

F..F. <1. The selective emitter system mn. does not have the view-factor product
dependence since the long wavelength photons are controlled only by the emittance
ratio S,i
€pp
To illustrate the strong dependence of 1. on F,. consider the case of a “perfect”
selective emitter system and a “perfect” filter system. The perfect selective emitter
'

&, . .
system means that —=~ =0 in equation (7.16) so that
€pp

M. = Fe Perfect Selective Emitter System (7.24)

The perfect filter system means that pg = 14 = 1 in equation (7.21) so that

F

E'C

1 (u, )1~ FcFor |

M. Perfect Filter System (7.25)

Comparing equations (7.24) and (7.25) notice that 1. for the perfect selective emitter
system will always be greater than n for the perfect filter system.

In Figure 7.1 n. for the perfect selective emitter and perfect filter systems are
compared for a planar geometry consisting of two parallel circular disks. In this case,
F.. = F.. and using the results given in Figure 6.3a

h h)Y h
Fo.=F. =1-|—|| |1+ —| ——— 7.26

where h is the distance between the circular emitter and PV cells, and R is the radius of
the emitter and PV cells.
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Ratio of the distance between emitter and filter-PV cells,h,
and the diameter of the emitter and filter-PV cells, 2R, h/2R

Figure 7.1 - Comparison of cavity efficiency, n, for perfect

selective emitter and perfect filter TPV systems of planar
circular disk geometry.

As Figure 7.1 shows, 1 is very sensitive to % This is especially so for the perfect
filter system when u, > 2. For a representative TPV system, 4 <u, <6 (for E; = 0.7eV
and Tg = 1700K, u, = 4.8.). It appears %< 0.1 is required to attain large n. for a
perfect filter system of planar circular disk geometry. In the case of the perfect

. . h .
selective emitter system, the R dependence is not as severe. However, even for the

. . . h . . .
perfect selective emitter system, it appears E <0.2 is required to attain large 1.
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hr=h/2RE=h/2RC
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n

Cavity Efficiency
C

Figure 7.2a) - Dependence of cavity efﬁciency,nc, on dimensionless
emitter to PV cell spacing, h r,for various values of the emitter emittance

ratio, a‘El/ S’Eb, for a dimensionless PV cell bandgap energy, u g:4.

’

. . . . .. €
Now consider the same comparison for a selective emitter system with —=->0
€
Eb

[equation (7.16)] and a filter system with 14 < | and pg < 1 [equation (7.21)]. Figure

. h . . €
7.2a shows n as a function of R for several values of the emittance ratio, % , and
€gp

the dimensionless PV cell bandgap energy, u, = 4, for the planar circular disk, selective
emitter system.
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Figure7.2b) - Dependence of cavity efﬁciencync, for circular disk

selective emitter TPV system on dimensionless PV cell bandgap
energy, u , for various values of the emitter emittance ratio,

g/ S’Eb for a dimensionless emitter to PV cell spacing, h r:.2

El

- . . h

Similarly, Figure 7.3a shows N a5 a function of R for several values of the long
T

wavelength reflectance, py, and u, = 4 for the planar circular disk, filter system. It

’

should be noted that g,i and pg dependence upon A, and Tg is being neglected in
€pp

Figure 7.2 and 7.3.
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Figure 7.3a) - Dependence of the ratio of the cavity efﬁciency,nc,

to the filter transmittance for photon energies greater than the PV
cell bandgap energy, T . for a circular disk filter TPV system

on dimensionless emitter to PV cell spacing, h , for various values
r

of the filter reflectance for photon energies below the PV cell bandgap
energy.p,, for a dimensionless PV cell bandgap energy,u g=4.

M.

T

Figures 7.2a and 7.3a illustrate several important results. For the filter system,

. h .
becomes independent of pg as R becomes greater than approximately 0.4. For

% > 0.4, the view-factor product F,.F... = 0 in equation (7.21). Therefore, the term

pyFecFr becomes negligible. Thus, no matter how large the filter reflectance, pg, the

filter is completely ineffective unless % <04.
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Figure 7.3b) - Dependence of the ratio of the cavity efﬁciency,nc,

to the filter transmittance for photon energies greater than the PV
cell bandgap energy, t W for circular disk filter TPV system on

dimensionless PV cell bandgap energy, U for various values of

the filter reflectance for photon energies below the PV cell bandgap
energy.p,, for a dimensionless emitter to PV cell spacing, h r=.2.

The selective emitter system has a similar result, however, at a much larger value of

h h . .
R For large R the view-factor F,. — 0 so that n, [equation (7.16)] becomes

. £ . .
independent of —=- and u,. Also, comparing Figures 7.2b and 7.3b, note that for a
€gp
. . o . . .
selective emitter system with # < 0.1, the efficiency is much less sensitive to u, than
Epp

for the filter system, regardless of how large py becomes. Thus, a selective emitter
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system is more effective in attaining large n. for low emitter temperatures (u, > 1)

than a filter system.

From the preceding emitter-filter efficiency discussion it is obvious that view-
factors, which account for leakage of radiation from the system, have a major impact
upon the performance of a TPV system. The next section discusses how a cylindrical
geometry can improve the cavity efficiency.

7.3 Cavity Efficiency for Cylindrical Filter and Selective
Emitter TPV Systems without a Window

For a cylindrical geometry, equations (6.72) and (6.73) must be solved before the
cavity efficiency, 1, can be determined. Similar to the planar geometry system (section
7.2), neglect the window loss (tw = 1, pw =py = qw =qy, = 0) the filter and PV cell
emissive powers (¢ = q;=qc = 0) and assume the filter and PV cells are together so
that F,, =F.., Fy =F. ., and F,. =F.. =1. In addition, the following view-factor
conditions apply if the filter and cells are together;
F, +FY =FL+FY =F, +FY =F +FY =F,, F.=0. Where, Fy is given in
Figure 6.3d with R; = Rg (emitter radius), R, = R¢ (PV cell radius), and ¢ is the length

of the cylinder (emitter, filter, and PV cells all the same length). Using the conditions
just described, equations (6.72) and (6.73) become the following,

|:1 ~Pr (Fzz + p;EFE’CFCE’ ):| q;E - p;i‘chE’quC = q;: (1 - pszz ) (7-27)
_pCTfFCE’q::E +(1—pcp; _Ychz)qu =0 (7.28)
Where,
2 '
Yc = Pc (Tf _pfpf)+pf (7.29)

Solving equations (7.27) and (7.28) yields the following.

' 1_pcp:‘_YcF22 ’
qp=—-"—"C2ge (AT,) (7.30)
E DENC E E
p T‘F rr
Qoo =———Fgre, (A, Ty) (7.31)

DEN,
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DEN, =1 _pcp;' —Yc (Fzz + p;EFE’CFCE’) (7.32)

Comparing the planar results [equations (7.6) and (7.7)] to the cylindrical results
[equations (7.30) and (7.31)] note that an additional term, ycF,,, appears for the
cylindrical case. This additional term results from the self view-factor, Fy,, of the filter
and PV cells in a cylindrical geometry.

Now consider the efficiency using equations (6.85), (6.86), (and (6.87).

Ay

J' T gre, (M T.)dA

3 DEN,
M. :C_)_C:FE'C © - 7
1= pep! —Ye (Fy + FocFop
E J. PePr = Ve (P + FicFee )sgeb(hTe)dx
DEN,

o

The condition A F., = A F;. has been used in obtaining equation (7.33). Just as in

the case of a planar geometry system, 1. is directly proportional to the view-factor the
emitter has of the PV cells, F, ..

Similar to Section 7.2, consider the two possible systems: selective emitter without
a filter (ty = 1, pr = p; =0, yc = pc) and filter with a blackbody emitter (e =1,

pp =0). Also, assume pc = 0 for 0 < A < A,, which, as pointed out in 7.2, is a

requirement in order to attain high PV efficiency. For the cylindrical selective emitter
system, the efficiency is the same result as that for the planar system.

F,

E'C

eg ¢ (u ) Selective Emitter (7.16)
g

M ™ 1+

’
8Eb

Here ¢, [equation (7.18)] is the emittance of the selective emitter for A, < A < oo, and
gy, [equation (7.17)] is the emitter emittance for 0 < A < A,, and f(u,) is given by
equation 7.19). As stated in section 7.2, €, , €g,, and u, are functions of A, and T.

However, the major contribution of Tg and A, dependence for . occurs through f(u).
Consider the cylindrical filter system with a blackbody emitter (e, =1,p} =0).

Also, assume pc ~ 0 and p,[Fy F.p +F,]<1 for 0 < A < %, and 1} <pp} for

Ag <A <oo. Thus, following result is obtained for 1. (problem 7.3).
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g

.[rfeb (}\.,TE )d?»
N *Fee ° Cylindrical Filter

o T1=p; (B + FucFop) System (7.34)
J.eb(k,TE)dX+J. Prifn T ecter) o (3,T, )dh
: : 1-p.F,

If p.F,, <1, equation (7.34) reduces to the planar geometry result, equation (7.21)
(problem 7.3). To attain large efficiency F... — 1, which means the emitter and PV
cells must be close together (Rg — R¢). In that case, F»; — 0 so that p.F,, <1 for an

efficient system.

The cavity efficiency expression for a cylindrical selective emitter system is
identical to the planar system expression. Also, the cavity efficiency expression for a
cylindrical filter TPV system is approximately identical to the planar system
expression. Therefore, for Tg, E, and the optical properties being the same, the major
difference in efficiency between planar and cylindrical geometries results from the
difference in view-factor, F, ., for the two geometries.

(7.35)

Here subscript C denotes a cylindrical system and subscript p a planar system. For the
selective emitter system, equation (7.35) is exact. It is only an approximation for the

| . and FE'CL, are plotted for a planar system consisting

filter system. In Figure 7.4, F;

of a circular emitter and circular filter-PV cell combination of equal radius, R, and a
cylindrical system for length, £, with inner cylindrical emitter of radius Rg, and outer
concentric filter-PV cell combination of radius R¢. It was assumed that the spacing, h,
between the emitter and filter-PV cell combination is the same for both geometries and
that the emitter areas are the same in both geometries. As a result, the following

Re 14 Z[LJ[L] (7.36)
R, R, R,

condition holds for Figure 7.4.
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Cylindrical geometry

—— —— Planar disk geometry -

h=h/R
r P

Figure 7.4 Comparison of planar disk and cylindrical geometry
view factors, FEC, for equal spacing,h, and equal emitter areas,

R? =27R L.

R . h
Results in Figure 7.4 are shown as a function of . for several values of L The
P P

view-factor for the planar system, FE'CL, is given by equation (7.26). For the

cylindrical system, using equation (6.7), F.. | . 1s given by,

A R
FE’C|C = _CFCE’|C = [R_Cj FCE’|C (7.37)

E E

>
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R
where F.|. is given by Fy; in Figure 6.3d, with z = — and L :i .
RE RE
. h 0
As Figure 7.4 shows, F.|. > Fycl, » except for N < 0.6 when . =1.
p E

Therefore, a cylindrical geometry yields a larger 1. than a planar geometry if RL > 2.
E

L . o . 1
Also note that the cylindrical geometry advantage increases with increasing — .
E

. . g,
In the case of a perfect selective emitter (—=~~0), n, =F,.. Therefore, the
gy

results in Figure 7.4 give the maximum possible cavity efficiency for either a planar or
cylindrical selective emitter system. Now consider a perfect cylindrical filter system so
that ty=1 (pr= p; =0) for 0 <A < A,, and py=1 for A, <A < oo. Therefore, equation

(7.34) becomes the following.

FE 'C

FyooFep
1+f(ug){1—lﬁ_cFZ: }

n. = Perfect Cylindrical Filter System (7.38)

Comparing this result with the planar geometry result [equation (7.25)] the additional
term, 1-F,,, appears for the cylindrical geometry. In a practical cylindrical TPV system,
the length of the cylinder, £, will be large compared to the radius, Rg. As a result, the
view-factor the outer cylinder has of the bases of the cylinder is small, and
1-F,, = F.. . In that case the view-factor term in the denominator of equation (7.38)
reduces to (1-F;).

In Figure 7.5, the cavity efficiency, n., for the perfect filter system [equation

g

R. /
(7.38)] is plotted as a function of —< for RL =5 and several values of u, =
E E E

Similar to a planar perfect filter system (Figure 7.1), the cylindrical perfect filter system
is very sensitive to u,. For representative values of u, (4 < u, < 6), Figure 7.5 indicates

R
that — < 1.3 is required to achieve large n.. Comparing Figure 7.1 and 7.5 note that
E
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1. does not decrease as rapidly with increasing R—C for the cylindrical geometry as it
E

does with increasing % for the planar geometry.

0.9

u =E /T =1.
g E

2

0.8

;
/

0.7

0.6

yd
4%

0.5

/

0.4 -
- \ N
C 5. N
0.3 N K
0'2 : 1 1 1 1 l 1 1 1 1 l 1 1 1 1 l 1 1 1 1 ]
1 1.5 2 25 3

PV cell array radius/emitter radius, RC/RE

Figure 7.5 - Cavity efficiency, N for perfect cylindrical geometry

filter TPV system as a function of the ratio of the inner emitter
radius,RE, to the outer PV cell array radius,R . for several values

of the PV cell dimensionless bandgap energy, u g=Eg/kTE.
Dimensionless length of cylinder,(/Rg = 5.

For both selective emitter and filter TPV systems, the cavity efficiency can be
improved by using a cylindrical geometry rather than a planar geometry. This occurs
because the view-factor, F,., for the cylindrical geometry is larger than F,. for a
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planar geometry when both systems have the same area emitters and equal spacing
between emitter and PV cells. With larger F,., the radiation “leakage” is reduced in

the cylindrical system. Another method for reducing the radiation leakage is to place
highly reflecting surfaces in locations where the leakage occurs. Thus, for the
cylindrical geometry, the leakage can be reduced if highly reflecting bases are added to
the cylinders. Similarly, for the planar geometry, the leakage can be reduced if an outer
highly reflecting tube surrounds the system. The next section analyses systems that
utilize end reflectors.

7.4 Cavity Efficiency for TPV Systems with
Reflectivity End Caps

7.4.1 Development of Radiation Transfer Equations

L~ .
“— Emitter

_~— Reflecting ends —

Emitter —_
N

Window —,
J

Filter —1 \ 7
. e
PV cells _/\

(b)

Figure 7.6.—Schematic drawings of TPV systems using reflecting
end caps to reduce radiation losses. (a) Planar disk TPV system
with reflecting end cap. (b) Cylindrical TPV system with
reflecting end caps.
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Figure 7.6 is a schematic of planar and cylindrical TPV systems that have
reflecting ends to reduce radiation losses. To determine the cavity efficiency for these
systems the radiation transfer equations must now include the radiation fluxes that leave
and are incident on the reflecting ends. Consider the cylindrical system shown
schematically in Figure 7.7. The end reflectors are bases for the concentric emitter,
window, filter, and PV cells that make up the system. The area of the end reflectors is
split into three regions: A,, Ay, and Ay, as shown in Figure 7.7. This splitting is
necessary since the radiation fluxes incident and leaving the end reflectors is not
uniform over the entire reflector area, (A; = A, + Ay, + Ay). Non-uniformity of the
radiation fluxes occurs because part of the radiation reaching the end reflectors from
each of the system components passes through the window or filter while the remaining
part that passes through the window or filter suffers a transmission loss. Splitting the
end reflector into three regions makes the uniform flux assumption for each of the three
regions a reasonable approximation. As pointed out in Chapter 6, the uniform flux
approximation together with diffuse surfaces are the basic assumptions that allow the
development of the radiation transfer equations.

_r— Endreflector — _ _
7 -

-
- ~

- 7 ~— -~
I L -
Ay
Ay 1: q'ig \ /qIOE qi qow
L SN 7 A
7 GIIIPY g
Cam—
/qu Qs dor \q\ic /qo:low7
“ //\\ W i
| T
—/ — 3 \ Gid q'it d'or ®
PV cells ;o ‘— Emitter l< ¢ |

1
ear —J .
Filter “window

A, = End reflector area between emitter and window
Ay, = End reflector area between window and filter
Ay = End reflector area between filter and PV cells

Figure 7.7.—Schematic drawing of cylindrical TPV system with reflecting end caps.
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The radiation transfer equations will now be developed for the cylindrical system.
Previously in section 6.4 (problem 6.9) it was shown that the transfer equations for the
planar system can be obtained from the cylindrical system equations by using the
condition that view-factors between concave surfaces vanish. When end reflectors are
added view-factors between the end reflectors and concave surfaces for radiation that
passes through the window or filter must also vanish to obtain the planar equations.
Begin by considering the total radiation incident on A, from each of the other parts of
the system. Using equation (6.5) and Figure 7.7 to identify the various q’s the
following result is obtained for q;,, the flux incident on A,.

Aaqia = q;EFE'AAE + quFWaAW + TqufFfe\:/Af + Tf‘chOCFé\aVAC (7 39)
+TfTquch::VAd + Tqube\;‘/Ab +qanaaAa

Now use equations (6.7) and (6.30) for q;, to obtain the following result.

qoa (1 - paFa) = pa {q;EFaE' + quFaW + TW |:q0fFa\2/ + Tf (Fafg‘/qC + Fafdwqod )+ qob]‘:‘a\gv j|} + qa
(7.40)
The view-factor notation is explained in section 6.2.2. For example, FY is the view-

factor of end reflector area, A,, as seen by the PV cells for radiation that passes through
the filter and window. The superscripts refer to the components through which the
radiation passes and the subscripts to the components which are the source and receiver
of the radiation. The radiation flux, q,, is the emissive power of area A,, and is defined
by equation (6.41).

Similar to equation (7.40) for q,., equations for radiation flux q., leaving end
reflector area Ay, and radiation flux q,q leaving end reflector area A4 can be derived.

4o (1=P,Es ) =Py {q;;vaw' RCH [be +1y By :| Ty [q;EFbVé’ + Qo Fow + dou Fon ]

(741)
£, 2 ofw W £
T¢ |:qc (FbC + Ty Fyc >+ Qoo Fou T oaFia :|} +q,

Qod (1 —peEy ) =Py {q;def" +q,c [ch + T? (Fdf(‘ + 1:%vl:dﬂc)\l )]
T |:qof (ij +Ty By ) + 0y Fawe + qodefb:| (7.42)
ety [ F + iy + 9 FD ]} +

Similar to q, for end reflector area A,, qp, and g4 are the emissive power of end reflector
areas Ab and Ay, and are defined by equation (6.41).
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Equations (7.40) through (7.42) give Joa, Qob, and qoq in terms of the radiation
fluxes leaving all the components of the system. To complete the system of equations
the results derived in section 6.4 [equations (6.62) through (6.67)] must be modifies to
include qo,, qob, and qoq (problem 7.4). When terms that account for radiation leaving
the end reflectors are added to equations (6.62) through (6.67), the following equations
are obtained.

qnW [1 pW WW] pW {anFWE + TqufFWf +7 quoCF -+ quFWd
(7.43)

+ Ty Qoo Fa, + T TrdogFavg } Tdw

Qe [1-P¢ (B + 70 ) | = P { T @i+ Gl By + T Fy + T (Fle + T ) a0
Qo By + o, |:Ffb + 13 By ]'*‘ Te0a [Ffd +1Fa ]} +q;
2f 2.2 pftw ’ ' '
Yoc [1 ~Pc (Fcc +TFee + ety Fee >:| =Pc {TWqunEFCE' + TedowFow + o Fer
Ty TrQow Py + T or [ +15, EY ] + Ty T,q, Fo + T,y [ + ‘EWFfW] (7.45)
90 |:FCd +1; (FCfd + 1y Fey ):|} Tdc
Qor = Ps [quFfC + oo Fry ] +q; (7.46)
Qow =Py |:qofFW’f + T QocFove + Ao Fun + T Fivadoa :| +qy (7.47)
doe =P |:q0WFE'W + Ty QorFer + Tw TedocFee + doaFe + quobF];V’b (7.48)

W ’
Ty T Frg Qo ] g

Equations (7.40) through (7.48) make up a system of nine algebraic equations for
the radiation fluxes leaving the emitter, window, filter, and PV cells, as well as, the
three sections of the end reflectors. The solutions will be functions of the view-factors
and component optical properties, which are functions of the wavelength. In addition,
the emissive powers are functions of the component temperatures. As stated earlier the
planar geometry equations can easily be obtained from equations (7.40) through (7.48).
This is accomplished by setting all view-factors between concave surfaces of the
window, filter, and PV cells (view-factors with two unprimed subscripts of W, f, or C).
Also, view-factors between the end reflectors and concave surfaces of the window,
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filter, or PV cells for radiation that passes through the window or filter [view-factors
with one end reflector subscript (a, b, or d) and superscript of f, W, or fW].

In the remainder of the chapter we will consider a simplified TPV system to show
how end reflectors can improve cavity efficiency.

7.4.2 Radiation Transfer Equations for TPV Systems with Close
Coupled Emitter-Window and Filter-PV Cells

In a practical TPV system it is likely that the emitter and window will be close
together in order to minimize the conductive and convective heat loss from the emitter.
Also, it is likely that the filter will be physically connected to the PV cells in order that
the same cooling system can be used for the filter and PV cells. Therefore, consider a
TPV system with the emitter and window, and the filter and PV cells very close
together. In that case the following view-factor approximations can be made.

Foy =Fyp =Fe =Fp =1 (7.49a)
F.. =Fys = Fye = Foc (7.49b)
F. =Fy =F. =F. (7.49¢)

F.=F,=F.=F,=F, (7.494d)

FY =FY =FY =F\, =Fw =Fy, =F; =F) =F,y =F.. =0 (7.49¢)

Since end reflector areas A, and A4 vanish (use Figure 7.7) the following results apply.

Fo, =Fp = FSZ = FS—:Y =k, =Fw=F.=F; = ny = Fa\?l =Fy=Fc= FIX, = (7.49%)
FX) =Fyy » Fb\g =Fw (7.49g)
F., =F, ., F. =F, (7.49h)

Note that a new view-factor, F22, has been introduced in equation (7.49d). This is the
self view-factor for the filter-PV cell combination and is given in Figure 6.3 where
R 0

z=—C L=—o.
RE RE
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Since A, = A4 =0, doa = Jod = 9 = qq = 0, and equations (7.40) and (7.42) vanish
and using equation (7.49a) through (7.49h) the remaining transfer equations become the

following.
Qoo (1=PoEn ) = P {Tw @i FBow + Qo B + Ao B +70ucFc f ¥, (7.50)
Qow = Pwee +dw (7.51)
Qor (1=P¢ ) = P { Twie e + Al Fepr + T doc By + 04, By} + 9 (7.52)

Qoc (1 - ch?Fzz ) =Pc {TWqu:)EFCE’ + qu:)WFCE’ + TG By + q:)f + TG Fyy } +qc  (7.53)

Qo = Proc +ds (7.54)
Qow =Py {qofFE'C + T qocFoe + oo Fivn } +qy (7.55)
Qe =P {qow + Tyt Fre + Tw T docFoe + Twdon By } +q; (7.56)

Equations (7.50) through (7.56) are a system of seven equations for the seven radiation
fluxes; qz, Gow> Qow s> ot dop» Gocs and qop. The system can be simplified in the
following manner. First, substitute equation (7.51) for q,w in equation (7.56), and
multiply the resulting equation by py,. From this result subtract equation (7.55)

multiplied by p;t,, . This yields the following relation between q’,, and q/; .

PETwdow =P (1= PEPw ) dig +PETw Ay —PWPEdw —PiPE (7.57)
Now substitute (7.54) for q!; in (7.53) and multiply the resulting equation by ps, then
subtract this result from equation (7.52) after multiplying (7.52) by pcte. As a result,
the following relation between q,¢ and q,c is obtained.

PeTrdor = Pr (1=PcP? ) doc +PcTedr = PePcds —Prdc (7.58)

Substituting (7.57) and (7.58) for q/y, and g in (7.50) yields the following equation

for qqp in terms of q!; and qoc.
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’ 1_ r 1_ ’
9op (1 P ) =Py {{Ew +M:| Fowdoe + |:Tf +M:| FquoC}

PrT Pt
E'w clr (7.59)
. P Py Pe + P
+pb[Fbw'[qw—T—qu— f qE]+be[qf—T—qu— i qcﬂﬂlb
W E*W f C*f

The final steps in this simplification process are to obtain two equations for q/, and
qoc. To do this first substitute (7.51) for quw, then substitute (7.57) for q, , (7.58) for
Qo> and (7.59) for qq in (7.56). Similarly, replace q’y, , Gos, and qop using (7.57), (7.58),
and (7.59) in equation (7.53). As a result the following two equations for q/; and goc

result.
aEq;E —acqyc = SE (7.60)
—bpqi +bcquec =S¢ (7.61)

Terms appearing in equations (7.60) and (7.61) are defined as follows.

a, =1-plpy —g—byEFW,beW, (7.62)
b
T
a, =Pty f (7.63)
PcTe
T
by =Py £ (7.64)
PETw
be =1-pepl —Yefor (7.65)

p' p ' ' ' F ' '
Sp = [1_ I\g s FW'beW’J(qE +pEQW)+Twa {#(qb +prbW'qW)
b b

(7.66)
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S =[1-psfec [[dc +Pcat ]

E o o (7.67)
+T:Pc ;bqb +fccqf + fCE' Qw __W_,_qu
Db Tw  PrTy
Ve =Pk (T —PwPl ) +PYy (7.68)
Ye =pc (T —pep} )+ pr (7.69)
D, =1-p,F, (7.70)
fE’C = FE’C +g_wa'bef (7-71)
b
£ =F, +g—bFbebw, (1.72)
b
f.=F, +g—bFbebf (7.73)

b

Equations (7.62) through (7.73) apply for a cylindrical geometry. To obtain the
radiation flux equations that apply for a planar system merely set F, = 0 in equation

(7.73) so that f.. = g—bFbebf .
b
Equations (7.60) and (7.61) can be solved for q/; and g,c to obtain the following

results.

, PET
(1 —pcPr —Vefee )SE +F TW YefeeSe

’ pC f
= 7.74
o DEN, ( )

' [Y) PcT
[1 ~PePw _bYEFW%FbW’jSC + ,C ! VefeeSe
D, PrTw (1.75)

oc = DEN

b
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DENb = [l_p;:pw _]‘;_bYEFw'bew'j(l —PCP;~ _nyCC)_yCYEfE'CfCE’ (7.76)

b

7.4.3 Cavity Efficiency
The cavity efficiency, 1., is defined by equation (6.86). In order to determine n.
the solutions for q), and q,c given by equations (7.74) and (7.75) must be substituted
into equations (6.85) and (6.87) to obtain Q, and QC . To simplify the analysis assume
that the emissive power of the emitter, q; =&ge, (A, T;), is much greater than all the

other emissive powers. As pointed out earlier in section 7.2 this is a reasonable
approximation because the emitter has the highest temperature in the system. Also, the
emitter will have the largest emittance, ¢, except in the case of a selective emitter
where e will be small for part of the spectrum. If only the emitter emissive power

terms are retained in the source terms, Sg and Sc of equations (7.74) and (7.75) then the
following results are obtained for q/; and qoc (problem 7.5).

’ ’ p r
(1 —PcPr —Yefee )(1 —Pw DibFW’beW’ J —PwYcfecler

Qo = b qp (7.77)
DEN,
PcTT /
Qoc = ];EtN\: fCE’qE (7.78)

Where DEN;, is given by equation (7.76). Using equations (7.77) and (7.78) in (6.85)
and (6.87) yields the following result for the cavity efficiency (problem 7.6).
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Qc
Ne ==—
Q
}\‘g
€Ty T
A R
B - [1-pept —Vefee | =Py = (3 +Py (1= Py ) 2o Fy o R
Ja; pepi ~Tefee]l 1=pw = (%% +04 (1)) o FusFoe e, (2T, ) dn
b b > E
DEN
s b Ve [va +py (I-py )] focfep
(1.79)

The approximation made in deriving equation (7.79) are:
1) emitter and window together (g, =F, =1)
2) filter and PV cells together (F,. =F. =1)
3) emissive powers of window (qy,qy ), filter (q;,q; ), PV cells (qc), and end
caps (qp), small compared to emissive power of emitter (qy, ).

It should be remembered that equation (7.79) applies for a cylindrical geometry.
However, as stated earlier, by setting F», = 0 in the definition of fcc [equation (7.73)]
the planar geometry cavity efficiency is also given by equation (7.79). In sections 7.2
and 7.3 the cavity efficiency for planar [equation (7.11)] and cylindrical [equation
(7.33)] geometry systems was derived for the case of no window and no end reflectors.
These results can be obtained from equation (7.79) by setting p, =0, p,, =py =0, and

tw = 1, for both planar and cylindrical geometries, and additionally F,, = 0 for the
planar system.
The view-factor term, f.. , in the numerator of equation (7.79) must remain within

the integral because it contains the wavelength dependent end cap reflectance, p.

However, it is a reasonable approximation to assume py, is a constant. In that case f...

can be removed from the integral so that the following result is obtained (problem 7.7).

Ne ~ _CfCE’ = fE’C (7.80)

Whereas without reflecting end caps m, ~ F.., the addition of end caps results in an

“effective” view-factor.
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et —P  FE, (7.81)

f
(1 - prbb)

E'C

=F

The end caps enter in other terms of equation (7.79), however the major contribution to
1. of the end caps enters through f... Equation (7.81) can be simplified as follows.

Since the end caps view either the emitter-window combination, the filter-PV cell
combination, or themselves the following relation must be satisfied.

Ew +E; +E, =1 (7.82)
Similarly, since the emitter and window are together.
Foc +Fyy =1 (7.83)

Now use equations (7.82) and (7.83) in (7.81).

E
1-p, [1_Fbw' _bej
foe =Fae E'C (7.84)

l_pb(l_FbW’_be)

As equation (7.84) shows, if the emitter-window combination is very close to the filter-

o F,
PV array combination so that —- ~F,,, then F,. ~F,.. Thus the end reflectors do
E'C
not contribute.
Now consider the case py, = 1, which yields the largest value of f... In that case

fo. becomes the following.

F,
bf
Ew +——

foe =Foc Fie Py =1 (7.85)
Fow +Fy

This result applies to both planar and cylindrical geometries. First consider a planar
geometry. If all the components have the same area then F,. =F, and f.. is the

following.
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1
N, ~fee = 5(1 +FEc ) p, =L, planar geometry with equal area components (7.86)

Thus the addition of a reflecting tube (Figure 7.6a) for the case where p, = 1 yields a
minimum effective view-factor of 0.5 even if F,. = 0. For a perfect selective emitter
system (section 7.2) n, =f;. so that n, > 0.5 if a reflecting tube with p, = 1 is used
regardless of the distance between the emitter and the PV cells. Note that if the
reflecting tube is tapered from the emitter to the PV cells (Ag = Aw > Ar = Ac) then
E >, and for p, = 1.

1
M. ~ fge < E(l + FE,C) p, =1, planar geometry with A > A (7.87)

Thus although it may seem that tapering down in area (Ag > Ac) should focus the
radiation at the PV cells and thus improve the cavity efficiency the opposite is true.
With increasing taper (Ac > Ag) E,» <FE,; and the following applies.

1
Ne ~ foe > 5(1 + FE,C) p, =1, planar geometry with A, > A (7.88)

Thus increasing taper produces a larger . than decreasing taper. Now consider a
cylindrical geometry. Since the filter area is larger than the window area, E; > E, .

As aresult,
1
M. ~ fpe > E(l + FE,C) p, =1, cylindrical geometry (7.89)

Comparing this result with the planar geometry [equation (7.86)] we see that the end
reflectors are more beneficial for the cylindrical geometry.

7.5 Summary
This chapter considers radiation leakage losses from TPV systems. It is the cavity
efficiency, 1, defined by equation (6.86) that determines the leakage losses. Therefore,
the major part of the chapter is the derivation of the cavity efficiencies for planar and
cylindrical geometry TPV systems. End reflectors to prevent leakage losses were
included in the derivations. Some of the important conclusions that resulted are the
following.
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1) The view-factor between the emitter and PV array is the major factor in
determining radiation leakage losses. The cavity efficiency is directly
proportional to this view-factor.

2) Cylindrical geometry is more advantageous than a planar geometry for
limiting leakage losses (Figure 7.4).

3) Filter TPV system is more sensitive to emitter to PV array view-factor than
selective emitter system (Figures 7.2, 7.3, and 7.5).

4) Addition of end reflectors results in an effective emitter to PV array view-
factor, f,. [equation (7.81)], that is greater than the emitter-PV view-factor,

|
5) For a perfect end reflectors (reflectance = p, = 1) the following occurs.
1 .
a) m, ~fu.= E(l +F,.) for a planar geometry with equal area
components.

b) n, ~fee > %(1 +F,) for a cylindrical geometry.

Problems

7.1 Using the black emissive power [equation (1.120) show that f(u,) given by
equation (2.19) can be written as follows.

1- Fofx Ty
£(u,)=
0-4,Tg
. . E, hc
Where F _, . is given by equation (1.137) and u, = ——=——_ Then for
e ¢ kT, ki e

u, > 1 show that f(u,) is given by the following expression.

4
T

{ -1 forug>l

e ™[ 3u§ 6ug 6
Uyt +— 3
m m m  m

ax 2
Hint: J.x3e“dx =S {;& X +6_X_£}

a a a’ a’

f(u

s

m=]
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7.2

7.3

7.4

7.5

7.6
7.7

7.8

Derive equation (7.21) for a planar filter TPV system from equation (7.13)
using the following approximations.

1) forO<A <A, pcx0and pF. Fp <1

2) fordg<A<oo, 1; < p,p}

Derive equation (7.34) for a cylindrical filter TPV system with a blackbody
emitter from equation (7.33) using the following approximations.

1) forO<A<A,pc~0and p[F, +F. F]<1

2) forig<A<oo, 17 < p;p;

Show that equation (7.33) reduces to the planar filter TPV system result
[equation (7.21)] if p;E,, <1.

Derive equation (7.45) using the radiation transfer theory results of section 6.2
[equations (6.5), (6.7), (6.30), (6.31)].

Derive equation (7.78) for the radiation flux leaving the PV cells, g,c, when
only the emitter emissive power terms are retained in the source terms Sg and
Sc in equation (7.75).

Use equation (7.77) in (6.85) to obtain Q, [denominator of equation (7.79)].
Using the view-factor result AjF; = AjFj, show that A f.. =A.f. where
fo and f.. are given by equations (7.71) and (7.72) and Ag = Aw, Ac = Ar.
For a planar TPV system with perfect end reflectors (p, = 1) where the emitter
and window are together and the filter and PV array are together the cavity
efficiency, 1., 1is directly proportional to the effective view-factor,

1 . . .
foe =E(1+FE,C). Where F,. is the view-factor for the emitter to the PV

. . T
array. For a system without end reflectors 1, ~ F,. . Calculate the ratio —£<
E'C
for a planar system with circular emitter and PV array of radii Scm
(Rg = Rc = 5cm) when the distance between the emitter and PV array is
h = 0.5cm and h = lem. What can be said about the benefit of perfect end
reflectors for the two cases?
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Chapter 8
TPV System Performance

Preceding chapters have concentrated on two objectives. The earliest chapters
explained and quantified the performance of the major components of a TPV system.
Later chapters developed the analysis to calculate the performance of a TPV system.
Therefore, the major objective of this chapter is to describe the radiation transfer
method for determining the performance of a TPV system.

The performance is a function of the thermal power input, the geometry of the
optical cavity, and the optical properties of the various components. In Chapter 6
radiation transfer theory was applied to obtain the radiation fluxes leaving the surfaces
of the optical cavity. These results are used to calculate TPV system performance. The
two major assumptions of the radiation transfer analysis are the following. First, the
surfaces behave in a diffuse manner so that the radiation intensity is the same in all
directions. Second, it is assumed that the fluxes incident and leaving a surface are
constant over the area of that surface.

8.1 Symbols

A surface area, cm®

A, ideality factor

Co vacuum speed of light, 2.9979 x 10" cm/sec
e electron charge, 1.602 x 107", Coul

€p blackbody emissive power, watts/cm® nm
E, bandgap energy, eV

Fa view-factor for radiation leaving area a and impinging on area b
FF fill factor

h Planck’s constant, 6.62 x 107*, J-sec

I current, Amps

J current density, Amps/cm’

k Boltzmann constant, 1.38 x 10 J/K

Py electrical power output, watts

radiative energy flux, watts/cm® nm
radiative power at wavelength, A, watts/nm

total radiative power, watts

Vel

resistance, ohms or reflectivity
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T temperature, K

U, Ey/kTg, dimensionless bandgap energy
A% voltage, volts

€ emittance

A wavelength, nm

p reflectance

T transmittance

n efficiency

Subscripts

b denotes reflector of optical cavity
C denotes PV array in optical cavity
E denotes emitter in optical cavity

Emitter .
Tg .
€
Ag

~
k-

W

Qin= Q& + Qo =MuQun

v

Qe

8.2 TPV System Model

Qb e Reflector,

/ ToPo Ap
\ ; dg S
S 4 / ,’/

Chapter 8

- Filter-PV array plane

7
e

’ '}

ic3

V

q0c3

B | E——

fe.

divided into 3 areas,
Acts Ao, Ay with
reflectances pg,
Pc2> Pe3

Figure 8.1.—Schematic drawing of TPV system model showing radiation power densities
incident and leaving each component.
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Ilustrated in Figure 8.1 is the planar geometry optical cavity model that is to be
considered. A planar emitter that can be either circular or rectangular in shape is
separated a distance, h, from a plane that is divided into three areas: Ac;, Acy, and Ac;.
At this plane are located the PV arrays and filters. If a filter is used, it is assumed that
the filter and PV array are together so that the view-factor between the filter and PV
array is 1. It is assumed that a vacuum exists between the emitter and PV array so that
no convective heat transfer occurs between the emitter and PV array. The vacuum
condition would occur naturally in a TPV system for a space application.

The reflector surface, b, is attached to the emitter so that T, = Tg. Attaching the
reflector to the emitter eliminates the leakage of radiation from the cavity that would
exist if a gap existed between the emitter and reflector.

Dividing the filter-PV array plane into three areas gives flexibility to the analysis.
For example, Ac; and Ac; can be filter-PV arrays, and Ac; can be a reflecting surface
such as gold. Or for another example, all three areas can be filter-PV arrays.

The total efficiency of the system is the following [equation (6.83)],

Nt = NN Npy = = = = (8.1

where my, is the thermal efficiency [equation (6.84)], n. is the cavity efficiency
[equation (6.86)], and mpy is the photovoltaic efficiency [equation (6.88)]. Note that

Q, =Q, +Q, has replaced Q, in the definition of n, since thermal energy is being

supplied to the reflector, as well as, to the emitter. Only 1. and npy are calculated for
the system in Figure 8.1. The thermal efficiency, ny, depends on the heat source,
which is not being considered. In the next section, the radiation transfer equations are
developed and solutions for the radiation power densities are given.

8.3 Radiation Transfer Equations
The basic radiation transfer equation is given by equation (6.5),

Q. = TwdoEnA, W/nm (8.2)

where Q. is the radiation power incident on area A, that originates at area A,. Also, T,
is the transmittance of the media between A, and Ay, q., is radiation power per unit area
per wavelength leaving A, and F, is the view-factor from area A, to area A,. Equation
(8.2) assumes q, is uniform across A,. In addition, assume the radiation fluxes arriving
at an area, q;, are also uniform across the area. In that case, Q;, = q;,A,, wWhere g, is the
total incident flux on area A,. Also, the view-factor relation given by equation (6.7)
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applies. Thus, applying equation (8.2) and equation (6.7) to the radiation leaving all
areas that view area A, the following is obtained.

qib = Z‘Cabqanba (83)

a

Also, the flux leaving a surface is the sum of the emitted and reflected fluxes [equation
(6.30)]. Therefore, equation (8.3) becomes the following,

Qob = Ppin T €44 O"aTb ) =Py z‘cbquanu +&,¢, (}\"Tb) (3.4)

where &, is the spectral emittance of A, and ey(A,Ty) is the blackbody emissive power at
the temperature of A, which is given by equation (1.120).

Now apply equation (8.4) to each of the surfaces in Figure 8.1, noting that t,, = 1
since a vacuum exists in the optical cavity.

9dor —Pe [FEClqOC] + Foealocs + Facadoes + Fquob] =&,6, (}\"TE) (8.5

Qob (1 — Py ) Py [FquoE +Fedoer + Focaocr + Focsdocs ] =&,6, (7“3 T, ) (3.6)

9ot ~Pci [FCIquE + FClbqob] =&¢C, (}"Ta ) (8.7)
Qoc2 ~Pc2 [FcquoE + FCquob] = €06 (}'aTcz) (8.8)
Qo3 —Pcs3 [FC3quE + FC3bqob] = €036 (}"7Tc3) (8.9

Notice the pyFy, term in equation (8.6). It occurs because the reflector has a view of
itself.

Equations (8.5) through (8.9) form a set of five linear algebraic equations for the
five unknown q,’s. The following solutions for q.; and q,, are obtained after a tedious
amount of algebraic manipulation,

(aB, +bE,)
DEN

Qor (7‘):

(8.10)
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(aB, +bE,)
DEN

qob(k) =

8.11)

where,

a= gEeb (7\” TE ) + pE |:FEC18C1eb (7\” TC] )+ FEC28C2eb (7\" TCZ ) + FEC38C3 (7\" TC3 ):| (8 12)

b = 8beb (7\" Tb ) + pb |:FbC18C1eb (7\” TCI ) + FbCZSCZeb (7\"TC2 ) + FbCSeb (7\"TC3 ):| (813)

B, = p, [E +PeiFesFer +PeFereFos +PesFese s ] (8.14)
B, =1-p, [F,, +PciFeinFoct + PeaFea Foca +PesFess Focs | (8.15)
E, =1-pg [peFoeFecr +PesFea Faca +PesFes Fecs | (8.16)
E, =pg [Fy, +PerFein Feer +PeaFeanFrcs +PesFesy Frcs ] (8.17)
DEN =E B, -E,B, (8.18)

Equations (8.10) and (8.11) are solutions for qug(A) and qq,(A) in terms of the view-
factors, optical properties, and temperatures of each of the five areas. Knowing q.g and
Job, Solutions for qoc1, oo, and goc3 are obtained using equations (8.7) through (8.9).

The view-factors depend upon the geometry of the optical cavity. For the model
shown in Figure 8.1, the areas Ag, Aci, Aca, and Ac; can be either circular or square
with a corresponding cylindrical or square prism shaped reflector. View-factor
expressions for parallel circular disks, identical, parallel opposed rectangles, and
unequal, parallel, coaxial squares are given in Figure 6.3. These three view-factors are
all that are required to calculate the necessary view-factors for either the circular or
square geometry as shown in Figure 8.1. Consider Fg¢y; this view-factor is given in
Figure 6.3a for a circular geometry and Figure 6.3c for a square geometry. Thus, using
the reciprocity relation [equation (6.7)] the view-factor Fcg can be calculated.

_EFECI (8.19)

From view-factor algebra,
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F, = FE(CHCZ) —Feey (8.20)

where Fgc + ) is the view-factor for the area Ag to the area Ac; + Ac; and is given in
Figure 6.3a for circular geometry and Figure 6.3c for square geometry. Using the
reciprocity relation,

Fe, = Fye, (8.21)
E A, B
Similarly,
Foey = FE(C1+C2+C3) _FE(CHCZ) (8.22)

where Fgci+caic3) is the view-factor from Ag to Ay + Ac, + Acs and is given in Figure
6.3. And from the reciprocity relation,

A
F..=—ELtF (8.23)
C3E AC3 EC3
Again using view-factor algebra,
Ky, =1- FE(C1+C2+C3+g) (8.24)

where FE(C1+C2+C3+g) is the view-factor from area AE to area ACI + AC2 + Ac3 + Ag and is
given in Figure 6.3. Using reciprocity the following is obtained.

A
F = A_EFEb (8.25)
Also,
Fop =1-F (8.26)
A
Foei = A_Cbchua (8.27)

where Fcg is given by equation (8.19).
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Obtaining Fcy, and Fcj;, requires the following view-factor algebra.

Fepy =1-Fopp (8.28)

Foyp =1-Fosp (8.29)

Fcor and Fcsg are given by equations (8.21) and (8.22). From reciprocity.

A

F, = AC: Foop (8.30)
A
Fes = AC: Eos (8.31)

From symmetry and using view-factor algebra it can be shown that F, is the following
(problem 8.1),

F, =1-2F, (8.32)
where Fyg is given by equation (8.25). All the necessary view-factors that appear in

equations (8.5) through (8.9) are given by equations (8.19) through (8.32). To calculate
the radiation flux that escapes through the gap the following equation applies,

qg = gquE +ngq0b (833)

where (problem 8.2),

A
FgE :_E[I_FEb_FECl_FECZ_FEC3] (8.34)
Ag
A,
ng = A_[FbE _FbCl _FbCZ _Fbc3] (8'35)

g

and all the view-factors appearing in equations (8.34) and (8.35) have already been
defined.

The view-factors, given by equations (8.19) through (8.32) and the spectral
emittances and reflectances of each of the surfaces in the optical cavity are all the
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parameters required to obtain the solutions for qug, Qobs Joct> doc2, and Joc3. Knowing
the fluxes allows the calculation of the cavity and photovoltaic efficiencies.

8.4 Solution Method for TPV System Model
The cavity efficiency is the following,

(8.36)

5c||(§3|

N =

where Q,, =Q, +Q, is the power input to the emitter and reflector. Q, is given by

equation (6.85).

QE =A; ,[l fi |:eb (}\”TE)_qu]d}\‘ (8.37)
E
Similarly,
— -
Q, :AbJ‘ ppb [e, (LT, )~ Jdi (8.38)
b

o

In obtaining equations (8.37) and (8.38), the relation € = 1 — p is used since the emitter
and reflector are opaque, T = 0 [see equation (1.229)]. If areas Ac;, Ac,, and Ac;

contain PV arrays, then the incident, useful power, QC is the following,

by . iy
Qc =Ag JTClquld}\‘ +Ac, J‘TCZquZd}\‘ +Te3Aq ITCquC3d}\‘ (8.39)

where Tci, Tcp, and t¢3 are the filter transmittances and A, is the wavelength
corresponding to the PV array bandgap energy, E,.

1.24x10°
T, M

g

A E, ineV (8.40)

If there is no filter, then t¢; = t¢y = Tc3 = 1 in equation (8.39). Since pq;=q, - €ey(A,T),
equations (8.7)-(8.9) can be used to replace q;.; and q;.; in equation (8.39).
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Ay Ay
Qc =Aq J‘Tc1 [Fcuaqu + Feipop ]dk +Ag, '[Tcz [FCZquE +Ferp 9o ]d}L
° ° (8.41a)

Mg

+Aq J.Tcz [FC3quE + Feay Ao ]d}"

o

Using the view-factor reciprocity relation, this can be written as follows.

Ay

Qc = AE I[TCIFECI + T Fees + T3 Fics ]qudk
° (8.41b)

iy

+A, J.[‘CCIFbCl +TerFoes + TesFoes ]qobd]L

o

If only Ac contains a PV array, then the tc,Fgco, Tc3Fecs, TeaFoca, and te3Fycs terms

must be removed from equation (8.41b). As can be seen from equations (8.37), (8.38),

and (8.41b), once q.g(A) and qu(A) are known, the cavity efficiency can be calculated.
The PV efficiency is the following [equation (6.88)],

Moy == (6.88)

where the electrical power output, Pgr, depends upon which of the three areas, Ac;, Aco,
and Ac; have PV arrays. If all three areas have PV arrays, then Py, is the following,

Py = Pprey + Percy + Prics (6.89)
where the electrical power from each array is given by equation (5.228).
Py =N, (VM —RIy )ILM (5.228)

Here Nj is the number of series connected junctions in the PV array, Vy is the junction
voltage for maximum Pg;, and is the root of equation (5.223). In addition, R is the
series resistance of each junction, and Iy is the load current for maximum Pg; and is
given as a function of Vy; by equation (5.229).

The electrical power output of an array can also be given in terms of the fill factor,
FF, short circuit current, I, and open circuit voltage, V. [equation (5.239)].
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P, =FFV_I_ (5.239)
Where I is the root of equation (5.217a), V. is the root of equation (5.218a), and FF is
given by equation (5.240).

All the quantities that appear in equations (5.228) and (5.239) for Py are functions
of the PV array series resistance, R, and shunt resistance, Ry, the photon generated
current, Iy, and the dark saturation current, I, The resistance and dark saturation
current can be determined experimentally for each PV array. And the photon generated

current is given as a function of the internal quantum efficiency, ng, by equation
(5.249),

Py

e
L :AJaE I(I—Rc)anthiCdk (5.249)

o

where Aj, is the active area of a single junction in the PV array, Rc is the spectral
reflectivity at the filter-PV array interface or the vacuum-PV interface if no filter is
used, and qjc is the incident radiation flux. For the no filter case, tc = 1. The incident
flux, qgjc, for each of the three areas, Ac;, Acy, and Acs, are obtained using equations
(8.7) through (8.9) and the result pqg; = q, — €ep(A,T). For example, if area Ac; contains
a PV array, then L, is the following.

Agci

€
IphCl =Ac, E JTCI (1 -R )ana [Fcnzqu + FC]bqob]d;\’ (8.42)

o
o

If PV arrays exist on A, and Acs, then Ipuc, and Iuc; are obtained from equation (8.42)
by replacing the C1 subscripts by C2 and C3.

The spectral reflectivity, Rc(A), and transmittance, tc(A), and the emitter spectral
emittance, gg(A), are the important spectral control parameters. Obviously, the ideal
situation would have gg — 1 and 1¢ — 1 (pc = 0) for A <A, and &g — 0 and pc — 1
(t¢ = 0) for A >A,. In that case, N, — 1. The use of a selective emitter, such as the rare
earths, discussed in Chapter 3, will produce large g for A > A, but has the disadvantage
of large g for A > Sum. Tandem plasma-interference and the resonant array filters
discussed in Chapter 4 can be fabricated that have pc — 1 for A > A,. Therefore, a
combination of a selective emitter and a filter may be a viable solution for effective
spectral control. However, absorptance in the filter is a problem, as is shown in Section
8.4.2. An alternative to a filter is the backside reflector (BSR) on the PV array as
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discussed in Chapter 4. In that case, by using an anti-reflective coating on the PV
array, tc — 1 and pc — 0 for A <A,. Also, there is no filter absorptance loss.

All the quantities necessary to calculate n. and npy have been written as functions
of qor and q,,, Which are obtained from equations (8.10) and (8.11). However, before
qor and g, can be determined, the emitter and reflector temperatures, Tg and Ty, as well
as the, temperatures Tc;, Tcy, and Tcz of Acy, Acy, and Az must be known. In a TPV
system, the temperatures, T, Tc,, and Tc; are fixed by the waste heat radiator. If Ac,
Acy, and Ac; all contain PV arrays, then that temperature is much lower than Tg and Ty,
so that the e,(A,Tc), ep(A,Tc2), and ep(x,Tc3) terms in equations (8.10) and (8.11) can be
neglected.

To determine Tg and Ty, as functions of the input power, Q. , an energy balance

must be applied to the optical cavity. Conservation of energy requires the following
relation be satisfied,

Q, =Q; (T.)+Q, (T,) (8.43)

where QE and Qb are given by equations (8.37) and (8.38) and depend upon q.g and
dob- Therefore, an iterative process is required to satisfy equation (8.43). Since the
emitter and reflector are connected, assume Ty = Ty,. Also, assume Ty = Ty = Tes i
given or that the T¢y, Tcy, and T3 emittance terms can be neglected. As a result,
equation (8.43) is a function of only a single temperature, Tg. To begin the iterative
process, a value for T is assumed and q.g and q, are then determined as functions of A
by equations (8.10) and (8.11). Using these results for g, and q, values for QE and
(_)b are calculated using equations (8.37) and (8.38). If the correct value of Ty is
assumed then the sum of Q, plus Q, will equal Q, . If too large a value of T is
assumed, then Q. +Q,>Q,, . If too small a value of T is assumed, then Q, +Q, <Q, .

Therefore, an iteration expression for Ty that converges to the proper solution is the
following,

T =T,-C[Q,-(Q.+Q})] (8.44)

where T, is the i + 1 approximation for Ty and T} is the ith approximation for Tg,
and C; is an iteration constant with the units K/W that must be given. Q} and Q| are
calculated using T.. Once Ty has converged to the value that satisfies equation (8.43)

the cavity and PV efficiencies can be calculated.
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A Mathematic program that calculates all the radiation fluxes and the efficiencies
M. and mpy for a square optical cavity like that shown in Figure 8.1 is described in
Appendix F. The enclosed CD-ROM contains the program. In the program, PV arrays
exist on all three areas Acj, Acz, and Acs. Also, C; = 0.5 K/W has been chosen for the
iteration constant. In addition, the program allows for a gap to exist between the
emitter and the reflector. However, if a gap exists between the emitter and the reflector,
then Ty, #TE. In that case, a separate energy balance on the reflector must be used to

determine T, for a given Tg. Then the overall energy balance, Q,, =Q, (T.), must be

applied to determine Tg.

8.5 Results of TPV System Model for Hypothetical System
Consider a hypothetical TPV system with the following components.

Emitter- gray body emitter with g = 0.6, pg =1 — e =0.4

Reflector- constant reflectance, p, = 0.7, &, =1 - pp, = 0.3

PV arrays- bandgap energy, E, = 0.6eV (A, = 2070nm), constant quantum
efficiency, ng = 0.9, dark saturation current density at 300K,
J,=8x 107 Alem?, ideality factor, A, = 1, series resistance,
Rs = 0.06Q, shunt resistance, Ry, = 2000Q2, percent active
area=0.9

Filter- back surface reflector (BSR), pc = 0.1 for 0 <A <Ay, pc = 0.9
for Ay <A <0

InGaAs is a possible material for making a 0.6eV bandgap energy PV array with
characteristics like those presented above.

Assume each of the three areas, Ac;, Acy, and Ac; are covered by PV arrays.
Referring to Figure 8.1, the dimensions of the square optical cavity are the following:
Wc1 = 6cm, Wer = 9cm, wez = 10em, h = 0.2cm, and dc = 0.05cm. Each PV array is
assumed to consist of 25 junctions. Area Ac; is covered with four arrays, area Ac;, is
covered with five arrays, and Ac; is covered with two arrays. Thus, the area of each

A . . A .. A, .
array on Ac; is —= and the area of each junction is —%— . Similarly, —% is the
4 (4x25) 5
Ac, . : ; Ag .
area of each array and (5 25) is the area of each junction on Ac,, and is the area
X
Agy . o
of each array and (2 Y is the area of each junction on Ac;.
X

With this input data, the Mathematica program in Appendix F produces the results
shown in Figure 8.2. Shown are the radiation fluxes incident on and leaving the various
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surfaces plus the electrical power generated by each of the PV arrays. The emitter and
reflector temperatures are Tg = T, = 1232K, the cavity efficiency is 1. = 0.57 while the
PV efficiency of each of the PV arrays is npy = 0.31. As a result, the TPV efficiency is
Nrev = NeNev = 0.18 and the electrical power out is Pgp = 44W.

Q=9 W
—Tp

P 2w
215W 71/\';
PELCI =83W (Voc =04 V, lsc =.65 A,

172w FF = .67 for cach of 2 arrays in A 3)

930w 516 w7\
PELcZ =20W (VOc =94V,
413 W I;. = .63 A, FF = .68 for each

| —Ag of § arrays in A.p)

nnw o 43w Perer=16 W (Voo =9.4 V, [, = .63 A,
7 FF = .68 for each of 4 arrays in A,|)

- / el
L Tc2_'/,’_Ac2
Te—"| 75W

84 W
A

Te=Tp=1231 K, Ty =Tz =Te3 =300 K

Cavity efficiency, 1, = .57

PV cfficicney, npy =.31

TPV cfficiency , itpy = Nchipy = -18

Electrical power out, Pg; =44 W

Figure 8.2.—Performance of planar, squarc geometry TPV system with the following
properties; gray body emitter with emittance, €g = .6 (pg = 1 — €g = .4), constant
reflectance reflector, pp =.7 (€ = 1 — pp = .3), Eg = .6¢ V (Ag = 2070 mm) PV arrays
with constant quantum efficiency, 1q = .9, dark saturation current density at 300 K,
J; = 8x10-7 A/em?2 ideality factor, Ag = 1.0, series resistance, R, = .06 Q, shunt
resistance, Ry, = 2000 Q, percent active area = .9 and a back surface reflector (BSR)
with reflectance, p. = .1 for 0 <A <A; and pe =.9 for Ay <A < oo,

Note that 22W of radiation leak out the 0.05cm gap between the reflector and the
PV array. This is a significant fraction of the total 250W thermal energy input. Also
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notice the large radiation fluxes that are circulating within the optical cavity. The
emitter is emitting 1171'W and receiving 930W. Most of the 1171W is incident on the
PV arrays. Thus, if a filter with even a small absorptance were present, the absorptance
loss would be significant.

8.5.1 Importance of Radiation Leakage

The leakage of radiation from the optical cavity through the 0.05cm gap between
the PV arrays and the reflector can be prevented by connecting the reflector to the PV
arrays. Obviously, this will result in thermal conduction from the hot reflector to the
cold PV arrays. However, this conduction loss can be minimized by using a very thin
material to connect the reflector and the PV arrays. Consider an optical cavity with no
gaps between the reflector and the emitter, and the emitter and the reflector and the PV
arrays. Thus, the emitter width, wg = wcz = 10cm in Figure 8.1. Using the same
properties as used for Figure 8.2, the program in Appendix F was used to calculate the
performance. With the gap eliminated, the temperature increases from Ty = Ty, =
1231K to Tg = Ty, = 1251K and the cavity efficiency increases from 1, = 0.57 to 1, =
0.64. While the PV efficiency remains the same, the TPV efficiency increases from
Nrpy = 0.18 to nrpy = 0.20, and the electrical power output increases from Pg = 44W to
P =49W.

Thus, eliminating the gap results in a significant increase in the cavity efficiency
and TPV efficiency. Remember, however, the heat conduction loss between the
reflector and PV arrays has been neglected. Inclusion of the conduction loss will
reduce the gain in efficiency. However, as stated earlier, the conduction loss can be
minimized by using a very thin material to connect the reflector and PV arrays.

8.5.2 Importance of Filter Absorptance

As already mentioned, the large value of the radiation flux incident on the filter-PV
array means that a significant absorptance loss will occur even for small values of the
filter spectral absorptance. Consider the interference-plasma filter presented in Chapter
4 (Figure 4.22). That filter has very low absorptance (= 0.01) at all wavelengths except
in the band-pass region around A = 1500nm where it reaches a maximum of 0.15.
Using the optical properties of this filter and the emitter and PV array properties used
for Figure 8.2, the system performance has been calculated using the Mathematica
program. These results are shown in Figure 8.3.

As a result of the filter absorptance, 70W of power is lost from the system. The
large reflectance (> 0.96) for A > 2000nm results in bettrer cavity efficiency, n. = 0.63,
compared to 1, = 0.57 for the BSR case of Figure 8.2. However, a lower PV efficiency,
Mpv = 0.27, compared to npy = 0.31 for Figure 8.2, results in a lower TPV efficiency,
Nrev = 0.17, compared to nrpy = 0.18 for Figure 8.2. The PV efficiency is lower even
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though the temperature is considerably higher, Tr = Ty, = 1505K, compared to Ty =T}, =
1231K. The higher temperature and cavity efficiency means there is more convertible
radiation incident on the PV arrays. However, for the case in Figure 8.3 most of the
70W absorbed by the filter occurs in the range 1200 < A < 2000nm where the PV
spectral response is highest. As a result, the short circuit current is lower than for the
case in Figure 8.2 and as a result the PV efficiency is lower.

Q=W

—T
! §
520 W 7 > Ppr3=7.9 W (Vo =9.4V,
ELc3 . Oc > )
473 W Ie=.62 A, FF = .68 for cach
of 2 arrays in Ag3)
2503 W 1235 W

T Pprop=19.1 W (Vo =94V,
Is. = .60 A, FF = .68 for cach
1123 W
2746 W

of 5 arrays in A.y)

988 W ™ Ppror =153 W (Voo =94V,

/ / I;. = .60 A, FF = .68 for each
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Electrical power out, Pg =42 W
Power absorbed by filter=70 W
Figure 8.3.—Performance of planar, square geometry TPV system with the same proper-
ties as used in Figure 8.2 except the back surface reflector (BSR) has been replaced by

the interference-plasma filter with the optical properties shown in Figure 4.22. Note that
the incident PV array radiation fluxes shown are the useful fluxes, not the total fluxes.
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If a front surface filter is used for spectral control in a TPV system, it must have
negligible absorptance, especially in the wavelength range where the PV arrays have
the largest spectral response. If a filter can be fabricated using only dielectric (non-
conducting) materials, then a non-absorbing filter is possible.

8.6 TPV System with Selective Emitter and Back Surface Reflector (BSR)

Combining a selective emitter with a back surface reflector (BSR) on the PV arrays
is a method of spectral control that makes possible large cavity efficiency. A rare earth
selective emitter provides large emittance for the range of wavelengths that are

. . he_ .
convertible by the PV arrays. Also, in the range A; <A < Sum, where A, = Ec" is the

g
wavelength corresponding to the PV bandgap energy, the emittance is small. For
A > 5pum the emittance becomes large again. However, a BSR has large reflectance for
A>5um. As aresult, the majority of these photons are not lost but are reflected back to
the emitter where they are absorbed.

Consider the planar geometry system of Figure 8.1 that uses an erbium aluminum
garnet, Er;AlsOy,, emitter with the optical properties given in Figure 3.6. Assume the
temperature gradient across the emitter and scattering can be neglected. As a result, the
spectral emittance for the case where the substrate is deposited on the emitter is the
following (see problem 3.7),

(1-R,, )[1-4RE3 (x,)]

1=4RE, (1, )| Ry Es (1) + 13y (l_ﬁfo )E3 (Edﬂ
M

g (1) = (8.45)

where kg = K(A)d is the optical depth, K is the extinction coefficient, and d is the

emitter thickness. Also R, is the normal reflectivity at the emitter-vacuum

interference and R, is the normal reflectivity at the emitter-substrate interface.

W= 1—(Lj (8.46)

R, = [—n“ _lj (8.47)
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g (g ong) 4y ) 0 (8.48)

Here ny is the index of refraction of Er;AlsOy,, and ng is the real part of the substrate
index of refraction, and ny is the imaginary part of the substrate index of refraction.
For this example assume, R, = 0.8, which is representative of a low spectral emittance
material such as platinum on Er;AlsO;,. Using the optical properties of Er;AlsOq,
given in Figure 3.6 and an emitter thickness, d = 0.01lcm, in equation (8.45) yields the
spectral emittance shown in Figure 8.4.

v
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Figure 8.4 -Spectral emittance of erbium aluminum garnet, Er3A15012,

of thickness d=.01cm with deposited substrate using optical properties
shown in Figure 3.6 and neglecting temperature gradient across emitter.

Reflectivity at substrate-garnet interface, RfS:.S.
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The spectral emittance shown in Figure 8.4 and the same optical cavity conditions
that were used in Figure 8.2 produce the results shown in Figure 8.5. These results
have been obtained using the Mathematica program described in Appendix F. In order
to include the large changes in Er;AlsO,, emittance with wavelength, the step size was
set at AA = deltalyS = Inm. With a gray body emitter of emittance, gg = 0.6, and no gap
between the reflector and PV arrays the efficiencies were 1. = 0.64, npy = 0.31, and
Nrey = 0.20 at a temperature, Tg = T, = 1251K. These results are nearly the same as
those for the Er;AlsO, selective emitter. Thus, using the selective emitter results in no
improvement in performance. The most significant improvement occurs when the gap
between the reflector and PV arrays is eliminated. In that case for the gray body
emitter, 1. increases from 0.57 to 0.64 and nrpy increases from 0.18 to 0.20.

Q=9W

,/—Tb
239 W?*» Ppr3=9 W
(Ve =95V, I, =.70 A, FF = .67

192 W
for cach of 2 arrays in Ag3)

567 W
1261 W / (Voo =9.5V, 1. = .67 A, FF = .67

< 455 W for each of 5 arrays in A.y)

" 1020 W 454 W T =17 W
Ge = 241 W (Vo =95V, L. = 67 A, FF = 67
=

364 W for each of 4 arrays in A.;)

7
Tcl_’
Tc2_\

Tg- -~ orw 100W
\/ Tc3 ]

Te=Tp=1278K, Ty =Tz =Tz =300 K
Cavity efficiency, 1, = .62

PV efficiency, npy = .31

TPV efficiency , Wyrpy =N Npy =.19

Electrical power out, Pgp =47 W

Figure 8.5.—Performance of planar, square geometry TPV system with the same proper-
ties as used in Figure 8.2 except that the gray body emitter has been replaced by an
erbium aluminum garnet selective emitter with optical properties given in Figure 3.6.
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8.6.1 Dependence of TPV Performance upon Input Power
Consider the system shown in Figure 8.1 with the gap between the reflector and the
PV arrays removed so that wg = wcz = 10cm, we; = 6cm, wey = 9cm, and h = 0.2cm.
Also, assume the same properties as used in Figure 8.2. Using the Mathematica
program in Appendix F the efficiencies, temperature, and electrical power output have
been calculated as a function of the thermal input power, Q, + (_)b . These results are

shown in Figure 8.6.

0.7 | l
0.6
n, . —
—
/
oy —
0.5
—
/
;|
3 04
b=
s3]
nPV
0.3
" /y/_'
0.1 | |
100 150 200 250

Thermal input power, QE+Qb, Watts

Figure 8.6a) - Effect of thermal input power on cavity efficiency, n

approximate cavity efﬁciency,ncapp(eq. 8.55), PV efficiency, Moy

and TPV efficiency, Nopy? of a planar, square geometry TPV

system with the same conditions as in Figure 8.2 with the gap
removed between the reflector and PV arrays so that WE:WCZI 0 cm.
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The photovoltaic efficiency, mpy, remains nearly constant while the cavity
efficiency, n, increases with increasing input power. As a result, the TPV efficiency,

. . . he .
Nrpv, also increases. For constant optical properties for 0 <A <A, = E—", as is the case
g

being considered, and if R; = 0 and Ry, —oo then npy is given by equation (5.252). The

E
two integral terms in that equation are functions of u, = £ . For the results in Figure
E

8.6, u; > 5.5. Therefore, the integrals can be evaluated using the approximation,

u, > 1 (problem 8.4).
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Figure 8.6b) - Effect of thermal input power on the emitter and
reflector temperatures, TE=Tb, and electrical power output, P EL
of a planar, square geometry TPV system with the same

conditions as in Figure 8.2 with the gap removed between the
reflector and PV arrays so that WE=WC=10 cm.
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In that case, equation (5.252) becomes the following.

€p = constant

A, V.. pe = constant
Npy & AC (I—RC)T]QFF[E j

C g

(8.49)

Mg = constant

u, >1

The open circuit voltage, V,. ~ In I, and the fill factor, FF, is a slowly varying function
of V.. Thus, both V,. and FF will be slowly varying functions of I, which depends
upon Tg [equation (5.251)]. Thus, npy is nearly independent of Ty and therefore, also
of the input thermal energy, as Figure 8.6 indicates. Now use equation (8.49) to
A .
calculate npy for the PV arrays in area Ac; in Figure 8.2. In that case, ﬁ = (I)\I_g’
Cl1 J
where Nj = 25 is the number of junctions in each of the four arrays that fill area Ac;.
Therefore,

0.9 9.4
~—(1-0.1)0.9(0.68)| — |=0.31 8.50
o~ 22(1-0)09(08) 22 (8500

which agrees with the result in Figure 8.2.

For the results in Figure 8.6, the optical properties are constant in the regions
0<A<A;and Ay <A <oo. As aresult, a simplified result for the cavity efficiency, 7.,
can be derived. Since the area of the reflector, Ay, is much less than the area of the

emitter, Ag, the contribution to (_)C of the reflector can be neglected. As a result, since

eg is a constant, the cavity efficiency is given approximately by the following
expression,

A

g

J‘qu dk

N~ 5 (8.50b)

EC o
SE

I[eb(x,TE)—qoﬁjdx

o

where Fgc = Fgcy + FecatFees. The flux leaving the emitter, q.g, is given by equation
(8.10), where the terms are functions of the optical properties and view-factors. For the
results in Figure 8.6, the optical properties are constants except the PV cell reflectance,
where pcg = pei = pe2 = pes = 0.1 for 0 <A < A,, and peg = pe1 = pe2 = pez = 0.9 for
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hg <A <oo. And since T, = Ty, = Tes < Tg the parameter, a, in equation (8.10) can be
approximated as a = &g e,(A,Tg). Also, B, = 1, aB,>DbE,, E;B, >E;B;, and
Ei = 1 - pepce(FeieFeer + FeorFeca + FesgFees) for 0 < A < A, and
Ei; =1 — pepce(FcieFect + FeorFecr + FesgFres) for A, <A <co. When the emitter and
PV arrays are very close together, as they are for the results in Figure 8.6, where h =
0.2cm, then the sum of the view-factor products in the expression for E, is nearly 1.
Therefore, E; = 1 — pgpcy for 0 < A < Ay, and E; = 1 for A, < A < oo, since pgpeg =
0.4(0.1) = 0.04 <« 1. Using these results in equation (8.10) to calculate q., results in
the following expression for q,.

Qe &€, (A, Ty) 0<A<A (8.51)

&S (AT.) _ &G (L, T.)
o 1=pepe, 1-pe, (I_SE)

hy <A< (8.52)

Using equations (8.51) and (8.52) in (8.50b) and e = 1 — pg yields the following result.

- -1

web(x,TE)dx
(1—pc,) by
[l_pCf (1_85 )] "
Ieb(k,TE)dk

0

n, ~F |1+ (8.53)

g

Now use the approximation €" >>1 where u e = . As a result the integral term

E

becomes the following (problem 8.5).

j e, (1T, )
° e

H(u, )= ~ -1 u = (8.54)
e/ ~15(u‘:5+3u§+6ug—|—6) KT, .

Ieb(%,TE)dk

o

Therefore,
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. €, = constant

n, ~ = EC pc, = constant for L, <A < oo (8.55)
g

1-p, (1_85)

e’ >1

For the conditions in Figure 8.6, Fgc = 1. Using equation (8.55) with Fgc = 1 yields the
result for Neapp shown in Figure 8.6. The shape of the M.y, curve follows closely the
shape of the actual 1, curve but underestimates the value of n.. Thus, equation (8.55) is

a conservative approximation for ..

8.7 Importance of PV Array Temperature on TPV Performance
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0.4

Efficiency
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0 | | |
300 350 400 450 500
Temperature of PV arrays, TC K

Figure 8.7 Effect of PV array temperature on efficiencies for
the same conditions as in Figure 8.2 with the gap removed
between the reflector and PV arrays so that WE:wd:lO. cm.
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The dark saturation current increases rapidly with increasing PV array temperature
[see equation (5.132)]. As a result the PV efficiency will decrease with increasing PV
array temperature.

Figure 8.7 shows the effect of PV array temperature on m, Mpy, and npy for the
same conditions as in Figure 8.2 with the gap removed between the reflector and PV
arrays. At T¢y = Tep = Tz = 300K the dark saturation current density was J; = 8 x 107
A/em®. At other temperatures, J; was calculated using equation (5.132).

The cavity efficiency experiences a very small increase as the PV array
temperature increases. This results from useful above bandgap energy emitted by the
PV arrays that is added to the optical cavity radiation. However, the PV efficiency
shows more than a factor of four decrease in going from 1py = 0.3 at Tc = 300K to npy
~ 0.07 at Tc = 500K. As a result the TPV efficiency also shows a similar decrease.

In a space application PV array temperature is a critical parameter. Since the waste
heat must be rejected by radiation, the size of the waste heat radiator is proportional to

Té . Therefore, to minimize the size of the waste heat radiator T¢ should be large.

However, T¢ means low efficiency, which in turn results in increased mass of the
thermal energy source. Thus, there will be some optimum efficiency and PV array
temperature that will yield the lowest mass system (problem 8.6).

For terrestrial applications the waste heat can be rejected by thermal conduction
and convection. As a result, the waste heat radiator size is not as strongly dependent on
Tc as for a space application.

8.8 Review of Radiation Transfer Method

As stated at the beginning of the chapter, the radiation transfer method assumes
isotropic radiation and uniform fluxes incident and leaving a surface. The isotropic
assumption is necessary in order to remove the intensity, i, from the double integral that
determines the radiation flux leaving a surface [equation (6.4)]. This results in the
double integral becoming merely a geometrical factor, the view-factor. Without the
isotropic assumption, the method would be very cumbersome since not only would the
double integral depend upon the intensity, but the radiation transfer equation [equation
(1.139)], which determines the intensity, would depend upon direction, 6, as well as
distance, s. For a TPV system with a non-isotropic emitting emitter, the radiation
transfer method is not appropriate.

Although the radiation transfer method assumes uniform fluxes incident and
leaving a surface, non-uniform fluxes over a surface area can be included by splitting
the area into several parts. Each part will have different incident and leaving fluxes.
This was done in the earlier examples by splitting the filter-PV area into three parts.
Each surface area that is included results in a linear algebraic equation for the leaving
flux, q,, [equation (8.4)]. Thus, the number of algebraic equations to be solved will
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equal the number of surface areas. This set of equations will be a function of the
reflectances and emittances of each of the surfaces, which are in turn functions of the
wavelength. Therefore, the radiation transfer method easily accounts for any rapid
changes with wavelength, such as those in the spectral emittance of a selective emitter
or the reflectance of an interference filter. Whereas a method that split the spectrum
into several wavelengths regions with constant optical properties in each region cannot
account for rapid changes.

8.9 Summary
The objective of this chapter has been to apply the radiation transfer method to
calculate the performance of a TPV system. This method assumes that the radiation
incident and leaving the various surfaces in the optical cavity is isotropic and uniform
over the various surfaces. The method is applied to a hypothetical planar, square
geometry, optical cavity. Significant results from that example are the following.

1) Leakage of radiation from the optical cavity, even from very small openings, is
a significant loss.

2) Large radiation power fluxes circulate about the optical cavity. As a result, if
a front surface filter is used for spectral control, its absorptance must be
negligible in order to avoid a large absorptance loss.

3) To obtain high efficiency, the method for spectral control may be less
important than avoiding radiation leakage from the optical cavity.

4) In a system with constant properties for 0 <A < A, the PV efficiency is nearly
independent of the emitter temperature and thus the input thermal power.
Whereas the cavity efficiency increases with emitter temperature and thermal
input power resulting in a similar increase in the TPV efficiency.

5) Since PV efficiency is a sensitive function of the PV array temperature, the PV
efficiency decreases rapidly with increasing PV array temperature. The cavity
efficiency is nearly independent of the PV array temperature. As a result, TPV
efficiency decreases with increasing PV array temperature.

Problems

8.1 Obtain the expression given by equation (8.32) for the view-factor, Fy,, for the
optical cavity shown in Figure 8.1. Hint: Make use of symmetry.

8.2 Using view-factor algebra and the view-factor reciprocity relation [equation
(6.7)] show that the view-factors Fee and Fg, for Figure 8.1 are given by
equations (8.25) and (8.26).
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8.3 Leakage of radiation from the optical cavity through gaps that may exist
between the emitter and the reflector and between the PV arrays and the
reflector is a significant loss in a TPV system. One way of estimating this loss
is as follows. With small gaps the optical cavity behaves much like a
blackbody. Thus, the upper limit on the radiation that escapes through a small
gap can be approximated as follows,

Qup ®A,,0 T,

gap ~sb " E

where Ay, is the gap area, oy, is the Stefan-Boltzmann constant, and T is the
emitter temperature. Using the above expression estimate the radiation loss
through the gap between the PV arrays and the reflector for the system in
Figure 8.2.

8.4 Evaluate the integral quotient term,

* 2
J u du
e" -1

u
©

3
Iu du
e" -1

Uy

in equation (5.252) for u, > 1.

8.5 Evaluate the integral quotient term,

Ay

Ieb (T, )dn

H(L)=

Jeb (0T, )dn

where e,(A,Tg) is the blackbody emissive power [equation (1.127)], using the

N u he
approximation e* >1. Where u, = x "12 .

g E

8.6 The mass of a TPV system for a space application is made up of three parts.

M, =M, + My, + Mgy,
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Where M; is the total system mass, My, is the mass of the thermal energy
source, Mrpy is the mass of the TPV system, and Mgap is the mass of the
waste heat radiator. Assume each of the component masses are given by the
following functions,

— kg
M, =m,Q, my, _W
kg
Mpy = My, Py Mypy _W
kg
Miap = MgapAgap Mpap — m?

where my,, mrpy, and mgap are constants, Q, is the thermal input power, Py,

is electrical output power, and Agap is the radiator area. Assume the power
radiated by the waste heat radiator is the following,

_ 4
PRAD - GsbSRADTCARAD

where o is the Stefan-Boltzmann constant, egap is the total emittance of the

radiator, and Tc is the PV array temperature. Derive an equation for the

S

system specific mass, m, = in terms of the efficiency, Mrpy, Tc, My,

EL
Mrpy, Mrap, and Gy &, - Using that result, obtain the following expression

for the PV array temperature, Ty, that yields the minimum value of M.

=5 — _
a‘mTCM[N +TCMIN + Ym =0

= T,
Where TCMIN :% > a’m = GsbSRAD (n’rln_‘hj T‘o4 b and Ym = 4(1_nTPV) dT;rPV s
RAD IPV

dT,

o

and T, is the value of T¢ when npy = 0, so that TC <1. Now assume Mrpy is a

linear function of T.

MNrpy = a(To _T(‘,):aTo (I_TC)
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. . = L . o
Obtain the equation for T, Iin this case and solve it for T“‘<<l and
a

o

o o} L. . . .
T‘“>>1. T"‘<<1 implies that the radiator specific mass, mpap is much
aT, a

o

larger than the thermal source specific mass, my,. What is significant about the

o
result for Ty When T“‘ >17?
a

0
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Appendix A — Exponential Integrals

Given below are several useful exponential integral relations. A complete list of
exponential integral relations is given in reference [1].

For real positive x, the nth exponential integral is defined as follows for n, a real
positive integer.

1

E,(x)= J.u"’2 exp[—%)du (A-1)

0o

or

0

E,(x)= Linexp(—xt)dt (A-2)

1
Differentiating equation (A-1) yields the following.

SE, (x)=-E,1(x) n22 (A-3)

—E (X)=- (A-4)
Integrating equation (A-1) yields,
J‘En (X)dx = —E, , (x) (A5)

Integration of equation (A-1) by parts yields the following recurrence relation.

nE,..(x)=e>-xE,(x)=¢" +XdiEn+1(X) (A-6)
X
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Using equation (A-6) E,(X) can be determined in terms of E;(x).
Forx =0,

E, (O) = +00

1
En(0)=m

For large values of x, the following approximation applies.

The general series expansion for E,(X) is given in reference [1].

m=zn-1

where,
y(1)=—y
n-1 1
\V(n) ) _y+ m=1 E

and y =0.577216 is the Euler constant.

The following approximations [2] have been used for E,(x) and E3(X).

E, (X) ~0.9e 1%

m
w
—~
x
SN—
Q
N |-
D

Appendix A

(A7)

(A-8)

(A-9)

(A-10)

(A-11)

(A-12)

(A-13)

(A-14)

(A-15)
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E,(x)~ =™ (A-16)
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Appendix B — Coupled Energy and Radiation Transfer Equations

When radiation energy transfer is comparable to conduction energy transfer for a
solid material, the energy equation and radiation transfer equations must be solved
simultaneously. This appendix presents the numerical procedure for obtaining this
solution under the following assumptions.

1) One dimensional planar geometry (x only spatial variable)

2) Isotropic scattering of radiation (source function independent of 0)

3) Extinction coefficient, K(A), independent of x

4) Index of refraction, ng, independent of x

5) Snell’s law satisfied t boundaries, x =0 and x =d

6) Reflectivity at boundaries approximated by reflectivity for normal incidence,

R
7) No external source of radiation
8) Temperature at x = 0 same as substrate temperature, T

Figure 3.8 shows the two planar geometries to be considered with no external
radiation (i, = 0). The equations that must be solved simultaneously to determine T(x)

and ﬁ(x,k) are the one dimensional energy equation [equation (1.160)] and the source

function equation [equation (3.74) or equation (3.77)].

dT _ dT
th 4 | +q(0):_k -

th
X x=0 dX x=d

—klh(;—T-i-Q(X):constant:—k +§(d) (B-1)
X
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’ Hm
Q [of . :
+E J.S<K )El (|K —K|)dK no gap
From assumption 3) the following expression applies for the optical depth.
K(x,k):K(k)x (B-4)

The total radiation flux, ﬁ(x) , is the following,

q(x)= jq(Kx,X)dk:jq(K,k)dk (B-3)

where q(k,A) is given by equation (3.63) for the case of a dielectric gap between the
film and substrate, and equation (3.69) for no dielectric gap. The functions D, D',
G(x), H(x), and H'(k) in equations (B-2) and (B-3) are given by equations (3.66),
(3.71), (3.75), (3.76), and (3.78).
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Equation (B-1) is a first order differential equation for T(x) while (B-2) or (B-3)
are integral equations for S(x). To obtain solutions for T(x) and S(x), boundary
conditions must be applied. The boundary conditions on S(k) are already included in
the G(x), H(x), and H'(x) terms appearing in equations (B-2) and (B-3). For T(x)
there are two possible boundary conditions.

1) Temperature at x = 0 and x = d specified, T(0) = T; and T(d) = Ts.

2) Temperature at x = 0 specified, T(0) = T, and a vacuum at x = d so that

dT
dx

=0.

x=d

The numerical procedure for solving for T(x) and S(k,A) for the two boundary
conditions is outlined below.
1) For either boundary condition, Ty is given and a linear temperature variation,

T(x)=T,-(T,-T; )(%}, is assumed. For boundary condition 1), Tris given

and for boundary condition 2), the value for T is an initial guess.

2) Using the assumed temperature variation, either equation (B-2) or (B-3) is
solved for Si(k,A), (subscript i denotes the i™ approximation) at each
wavelength for a given extinction coefficient, K(A), and scattering albedo,
Q(L). The method of solution is described later in this appendix.

3) Si(k,A) is then used to calculate q;(k,A), given by either equation (3.63) or
(3.69).

4) q;(x) is calculated using equation (B-5).

5) Equation (B-1) is solved for Ti(x) using q, (x) from step 4). For boundary
dT

condition 1), the constant in equation (B-1) is now G(O)—k[h e where
X x=0
dT . . .
— is computed for Ti(x). For boundary condition 2), the constant in
X x=0

equation (B-1) is q; (d) The integration of equation (B-1) can be performed

using such methods as the trapezoidal rule, Simpson’s rule, or Runge-Kutta.
6) Using the new T;(x), steps 2) through 5) are repeated. The process is

continued until T(d) converges to T for boundary condition 1) or until q;,, (d)

converges to q; (d) for boundary condition 2).

Once a solution for T(x) and S(k,\) is obtained, the emitter performance can be
calculated. The spectral emittance, g()) is given as follows.
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q(d.2)
nle, (A, T,)

e(h)=

(B-6)

The useful radiated power, q,, is given by equation (3.170), and the total radiated
power is given by equation (3.171).
The solution of equation (B-2) or (B-3) for S(x,A) is obtained by an iterative

. B L6 (AT) .
process. If scattering is neglected (Q = 0), then S(K,?») =n; ——— . Therefore, this
s

becomes the first approximation, S;(k,\), for the source function. The S;(i,A) solution
is used to evaluate the integrals on the right hand side of equations (B-2) or (B-3 to
obtain the second approximation, Sp(x,A). This process is continued until S(i,A)
converges.

There is a singularity at k" = k in the last integral of equation (B-2) or (B-3), since
E(0) — «. However, it is an integrable singularity.

Application of the numerical procedure outlined above was applied to an EAG
selective emitter with a Pt substrate in reference [1]. Results of that study show that the
temperature varies nearly linearly across the emitter, as was assumed in section 3.8.2.
The deviation from linearity is greatest at the highest temperatures. At the highest
temperatures the parameter, y [equation (3.95)], which is the ratio of radiation to the

thermal conduction, becomes significant.

References
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Appendix C — 2 x 2 Matrix Algebra

The product of two 2 x 2 matrices is the following,

_ all al2 bll b12 _ (a11b11+a12b21) (a11b12+al2b22)
L2 [0 1= =

a21 a22 b21 b22 (azlbll + a22b21) (a21b12 + a22b22)

[z

m=1

(C-1

with the product also a 2 x 2 matrix. Matrix multiplication is associative, i.c.,

{[s 00 I} le ] =L o L ] (€2)

but in general not communicative.

[y ][0y ]# [ b ][y ] (C-3)

ij] , is a matrix such that its product with the given matrix is

The inverse of a matrix [a

the unit matrix.

(o] =[] [ e

The inverse of a 2 x 2 matrix is the following.

2 2
[a,]'=| & 2 (C-5)
T
A

Where A is the determinant of Aj;.



500 Appendix C

a; 4, _ C-6
=apdy —apay, ( - )

a

21 22
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Appendix D — Mathematica Program for Multi-layer
Interference Filter

The Mathematica (version 5.1) program, which is included on the CD-R disk,
calculates the reflectance (rhop), transmittance (taup), and absroptance (alphop) of a
multi-layer interference filter as a function of wavelength (ly) for a given angle of
incidence (thetao). The total number of layers (num) are split into five groups (a, b, c,
d, e). Input quantities are the design wavelengths of each group (lydesigna, lydesignb,
lydesignc, lydesignd, lydesigne), the number of layers in each group (numa, numb,
numc, numd, nume), the number of times each group is repeated (alpha, beta, gamma,
epsilon, psi), the number of wavelength points (numpoints), the initial wavelength
(lyo), the interval between wavelength points (deltaly), the index of refraction of the
surrounding dielectric medium (n,), the index of refraction of the dielectric substrate
(nend), real (nr) and imaginary (ni) parts of indices of refraction of each layer, and the
relative magnetic permeability (mu) of each layer. The values for nr, ni, and mu are
given as a Table of values beginning with the layer next to the substrate (ni[[1]],
nr[[1]], and mu[[1]]).

The logic statement, polar, is used to determine the polarization of the incident
radiation. For polar = True, the polarization is p (electric field in the plane of
incidence); if polar = False, the polarization is s (electric field perpendicular to the
plane of incidence).

There are two options for the thicknesses of the layers in a group. One satisfies
Y4 lydesign,

= lydesign (D-1)
4. nmag costhmag
and the other satisfies ¥ lydesign,
d= lydesign (D-2)

2 nmag costhmag
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where nmag = vnr? +ni?> and costhmag = \/(Re[e]z +(Im[9])2 . The logic statement,

design determines which d option is to be used. If design = True, then ¥ lydesign is
used and if design = False, then %2 lydesign is used.

Also included is a program to calculate the filter efficiency [equation (4.4)], total
transmittance [equation (4.5)], total reflectance [equation (4.6)], and total absorptance
[equation (4.7)] as a function of emitter temperature, Te. A constant emitter emittance
is assumed for this calculation.
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Appendix E — Quantum Mechanics

In Chapter 1 it is shown that the classical Maxwell’s equations for electromagnetic
radiation lead to a wave equation [equation (1.29)]. The solution [equation (1.10)] for
the electric and magnetic fields that constitute electromagnetic radiation is a
propagating plane wave. Electromagnetic radiation has both wave properties, such as
interference, and particle properties, such as the momentum of a photon. Quantum
mechanics extends the duality of the wave and particle description to all matter. It is
the Schrodinger equation that describes the behavior of a particle or system of particles.

2
[—;—mvz +v}y = jhzz—‘i’ (E-1)

Where m is the particle mass, 7 _ " where h is the Plank constant (6.624 x 10
Y

2 2 2
joule-sec), V is the potential energy of the particle, V2 :V-V:a—+a—2+a—2,
ox° oy" oz

j= V-1, tis the time, and v is the wave function that describes the particle motion.
The solution to equation (E-1) is separable into spatial and time dependent parts if

the potential energy is independent of time.
v(x,y,z,t)=u(x,y,z)v(t) (E-2)

Substituting (E-2) in (E-1) yields

[ w2, '
= ——V*+V(x,y,z) lu=——=E (E-3)
ul 2m v

Therefore,

v(t) = exp[—%Et] (E-4)
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where the constant E is the energy of the particle. The spatial part of (E-3) can thus be
written as follows.

Hu(x,y,z)=Eu(x,y,z) (E-5)

Equation (E-5) is a so-called eigenvalue equation, with the constant E being the
eigenvalue, and H is the Hamiltonian operator defined as follows.

h?
H=——V2+V(x,y, E-6
o + (x y z) (E-6)

It is equation (E-5) that must be solved to determine the wave function \u(x,y,z,t)

that corresponds to the energy E.

2
Consider a free particle (V = 0) moving only in the x direction (V> = dd—z). In that
X

case (E-5) is the following.

h? d’u
S Eu E-7
2m dx? ED

This is a second order linear differential equation with the following plane wave
solution.

u(x)=Ae"* +Be (E-8)
Where A and B are constants. Substituting (E-8) in (E-7) yields the following.

k= 22‘—2E (E-9)

Thus, combining equation (E-4) and (E-5), the wave function for a free particle moving
only in the +x direction is the following.

. oo I
y(x,t)=| A’ +Be ™ |e
[ k] Etj (E-10)
j| kx+=

y(x,t)=Ae"+ Be;( h
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This is like the plane wave solution that satisfies Maxwell’s equation discussed in
Chapter 1. The wave number, k, is related to the particle energy, E, by equation (E-9).
It is also related to the particle momentum p = mv for a free particle as follows,

p
k=<C-F E-11
T (E-11)

where A is the deBroglie wave length. For a particle moving in three dimensions, the
wave function is the following,

{rx E _i ‘.;,E
v(xy,2,t) = pel ) g (E-12)
where
K =% (E-13)

For a many particle system, equation (E-1) is difficult to solve since the V? and
potential energy V terms include the coordinates of all the particles. An excellent
introduction to quantum mechanics is presented in reference [1]. Reference [2] is an
excellent reference for the application of quantum mechanics to semiconductors.

An important quantity necessary to calculate the density of charge carriers in a
material is the density of states function, D(E). It determines the number of energy
states that are available to a charge carrier per unit of volume. In a conduction band of
a conductor or a semiconductor, the electrons are essentially free. They are confined
only by the boundaries of the material. In that case, the wave function for an electron
moving in the x direction is given by equation (E-8), which can be written as follows.

u(x)=A"cosk,x+B'sink,x (E-14)

At the boundaries of the material, the wave function must vanish. If the x direction
boundaries are at x = 0 and x = L, then equation (E-14) yields the following.

A'=0 (E-15a)

A’cosk,L+B'sink,L=0 (E-15b)
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Thus,
B'sink,L=0 (E-16)

and disregarding the trivial solution (B'=0) for (E-16) to be satisfied, the following
must apply.

K = :%x n,=012,.. (E-17)

Similarly, for the y and z motion

nmt p

K, :%:# n,=0,123,.. (E-18)
n,m Py

k,=—f-="Y n,=0123,.. (E-19)
L &

Thus, the momentum of the electron, p =7k, is limited to integral multiples of % in

each direction.

Now determine the number of momentum or energy states per unit of volume. One
unit of change in ny, ny, and n, will result in an infinitesimal change in py, py, and p,.
Thus, from equations (E-17) through (E-19), each available momentum state occupies
the volume

h 3
dp,dp,dp, = (Zj (E-20)

in momentum space. Assuming K is isotropic, an infinitesimal volume in momentum
. .1 1
space for positive values of momentum is g(4rcp2dp). The 3 factor accounts for the

fact that only the positive quadrant of momentum space is possible. Therefore, the
number of available states in this volume is
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Anp*dp 3
——+ | 8nL ,
2 3 | = d E-21
8( hj e Pap (E-21)
2L

The factor of 2 occurs because 2 electrons, one with spin +% and one with spin —%, are
allowed. Thus, the density of states function is the following.

_8nl’p’dp 8m

D(p)dp—W—Fp dp (E-22)
hz 2 p2
In terms of the energy, E = = , equation (E-22) becomes
2m, 2m,
2m’, %
D(E)dE=4n[ hz“j JEdE (E-23)

Where the effective mass, m; , has been substituted for the electron mass to account for

the effect of the ion cores on the free electron motion. Effective mass is discussed in
section 5.2.
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Appendix F — Mathematica Program for Planar Geometry
TPV Model

The Mathematica (version 5.1) program, included on the CD-R disk, solves the set
of radiation transfer equations given by equations (8.10) and (8.11) for g.e and g, and
equations (8.7) through (8.9) for g.c: and qocz. These equations apply to the planar
TPV system illustrated in Figure 8.1 where the emitter and filter-PV array are square.
Also, the program allows for gaps between the reflector and the emitter and PV array.
The filter-PV array is divided into three concentric areas, Aci, Acy, and Acs, where Acy
is the inner most area and is surrounded by Ac,, and Acs is the outer most area. As the
program is written, all three areas are covered by PV arrays. However, the program can
be easily modified to allow other types of surfaces to exist on Acy, Acy, and Acs. Only
the optical properties of those surfaces are required as input.

The optical properties must be given within the wavelength range lybegin < ly <
lylong. Where lybegin is the wavelength of the first data point and lylong is the
wavelength of the last data point. The wavelength spacing between data points is
deltalyS and numse is the total number of data points. As a result,
lylong = numse*deltalyS + lybegin. To compute the contribution to the radiation fluxes
for wavelengths beyond lylong, it is assumed the optical properties have constant
values given by their value at ly = lylong. It is assumed that the reflector reflectance,
rhob, is a constant.

In the first segment of the program, all the view-factors are calculated. At the end
of that segment, the view-factors are printed. A check is made on the view-factor
calculations as well. If the quantities Fecheck and Fyeneck €qual one, then the view-
factors are correct. Following the view-factor segment, various input quantities such as
the PV array temperatures, Tc1, Tcp, and Tcs, as well as, the beginning wavelength,
lybegin, for the emitter emittance, filter-PV array reflectance and transmittance, and the
PV array spectral response data must be supplied.

In the third segment, the emitter spectral emittance must be supplied. This can be
done either in a tabular or functional form. At the end of that segment, the spectral
emittance is plotted as a function of wavelength.

In the fourth segment, the filter or PV array reflectance (and transmittance if filter
used) data must be supplied. Again, this can be in the form of tabular or functional
data. At the end of that segment, the spectral reflectance, transmittance, and
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absorptance are plotted as functions of wavelength. The reflectance of the reflector, py,
is assumed to be constant.

Segment five contains the input data for the PV arrays quantum efficiency. This
data can also be in tabular or functional form. The end of that segment shows the
spectral response as a function of wavelength.

In the sixth segment, the input data, other than quantum efficiency, for the PV
arrays must be supplied. This includes the number of arrays, Na, in each of the three
areas, Aci, Aca, Acs, and the number of junctions, Nj, in each array. Additional input
quantities are the ideality factor, Ao, series resistance, rs, shunt resistance, rsh, and the
dark saturation current density, jsc, at 300K. The dark saturation current density for
any other temperature is calculated using equation (5.132). At the end of that section,
the spectral response is plotted as a function of wavelength.

In the last segment, the radiation transfer equations are solved. An iteration
process described in Section 8.3 is used to obtain the emitter temperature, Tg, and
reflector temperature, T, (T, is assumed equal to Tg). After the temperature and
radiation fluxes have been calculated, the cavity and PV efficiencies are calculated.
The PV electrical output, Pel, for each array is calculated using the method described in
Section 5.12. At the end of the last section all the radiation fluxes and PV parameters
are printed out along with efficiencies. Also, the radiation fluxes leaving the emitter,
Qoe, and reflector, qq,, plus the radiation flux absorbed by area A, qincll, and the
photon generated current densities produced by each PV array are plotted as functions
of wavelength.
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absorptance
directional spectral, 51
hemispherical spectral, 53
hemispherical total, 54
coefficient for direct bandgap
semiconductor, 316
absorption coefficient, 16, 103
angle of reflection, 21
bandgap energy, 300
blackbody, 38
Brewster angle, 33
cavity efficiency, 422-423
cylindrical TPV system, 441-444,
455-457
planar TPV system, 430-434, 441,
467
collision time
dopant collisions, 312
electrons and holes, 311
phonon collisions, 312
total, 313
condition for maximum emissive
power, 42
conduction band, 300
conductor, 300
configuration factor, 120, 398-405
constitutive relations, 7
critical angle of refraction, 22, 24
crystalline momentum, 307
density of states, 305
function, 507
in conduction band, 306
in valence band, 306
design condition for plasma filter, 239
design wavelength for equivalent
layer procedure, 216
dielectric
constant, 12
media, 10
diffuse surface, 37
diffusion coefficients for electrons
and holes, 311
diffusion length, 329

Index
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dopant
n-type(donor), 307
p-type(acceptor), 307
Drude Model, 232
effective index of refraction, 191
effective mass, 302
eigenvalue equation, 504
electric permittivity, 7
electric susceptibility, 7
fraction of total emissive power
within wavelength range 0 to AT,
I:o-AT ' 43
emissive power
directional spectral emissive power,
36
spectral emissive power, 37, 39, 40
total emissive power, 42
emittance
cylindrical emitter, 151
directional spectral, 50
hemispherical spectral, 52
hemispherical total, 54
metal, 68
no scattering emitter
planar emitter for large optical
depth, 139
planar emitter for small optical
depth, 138
planar emitter with direct contact
between emitter and substrate,
130
planar emitter with gap between
emitter and substrate, 129
emitter
efficiency, 153
nonconvertible emitted power
density, 171
total emitted power density, 153
total hemispherical emittance, 153
useful emittance,154
useful emitted power density, 153-
154
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energy balance for TPV component,
411-413
exponential integral, 491
extensive property, 50
extinction coefficient, 45, 104
Fermi-Dirac distribution function, 303
filter
efficiency, 181
total absorptance, 182
total reflectance, 182
total transmittance, 182
fraction of total emissive power
within wavelength range 0 to AT,
Foat, 43
generation rate for electrons and
holes, 314-315, 350, 357
gray body, 97-98
Hamiltonian operator, 504
harmonic plane wave solution to
Maxwell’s Equations, 8
hole, 307
homogenous media, 8
index of refraction, 9
insulator, 300
intensive property, 50
interference, 183
interference filter
filter absorptance, 196
filter reflectance, 195
filter transmittance, 195
intrinsic charge carrier density, 307
intrinsic Fermi energy, 306-307
isotropic intensity, 3
isotropic media, 7
Kirchhoff’s Law, 52
Kronig-Penney Model, 294-299
Lambert’s Cosine Law, 37
lattice point, 294
law of mass action, 307
law of reflection, 21
magnetic permeability, 7
magnetic susceptibility, 7
maximum possible power density, 89
maximum TPV efficiency, 79, 82
for constant emitter emittance and
PV cell reflectance, 83
for ideal TPV system, 85
for two band model, 87

Index

Maxwell’s Equations, 7
minority carrier lifetime, 318-319
mobilities for electrons and holes, 313
one dimension radiation model, 63-65
optical admittance, 14
optical depth, 45, 110-111, 345
overall TPV efficiency, 413, 422
phase thickness, 187
phase velocity, 9
photovoltaic cell
active area, 369
current-voltage relation, 370-371
efficiency,378, 383-385, 423
equivalent circuit, 370
fill factor, 381-383
open circuit voltage, 373-374
output power density, 378
series resistance, 369
short circuit current, 371-372
shunt resistance, 369
spectral response, 363
voltage for maximum power, 375
planar optical cavity, 463
approximate cavity efficiency, 482
filter absorptance, 474
radiation fluxes, 464-465
radiation leakage, 474-475
solution method, 471
plane of incidence, 21
plasma frequency, 233-234
p-n junction, 320-322
built-in potential, 322
ideality or perfection factor, 339
illuminated current-voltage relation,
359-360
law of the junction, 325-326
maximum current density under
illumination, 345
minority carrier transport equations,
326-329
saturation current density, 332
space charge or depletion region,
323
unilluminated current-voltage
relation(Shockley Equation), 332,
334, 336
polarization, p (parallel), 25
polarization, s (perpendicular), 25



Index

Poynting intensity, 15
Poynting vector, 15
quantum efficiency, 362
external, 363
internal, 347, 363, 367
radiation
energy equation, 50
intensity (W/cm?nm steradian)
leaving a surface, 61
intensity, 35
source function equation, 46
total flux(W/cm?) leaving a surface,
61
transfer equation, 45
recombination rate, 317
for n-type semiconductor, 318-319
for p-type semiconductor, 318-319
reflectance
directional spectral, 59
hemispherical spectral, 60
hemispherical total, 61
reflectivity, 30, 33
hemispherical spectral, 55
hemispherical total, 56
specular directional spectral, 55
scattering coefficient, 104
selective emitter, 98
anti-reflective, 103
cesium, 98-99
matched emitter, 102
photonic crystal, 104
rare earths, 99-102
semiconductor, 300
direct bandgap, 315-316
indirect bandgap, 316
intrinsic, 306
n-type, 307
p-type, 307
single layer film reflectance, 204
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single layer film transmittance, 204
Snell’s Law of refraction, 21
source function, 112, 143
integrals, 129, 133-134, 143, 150
spectral control, 3, 84
stationary media, 8
surface recombination, 319
surface recombination parameter, 332
symmetrical multi-layer definition,
215
symmetrical multi-layer interference
filter
equivalent index of refraction for,
214
phase thickness, 214
thermal efficiency, 422
thermal speed, 330, 332
transfer matrix, 193
transmission coefficient, 27
transmission line impedence, 266
transmissivity, 30, 33
transmittance
directional spectral, 59
hemispherical spectral, 60
hemispherical total, 61
transport equations, 310
equations continuity, 310
equations drift diffusion, 311
ultimate PV efficiency, 82
view factor, 120, 398-405
wave equation, 8
wave vector, 8
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